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Preface 


This book is intended to serve as an introductory text in the gen- 
eral area of electric energy propagation. It is assumed that the 
student has a reasonably thorough background in circuit analysis and 
static field theory and also some familiarity with differential equa- 
tions and vector analysis, both of which are indispensable in wave 
theory. 

Our approach has been to present simple situations and to pro- 
gress logically to the more difficult and general cases. The funda- 
mental concepts basic to various modes of transmission, such as 
reflection, velocity of propagation, and characteristic impedance are 
first established, using the simplest possible models for illustration. 
Once firmly implanted, these ideas carry forward more or less auto- 
matically to new situations. 

The book begins with transmission-line theory presented from a 
circuit theory viewpoint; that is, voltage and current play the domi- 
nant roles rather than the associated electric and magnetic fields, 
which are suppressed in the form of line parameters. Pulse trans- 
mission is considered early, in order to establish firmly in the stu- 
dent’s mind the concepts of spatial propagation and reflection. Our 
experience has been that these concepts are more convincing to the 
beginning student when presented in terms of pulses rather than in 
terms of sinusoids. Chapters 1 through 6 deal with transmission-line 
theory. Wave theory is presented in Chapters 7 through 11. The 
basic concepts from transmission-line theory are carried over and 
used freely in these chapters without detailed explanation. Chapters 
12 through 14 deal with elementary antenna theory. Chapter 15 is 
devoted to fundamental concepts in radio-wave propagation. Within 
these broad areas, the material is split between basic theory and 
application. 

Readers familiar with the First Edition will notice a number of 
changes and additions. The chapters on lossy line analysis and lossy 
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wave propagation have been removed and the material contained in 
these chapters incorporated in other chapters. New chapters on 
matrix representation of transmission-line circuits, resonant cavities, 
and elements of radio-wave propagation have been added. Material 
on two-section quarter-wave transformers, transmission-line filters, 
propagation in anisotropic media, antenna arrays, and waveguide 
components using ferrites has been added, where appropriate, to the 
other chapters. 

As in the previous edition, extensive discussions of hardware have 
been avoided except where a device provides an illustrative example 
of the application of the theory presented in the text. Our solution 
to the hardware problem is to deal with it primarily in the laboratory 
periods. 

The following rectangular Smith charts are reprinted by permis- 
sion from the General Radio Co.: Fig. 3-1(a), Fig. 3-5, Fig. 3-6(a, 
b, c, d), Fig. 3-8(a, c), Fig. 4-13(a, b, c, d), Fig. 4-18(a, b, 
c, d), and Fig. 6-2(a, b, c, d). The following polar charts are re- 
printed by permission from the Hewlett-Packard Co.: Fig. 3-1(b) 
and Fig. 3-8(b). 

We wish to thank the many users of the First Edition for their 
helpful suggestions and constructive criticism. The preparation of 
this edition has also profited immeasurably from the interest and 
advice of our colleagues to whom we owe a special debt of gratitude. 


ROBERT GROVER BROWN 
RoBERT A. SHARPE 
WILLIAM Lewis HUGHES 


RosBerT E. Post 
April, 1973 
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Introduction to Energy 
Transmission 


1-1. INTRODUCTION 


The central theme of this text is the transmission of electric energy. 
Energy transmission is fundamental and ranks with energy conversion 
in its importance to electrical engineers. For example, of what value is it 
to be able to convert megawatts of energy from mechanical to electrical 
form at Hoover Dam, if we fail to understand how to transmit this energy 
to load centers in Southern California? At the other end of the frequency 
spectrum, the microwave engineer dealing with radar is confronted with 
a similar problem—that of transmitting energy to a distant target and 
detecting the minute value reflected from the target. These two problems 
in the fields of power and radar differ vastly in detail but are nevertheless 
similar in the fundamental sense that they both involve transmission of 
electric energy. It is essential that the electrical engineer understand 
the mechanism involved. 

Like so many engineering subjects, the principles of electric energy 
transmission are few and the details many. The principles are simply 
those of classical circuit and field theories. The myriads of details come 
as a practical consequence of the almost infinite variety of ways in which 
energy transmission may be accomplished. 

The various forms of energy transmission will be divided into three 
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classes for the purposes of this text. The division is made according to the 
number of conductors involved: 


1. Transmission lines: two or more conductors. 

2. Waveguides: single, hollow conductor with energy propagation taking 
place inside the hollow region. 

3. Antennas: zero conductors with energy propagating in the space be- 
tween transmitting and receiving antennas. 


1-2. EXAMPLES OF ENERGY TRANSMISSION 


The mode of energy transmission chosen for a particular application 
depends on such factors as: (1) initial cost and maintenance; (2) frequency 
band and information-carrying capacity; (3) selectivity or privacy 
offered; (4) reliability and noise characteristics; and (5) power level and 
efficiency. Each mode of energy transmission will have only some of the 
desirable features. Consequently it becomes a matter of engineering 
judgment to choose the mode of energy transmission best suited for a 
particular application. It is the purpose of this text to present the under- 
lying principles as clearly and concisely as possible so that you will be in 
a better position to make such decisions. 

The material presented in this text should be considered with as 
unbiased an outlook as possible. In order to emphasize why this is so 
essential, consider the problem of transmitting an ultra-high frequency 
signal (say at 1000 MHz) between two points 30 miles (48.3 km) apart. 
Many engineers, because of their experience with the high efficiency of 
power lines, may erroneously jump to the conclusion that the transmis- 
sion line will be most efficient. Others may incorrectly assume that 
waveguides will be the most efficient. However, for this particular case, 
the transmission of energy without any electrical conductors (antennas) 
will be found to excel the efficiency of waveguides and transmission lines 
by many orders of magnitude. If the received energy in each case were 
chosen to be 1 nanowatt, then for comparison it would be found that for 
reasonably typical installations, the required transmitted power would 
be of the order of: 


1. Transmission lines: 1075 watts (15,840-dB loss). 
2. Waveguides: 105° watts (1584-dB loss). 
3. Antennas: 50 milliwatts (77-dB loss). 


These figures were determined from an assumed transmission-line loss of 
10 dB/100 ft (328 dB/km), an assumed waveguide loss of 1 dB/100 ft 
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(32.8 dB/km), and transmitting and receiving antennas with an area of 
the order of 2 sq m. As a practical consequence of these results, microwave 
relay links at about 30-mile (48.3 km) intervals are used for cross-country 
transmission of telephone and television services. 

A word of caution is needed here with regard to the preceding discus- 
sion. Both transmission lines and waveguides exhibit an attenuation 
characteristic as a function of distance which is exponential in form, 
whereas antenna field patterns in general vary inversely with the square 
of distance. Consequently, except for fixed distances of transmission, 
comparison of antennas with either waveguides or transmission lines is 
somewhat meaningless. For example, if the transmission path length of 
the preceding example were shortened by a factor of 100:1 toa distance 
of only 1500 ft (457 m), the comparison would become: 


1. Transmission line: 1 megawatt (150-dB loss). 
2. Waveguide: 30 nanowatts (15-dB loss). 
3. Antenna: 5 microwatts (37-dB loss). 


Quite clearly the waveguide now excels either the transmission line or 
antenna for efficiency of energy transfer. 

A comparison of the energy input required to obtain a received power 
of 1 nanowatt for the three modes of energy transmission is shown in 
Fig. 1-1. The assumed frequency is 1000 MHz, and the results are ex- 
pressed on a decibel scale with a zero-decibel reference at the required 
receiver power level of 1 nanowatt. The dotted section of the antenna 
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Fig. 1-1. Input power required versus distance, for a fixed receiver power. 
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curve, somewhat beyond 30 miles (48.3 km), indicates that the attenua- 
tion becomes very severe beyond the typical line-of-sight distance of 
about 50 miles (80.5 km). 

The devices used in actual practice for various frequency ranges are 
shown in Fig. 1-2 in pictorial form. There is overlap between transmission 


Coaxial Cable 


2 4 
Frequency in Hz 10 10 


Inherently Impractical 
for Antennas 


Television 


Fig. 1-2. Approximate frequency ranges for transmission lines, waveguides, 
and antennas. 


lines and waveguides in the range of roughly 300 to 3000 MHz. It should 
be noted that transmission of energy down to zero frequency is practical 
with transmission lines, but waveguides and antennas inherently have a 
practical low-frequency limit. In the case of antennas this low-frequency 
limit is of the order of 100 kHz, but in a few cases this has been extended 
down to 10 kHz.1 For waveguides the practical low-frequency limit is 
about 300 MHz. Theoretically the devices could be made to work at 
arbitrarily low frequencies, but the physical sizes required become so 
large as to be quite impractical. However, with lower gravity and lack of 
atmosphere such as found on the moon, it may be entirely feasible to have 
an antenna 10 miles (16.1 km) high and 100 miles (161 km) long for 
frequencies as low as a few hundred hertz. As an indication of the sizes 
involved, it may be noted that for either waveguides or antennas, the 
order of the dimensions involved is about one-half wavelength. One-half 
wavelength at 300 MHz is 0.5 m, while one-half wavelength at 30 kHz is 
5000 m. Thus a waveguide for 300 MHz would be about the size of a 
roadway drainage culvert, and an antenna for 30 kHz would be about 3 
miles long. 


1For example, the Omega long-range navigation system operates in the 10-13 kHz 
range. 
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1-3. THE MATHEMATICS OF LINES, WAVES, AND ANTENNAS 


The mathematical analysis of transmission lines, waveguides, and 
antennas may be approached from several different points of view. In 
this text the mathematical methods chosen to solve a particular problem 
will be just sufficiently advanced to handle the problem presented. After 
sophisticated mathematical methods have been developed, they will 
be applied to some of the problems which were solved by less elegant 
methods in order to tie together the material and to provide greater 
confidence in the processes involved. The mathematics required will 
range from simple addition through ordinary differential equations to 
vector operational equations. Appendix material will, where necessary, 
supplement the background of the student and permit study without 
recourse to other sources. 

Although it may appear that the methods of analysis used in this text 
differ from conventional circuit theory, careful attention to details will 
reveal that in reality the results expressed are connected closely to 
conventional circuit theory and that the difference is basically only that 
of language. For example, the equation 


08 
Vxé= ey (1-1) 


will appear in the analysis of waveguides. If the equation is inspected very 
closely and all its mathematical frills removed, it is found to be just the 
simple circuit equation 


ye voltages = 0 (1-2) 


A considerable amount of personal satisfaction may be found by inspect- 
ing the results of this text carefully to see how they fit into the larger 
picture and how the results complement those of conventional circuit 
theory, and vice versa. 

In order to appreciate the results of this text fully, it may be necessary 
to discard some previous misconceptions and employ a fresh and unbiased 
viewpoint. Three of the most difficult barriers that may have to be over- 
come are: (1) the misconception that electric currents are carried only in 
conductors and that paths for summation of voltage drops must be 
through conductors; (2) the misconception that in a time-varying situa- 
tion, a difference of potential may be ascribed between two physical 
points in space without regard to the path of measurement; and (3) a lack 
of appreciation of the fact that time-changing electric and magnetic fields 
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cannot exist independently—but rather that the presence of one is 
responsible for the presence of the other. 

The misconception that currents are carried only in conductors can be 
destroyed by the simple appreciation of the mechanism of current flow 
through a capacitor. By way of comparison, the current density in a con- 
ductor caused by a constant electric field may be compared with that in an 
insulator caused by a time-changing electric field by the equations 

de (1-3) 


= (3) a 


The latter equation is the basis for explaining how energy transmission 
may be accomplished with either a single conductor or no conductors at 
all: the currents are in fact carried in space as the result of the time- 
changing electric fields. 

The misconception that in a time-varying situation a difference of 
potential may be ascribed between two physical points in space comes 
from erroneous generalization based on observations of slowly varying 
field conditions. In a static situation a difference of potential may be 
ascribed between two points in space. When the static situation is modi- 
fied to a very slowly changing situation, the results are, as expected, not 
significantly different. However, for more rapidly varying conditions 
(possibly as low as fractions of cycles per second, depending on the 
particular circumstances), it will be observed that the results depart from 
those of the static case. 

The transformer offers the simplest example to refute the misconcep- 
tion that a difference of potential may be ascribed between two physical 
points in space without regard to path of measurement. Measurement at 
the terminals of the transformer will yield a certain voltage. However, 
rearranging the leads to the voltmeter so that they encircle the core—.e., 
changing the path of measurement—can change the resultant measured 
voltage to virtually any desired value. One can detect the change in path 
in this very simple case and possibly expect a different reading. However, 
at much higher frequencies, where the importance of a conductor is 
reduced to the point of omitting it, the significance of the path is much 
more obscure and subtle in effect. 

Dramatic evidence of the misconception about difference of potential 
can be had by observing a very high power microwave transmitter driving 
a poorly terminated waveguide. Arcing will be observed between the two 
sides of the hollow, rectangular metal tube serving as a waveguide. The 
arcing is evidence of electric fields of hundreds of thousands of volts per 
meter, even though the arcing is taking place between points connected 
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by a conductive path with a resistance measured in the millionths of 
ohms. Study this point carefully, when it is discussed later in more detail, 
and you will gain a great insight into and appreciation for transformer 
induction. 

If it were possible to summarize the results of this text in a single 
sentence, then ‘‘Time-changing electric and magnetic fields cannot exist 
independently” would probably come closest. Again, the erroneous 
impression that time-changing electric and magnetic fields can exist 
independently arises from observation of physical situations where this 
assumption is not invalidated. The situation is much like that of classical 
mechanics and Einstein’s modification. Unless the particle can be forced 
to a velocity of about nine-tenths that of light or greater, the deviation 
for relativistic corrections is very minor. But that does not mean that they 
do not exist. At low frequencies where conduction current is predominant, 
the very strong connection between electric and magnetic fields is not 
very evident. However, at very high frequencies where conduction current 
is of much less consequence, the tie between electric and magnetic fields 
is much more evident. For example, for a plane wave traveling in space, 
the electric fields and magnetic fields are both present, being mutually 
perpendicular, and are in fact in time phase and related so that the ratio 
of the electric field to the magnetic field is a constant of 377 ohms. The 
time-changing electric field produces a current, as explained earlier, and 
this produces a magnetic field which in turn, in the fashion of transformer 
induction, produces an electric field. The connection is so strong that one 
cannot exist without the other. 

The mathematics of lines, waveguides, and antennas is very brief and 
concise, basically consisting of a total of five equations of the general form 
of Eq. (1-1). The equations are simple, and they express simple ideas, but 
considerable care must be exercised that the reader learns to master the 
equations rather than find that the equations master him. Do not merely 
look at them as a group of symbols; look to see what they represent and 
mean. The mechanics of mastering them then become as simple as learn- 
ing the multiplication table or an alphabet. Knowing the equations does 
not give you a mastery of the subject, but knowing what they mean does. 


1-4. NOTATION 


Notation plays an important role in this text, where a considerable 
number of mathematical manipulations must be performed. You should 
know not only precisely what the symbols mean but also the rules for 
choosing them, so that you need not continually consult a table. 
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In this text we shall have occasion to deal with actual functions of time 
for arbitrary functions as well as sinusoidal signals. In the case of sinu- 
soidal signals it will be convenient to use the phasor representation from 
ac circuit theory. It is important to recognize from the symbols whether 
the functions under discussion are in time or phasor form. The general 
rule here is that capital script letters, such as VU, 9, &, and &, will rep- 
resent the time forms, while other capital letters—whether ordinary 
italic like V, I, and E, or boldface roman like E—will represent phasor 
quantities. 

A spatial vector quantity will always be indicated in boldface type. 
Examples are & and E, the time and phasor symbols, respectively, for the 
electric-field intensity vector. If the vector function is limited in some 
way, such as in waveguides where the form of variation in the z-direction 
is assumed, then the basic symbol will be modified by a superscript or 
subscript symbol. Unit vectors will be denoted with a small letter a, with 
a subscript affixed to denote the direction of the unit vector. 

A much abbreviated list of symbols is given here to illustrate the 
method of notation. 


EE 


Time Phasor 

Quantity Notation Notation Dimensions 
Current g I amperes 
Voltage. f ; : V V volts 
Vector electric field intensity & E volts/meter 
Vector magnetic field intensity x H amperes/meter 
Vector magnetic potential a A webers/meter 
Unit vector along the x-axis az az dimensionless 


a 


Whenever possible the symbols used will be standard. A complete list is 
included in Appendix H. The symbols will also be defined as they occur in 
the various chapters. 


1-5. RELATIONSHIP BETWEEN TIME AND PHASOR NOTATION 
OF SINUSOIDS 


Throughout the text it will be convenient to alternate between time 
and phasor notation for sinusoidal signals. The connection between the 
two is therefore rather fundamental. A basic point of difference between 
conventional ac circuit analysis and the analysis presented here is that 
the quantities involved here will for the most part be dependent on as 
many as three position variables. In transmission lines, waveguides, and 
antennas, either the quantity of interest or its effect is felt at a distant 
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point some time after the actual change—specifically, at a distance of x 
meters delayed in time by x/v seconds. The quantity v is the velocity of 
propagation in meters/second. Thus, for a cosinusoidal driving signal, the 
response at a distance x from the “disturbance”’ will be of the form 


COs w (: _ *) = cos (wt — Bx) (1-5) 


For simplicity in writing this equation, w/v has been replaced by the 
standard symbol 8, which has the dimensions of radians/meter. 

The phasor way of representing the function given in Eq. (1-5) 
follows directly from conventional ac circuit theory by treating Bx as the 
general phase angle. Consequently, if the phasor representation of cos wt 
is “chosen” to be e”°, then the phasor representation of Eq. (1-5) is, by 
inspection, 

e— ibe (1-6) 

The conversion between the two representations is most conveniently 
stated in the direction between phasor and time. It is straightforward and 
involves two steps: (1) multiplying the phasor function by e’*‘ and (2) 
taking the real? part of the product. It is thus easily verified that a time 
delay of x/v seconds may be expressed as a phase lag of Bx radians, as 
shown in Eq. (1-5) for the time expression or as shown in Eq. (1-6) for 
the phasor expression. The phasor expression is usually preferred in the 
analysis of a problem because of the resultant simplicity in performing 
the mathematical manipulations. 

An operation such as differentiation in the time representation of sinu- 
soidal signals is represented in phasor notation as a simple multiplication 
by jw. Integration is the inverse of differentiation in time notation, and so 
in phasor notation produces the inverse operation, i.e., division by jw. 

In abbreviated form the connection between time notation and phasor 
notation for sinusoidal signals may be expressed as follows: 


Description Time Phasor 
ii ee, a ee ee ee eee 
Cosine wave .. . Cos wt e? 

; ; : E 
SNS WERE a oo sin wt = cos € = *) e irl?) = —]y 
Phase delay. . . . cos (wt — 6) e 78 

‘ yl ) : 
Differentiation . a je 


eS 


2 It is also possible to use the imaginary part of the product. However, whichever is chosen 
must be consistently used throughout a given series of calculations. 
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The phasor representation of a time function is most easily found by 
merely thinking: “‘What phasor expression can we start with so that the 
real part of the product of exp (jw) and the phasor expression will in fact 
be the time expression?” 

A problem that will arise many times throughout the text involves 
computation of time-averaged power for sinusoidal signals for both the 
time representation and the phasor representation. The definition of time- 
averaged power is made in terms of time, and so that must be the starting 
point. Consider voltage and current signals of the form 

U = |V| cos wt + h) (1-7) 
and 

g = |I| cos (wt + &) (1-8) 
where |V| and |J| are the peak values of the two signals, respectively (and 
also the absolute magnitudes of the phasors V and J). The time-averaged 
power may be found by definition as the time average of the product of 
the voltage and current: 


cos (A; a 62) (1-9) 


Payg = time avg of (O39) = ct 


Now, quite evidently, the phasor representations of the voltage and 
current are 

V = |Viers (1-10) 
and 

I = |Iets (1-11) 
In order to obtain from these phasor expressions the correct expression for 
time-averaged power as given in Eq. (1-9), it is only necessary to find 

[V1 17 


Pag = ; real part of (V/*) = —7 — €08 (0, — 02) (1-12) 


The asterisk (*) on J indicates the conjugate of a complex number. To 
complete the preceding table we add: 


Description Time Phasor 


Avg power Avg of (U9) 4 real part of (V1*) 


2 


General Equations 
and Solution for 
Transmission Lines 


2-1. INTRODUCTION 


This chapter will introduce the general equations for the transmission 
line. The solution of these equations for the special case of the lossless line 
will be considered first, in Art. 2-3. Lossless lines are only mathematical 
abstractions, but for many purposes the results derived with this simplifi- 
cation will be of sufficient accuracy to justify their practical use. In any 
case the important features of wave propagation and reflection are easily 
illustrated for the lossless case without the cumbersome detail involved 
when the most general case with losses is considered. Consideration of 
losses is important, however, and will in fact be discussed in Art. 2-8 in 
considerable detail. 

The transmission-line analysis presented in this portion of the text may 
well represent your first association with distributed parameter systems, 
and therefore some new attitudes toward analysis will have to be devel- 
oped. If conventional lumped-constant circuit theory is to be applied, it 
will be necessary to attack the transmission-line problem from a differ- 
ential viewpoint, since the properties of inductance, capacitance, resist- 
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ance, and conductance are so hopelessly distributed and intermingled 
that they are not individually recognizable. 
A transmission line, as shown in Fig. 2-1, may be thought of as having 


A me, ‘ a 
DAH LESS HPL 


C 

gan S dt Shunt Cond 6 
> 

< : £: s 


Sa L-- AAS 


eT a = -A4 Np-4 


SAS - 78 At 


Fig. 2-1. Transmission line and parameters. 


series inductance and resistance as well as shunt capacitance and con- 
ductance. A given transmission line can be characterized by giving the 
numerical values of these quantities per unit length of line. Evaluation of 
these quantities, parameters, as they are often called, is illustrated in 
Appendix A for several common transmission-line configurations. Typical 
values of the parameters for commercial transmission lines and power 
lines are given in Appendix B. 

Viewing the transmission line in terms of the conventional circuit 
elements, even though we derive the equations on a differential basis, is 
very attractive but at the same time rather naive. The individual trans- 
mission-line parameters are computed on the assumption that the other 
quantities do not exist. Their computation proceeds under the idealized 
assumption that the field configuration represents actual static current 
flow and charge distribution, and that the parameters are going to be used 
for rapidly varying time situations. Fortunately, the results will be quite 
accurate over a rather wide range of frequencies. This fortunate situation 
will be discussed further in the material on waveguides, where the coaxial 
line is analyzed from the field viewpoint. It is interesting to note that 
ordinary RG-8A/U coaxial cable behaves in agreement with the results 
derived in the transmission-line chapters of the book up to frequencies in 
the range of 10 GHz. 


2-2. DERIVATION OF THE GENERAL TRANSMISSION-LINE 
EQUATIONS 


The various transmission-line parameters and their corresponding 
symbols are 
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2 Inductance in henrys/meter, L 
Series . : 
Resistance in ohms/meter, R 

Capacitance in farads/meter, C 


Shunt : 
Mr ‘| Conductance in mhos/meter, G 


It must be emphasized that, in general, R is not the reciprocal of G and 
that L, C, R, and G are per unit pe of line. 


[-—— » ——~+ 
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Fig. 2-2. Differential length of transmission line. 


Consider now a differential length of transmission line as shown in Fig. 
9-2. The two basic transmission-line equations can be written by inspec- 
tion if the following pertinent facts are first noted: 


1. In rationalized MKS units the actual values of the line constants for a 
differential length of line are L dx henrys, R dx ohms, C dx farads, and 
G dx mhos. 

2. To a first approximation the voltage between the lines and the current 
along the lines are assumed constant (with respect to distance but not 
with respect to time) along the differential length of line. 

3. One equation may be written by application of Kirchhoff’s voltage law 
by noting that the differential voltage drop may be written either as 
—(9V/dx) dx or as (L dx)(9/dt) + (R dx)(9). 

4. The other equation may be written by application of Kirchhoff’s current 
law by noting that the differential current drop may be written either 
as —(09/dx) dx or as (C dx)(dV/dt) + (G dx)(%). 


The two transmission-line equations obtained by cancellation of the 
common factor dx are: 
av 


ag 
aaa er Rg (2-1) 
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a5 dV 
=5 = Cs +GU (2-2) 


These equations are the basis for all subsequent work dealing with trans- 
mission lines. 


2-3. GENERAL SOLUTION OF THE LOSSLESS LINE EQUATIONS 


At this point we shall give a detailed discussion of the lossless line 
because the important features of propagation and reflection of signals 
can be more clearly and easily illustrated without the cumbersome 
generalization of the line with losses. Fortunately, for a considerable 
number of practical problems the lossless line approach is found to be 
sufficiently accurate for practical analysis. Introduction to losses is 
deferred to Art. 2-8. 

Some readers may feel that the more general case with losses should be 
considered first. However, the transmission-line problem, in common with 
all physical problems, does not have an exact answer. Consequently, since 
we can only hope to approximate the answer by considering equations 
that are approximations to the conditions of the physical problem, we are 
faced with the decision as to how accurate the answers must be in order 
to be useful. For our immediate purposes, consideration of the lossless line 
produces answers of satisfactory accuracy. Limitations and extensions of 
the results will be discussed as the occasion demands. 

The equations for lossless transmission lines are obtained from Eqs. 
(2-1) and (2-2) by the simple expedient of setting R = G = 0 with the 
results: 


ke) Og 
Seren C4 
and 
Og ke) 
“aa — aE seo 


Now, by differentiating one equation with respect to distance and the 
other with respect to time and substituting one expression into the other, 
we find the pair of equations 


070 020 
ant — op eas 
and 
2 2 
07g 07g (2 5) 


ax? OF? 
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These last two equations are each in terms of a single variable and may 
be recognized as being in the form of the classical wave equation. The 
wave equation is most often seen in the form 


iy (2-7) 


where » has the significance and dimensions of velocity. A solution of the 
wave equation, which may be easily checked by substitution for validity, 
is 


y= y(t 2) 47 (142) (2-8) 


In Eq. (2-8) y+ and y~ are understood to be functions, completely arbi- 
trary as yet, of the arguments [¢ — (x/v)] and [¢ + (/v)], respectively. 
Generally speaking, the functions y* and y~ will be different. The super- 
script plus and minus have been affixed in anticipation of showing that 
the terms represent traveling waves, each of which travels in the direction 
corresponding to the superscript. It should be carefully noted that the 
traveling-wave behavior is entirely dependent upon the choice of argu- 
ments [¢ — («/v)] and [t+ (x/v)] but is in no way dependent on the 
functions themselves. 


Wave Travels in +x Direction 


Hi jr 
aN 


|| Distance x 


- Ax=4Ar 


Distance x 


Fig. 2-3. Traveling waves. 


The traveling-wave phenomenon is illustrated in Fig. 2-3 for the 
particular function sin 276. In Fig. 2-3(a) the argument 8 has been chosen 
to be (t — x/4) while in Fig. 2-3(b) the argument has been chosen to be 
[¢ + (x/4)]. Two curves have been sketched in each case, one for = 0 
and a second one for ¢ = Af. 
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For the argument [¢ — (x/4)] it is possible to “follow” the waveform 
(by maintaining the argument constant) by moving a distance Ax = 
+4 At in time At. That is, the waveform travels in the +< direction with 
a velocity v = 4. 

For the argument [# + (x/4)] it is possible to “follow” the waveform 
(by maintaining the argument constant as before) by moving a distance 
Ax = —4 At in time At. That is, the waveform “travels” in the —x 
direction with a velocity v = 4. 

Returning now to Eqs. (2-3) and (2-4), armed with knowledge that 
both the voltage and current may be written in the general form of Eq. 
(2-8), we find for an assumed voltage function of 


Uv = Ut (-2) +0 (++) (2-9) 
that the corresponding current function, found by substitution into either 
Eq. (2-3) or (2-4), must be 


_ Utt-G@/)) _ Ul+ @/)] % 
= R Ry (2-10) 


The constants v and Ry are related to known parameters L and C by the 
expressions 


g 


IS ee (2-11) 


Ry = ae (2-12) 


The velocity v is found by comparison of Eq. (2-7) with Eq. (2-5). The 
characteristic resistance Ry is found in the substitution process to find 9 
from the assumed voltage function UV. 

A very important point to note from Eq. (2-10) is that the voltage-to- 
current ratio in each of the traveling waves is exactly the characteristic 
resistance of the line. The negative sign associated with the current in the 
wave traveling in the —x-direction is the result of our positive current 
convention in the +.-direction. It may be noted that a similar sign 
consideration does not exist for the voltage because it is measured between 
the conductors rather than along them, as is done for the current. 

The negative sign associated with the wave traveling the — x-direction 
may be clearly understood by reference to Fig. 2-4. In Fig. 2-4(a) a wave 
traveling in the ++-direction is illustrated. The current flow in the +% 
direction causes the wave to propagate in the +<-direction by charging 


and 
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— pe ee ae = << 
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Fig. 2—4. Voltage and current distribution in traveling waves. 


the capacity to the right and discharging the capacity to the left. In Fig. 
2-4(b) the reverse situation is shown; current flowing to the left quite 
clearly causes the wave to propagate to the left. Both cases, however, are 
merely evidence of the same phenomenon. Propagation takes place in the 
direction of current flow. 

It is very important that the waves traveling in both directions on the 
line be viewed as evidence of precisely the same phenomena and with 
each obeying precisely the same mathematical rules. The minus sign 
associated with the voltage-to-current relationship for the wave traveling 
in the —<x-direction should be placed in the equations with the same 
attitude and confidence as signs are accounted for in simple dc circuit 
problems. 


2-4. SATISFYING BOUNDARY CONDITIONS FOR THE 
GENERAL LOSSLESS LINE SOLUTION 


The general solution given in Eqs. (2-9) and (2-10) is incomplete in the 


sense that the functions Ut and U~ are still unknown. These functions 
are determined by the conditions imposed by a particular problem. 


Ry f+» =| 
* Characteristic Resistance Equals & Infinite Length Line 
GY A 0 
Fig. 2-5. Propagation of a signal down an infinite line. 


Determination of the functions will be considered in this article. 
Consider first the problem outlined in Fig. 2-5. 
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The transmission line is initially uncharged. That is: U(x, ¢) = 0 and 
g(x, t) = 0 for x > 0 and¢ < 0. Substituting into Eqs. (2-9) and (2-10) 
results in 


for x > Oand# < 0. Consideration of these equations and the arguments 


of Ut and U~ tells us that U~ (: aa *) is zero for all values of ¢ a *) and 


oF (: — *) is zero for all values of (: = =) less than or equal to zero. At 


t = Ot, a voltage V,(t) is applied to the transmission line, at x = 0, 
through a source resistance of R, ohms. We have shown that the only 
possible voltage on the line for the specified initial conditions is 


ut (: — *), so we can write 
U(x, t) = Ut (: = 4) 


Ro 


and 


I(x, i) = 


for all (: =_ *) =) 


At the source end of the line we can apply Ohm’s law, with the result 
V(t) — Ut@) = OR, 
But, we know that 


s(t) = 
16) 
Ve) — ve) = SOR 
or 
vr(t) = ELE V,(2) 


The general expressions for the voltage and current on the infinite length 
of transmission line can now be written as 
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Ro x 
U(x, t) = (x it z) V, (: 2) (2-13) 


I(x, t) = (zzz) V, (: A *) (2-14) 


It should be noted that the infinite length of line appears to the source as 
a simple resistive load of Ry ohms; thus, one might expect that the 
generator voltage appears across R, and the input to the line as though 
they constituted a simple resistive voltage divider. The voltage and 
current at other points along the line are replicas of the values at the 
input end of the transmission line, except for a delay of x/v in time. 
Consider next the transmission line terminated in a resistance Rr, as 
shown in Fig. 2-6. Note that the reference point for x has been shifted 


Characteristic 
Resistance Ao 


Fig. 2—6. Terminated transmission line. 


to the position of the termination for convenience. Suppose that a wave 
traveling in the +--direction is incident upon the load resistance. The 
voltage and current expressions for the incident wave are 


U(x, t) = Ut (: i *) 


Ohm’s law tells us that the voltage and current at the load must be 
related by 
U(0, 4) = Rx9(0, t) 


This condition cannot be met by the incident wave alone since the 
incident voltage and current are related by the characteristic resistance 
of the transmission line, Ro. To achieve the proper voltage and current 
relationships at the load we will postulate that some of the incident wave 
is reflected from the load resistance. The fraction of the voltage reflected 
is called the voltage reflection coefficient and is denoted by Kr. This means 
that there will now be a voltage wave traveling in the —x-direction and 
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v-(0, t) = K,vt(0, #). Now we can write the voltage and current expres- 
sions at the load as 
0(0, 4) = Ut(O, t) + V-(O, #) = V+, (1 + Kz) 
Ut(0, 4) _ V—-(0, #) _ Ut(0, (1 — Kz) 


WIE liom arte ima Re 


You may like to think of the negative sign associated with the reflected current 
from the stand point that-the current reflection coefficient 1s always the negative 
of the voltage reflection coefficient. This sign change on the reflected current 
is the feature that permits the sum of two waves, each having a voltage- 
to-current ratio of exactly Ro, to produce a resultant voltage-to-current 
ratio different from Rp. In particular, Kirchhoff’s laws are satisfied at the 
load if the voltage reflection coefficient Kz is chosen to satisfy Eq. (2-15) 
(see Fig. 2-7): 

Net load voltage 

Net load current _ 


(2-15) 
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| (1+) volt 
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Reflected 
Waves ——$_-—_- 


4 
Ro (-#,) ampere 


Fig. 2-7. Reflection at a discontinuity. 


From this equation the voltage reflection coefficient may be easily solved 
for, with the result 
dy Riis Ro 
Ry +Ro 
An important question that may now be answered is: What load 
resistance, if any, may be used to terminate a finite-length transmission 
line without reflection? Quite clearly the value is exactly the charac- 
teristic resistance of the line Ro, since the voltage-to-current ratio every- 
where along the line is Ry for the case of the infinite line, and this situation 


K, (2-16) 
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will not be disturbed if the line is severed at amy point and terminated in a 
resistance of Ry. This also explains why Ro, as defined earlier, was pre- 
sumptively called the characteristic resistance of the line, since by 
definition the characteristic resistance of a system is of such a value that 
the load and input impedances are identical. 


Example 2-1 


As a numerical example of the use of the voltage reflection coefficient, suppose that 
a 50-V pulse is incident on a 30-ohm load in a line with a characteristic resistance of 
50 ohms. The incident voltage and current pulses will be 50 V and 1 A. The voltage 
reflection coefficient at the load is —0.25. Consequently the voltage and current in 
the reflected pulse will be —12.5 V and +0.25 A. The net voltage and current at the 
load are thus 37.5 V and 1.25 A. The voltage-to-current ratio at the load is thus 
exactly 30 ohms—as of course it must be. 


Consider finally the more general case when both the source resistance 
and the load resistance are different from the characteristic resistance of 
the line, as illustrated in Fig. 2-8. This problem is analyzed by successive 


Characteristic 


fi, 
Resistance = Ao 


Fig. 2-8. General transmission line problem. 


application of the incident properties indicated in Eqs. (2-13) and (2-14) 
and the reflected properties indicated in Eqs. (2-15) and (2-16). The 
incident wave from the source is independent of the line length and load 
resistance and is found by a simple divider analysis between the generator 
‘nternal resistance and the characteristic resistance of the line. This signal 
travels to the load with a velocity v and is reflected. The reflected signal is 
computed from application of Eq. (2-16). This reflected signal travels 
back toward the generator and is reflected there by the mismatched 
resistance levels in the same fashion as at the load. Although the reflection 
at the source takes place independently of the source voltage, it must be 
noted that the actual signals at the input end of the line depend on the 
original incident values and all subsequent reflections. 

This can be seen by considering the voltage at the input after the 
leading edge of the incident wave has traveled the length of the line, been 
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reflected at the load, and has returned to the source end. At this time, we 
can write (assume x = 0 at the source for simplicity) 


v, (22) — sR, = vt (22) 40 (2 *); 
v v v 
1 d _f,¢4 anes 
where J = 9 (2°) = —— |v (2 *) —) (2 4} Substituting and 
v Ro v v 


solving for Ut (2 ‘), which is the wave traveling in the +4-direction at 


d : 
the source end after 2 A seconds have elapsed, results in 


d 


But, U~ (2 *) = V,(0)Kz, so we can write 


d 
ut (2 *) = aa + V,(0)KrK, 


J geet ey 
R, + Ro 

As pointed out in the preceding paragraph, the signal reflects at the 
source end as though it were a load of R, ohms. 


where K, = 


Example 2-2 


A numerical example for the more general case will now be considered. The details 
of the example are shown in Fig. 2-9. The transmission line is RG-8A/U, which has 


1450 ohms 


Characteristic Resistance, #9=50 ohms 
32-y - Velocity, 200 m/us 


{-ys pulse | 400 m | 


Fig. 2-9. Example of multiple reflections on transmission line. 


a characteristic resistance of 50 ohms and a velocity of propagation of 200 m/ys. 
The steps in the analysis of this problem are as follows: 


1. For a +32-V pulse from source, a +8-V signal will propagate toward the 
load and will reach the load in 2 us. 

2. A —8-V pulse will be reflected and will reach the source in an additional 
2 us. 
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3. A —4-V pulse will be reflected at the source and will travel to the load in an 
additional 2 ys. 

4. The process repeats itself over and over from this point on, with the signal 
inverted at the load and halved at the source on each trip. 


The voltage and current waveforms at the input end of the transmission line are then 
as shown in Fig. 2-10. A significant point to note is that the actual voltages and cur- 


Voltage Waveform Current Waveform 
+0.16 


Volts 
Amperes 


Fig. 2-10. Voltage and current waveforms at input end of line of Fig. 2-9. 


rents at a point of reflection are found as the sum of the incident and reflected waves. 
For example, the —8-V pulse of step 2 must be added to the —4-V pulse of step 3 to 
find the total or net voltage at the input of the line (see second pulse in Fig. 2-10). 
It is interesting to note that the voltage pulse at the input end of the line, caused by 
the first reflection, is larger than the incident pulse from the source, but this result 
is expected for the particular choice of numbers. 

If the input signal had been a pulse long enough so that the reflected signal reached 
the source before the input pulse vanished, then the problem would be solved exactly 
the same way. If the input pulse should be 6 us long, then the voltage and current 
waveforms would be as in Fig. 2-11. These results are obtained directly from Fig. 
2-10 by expanding each pulse to a 6-us length and adding them where they overlap. 


Voltage Waveform Current Waveform 


Volts +8 


Fig. 2-11. Voltage and current waveforms at input end of line for 6-us 
pulse. 
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In order to simplify the construction of voltage and current waveforms 
as shown in Fig. 2-10, it is convenient to construct a chart such as that 
shown in Fig. 2-12, where distance is measured along one axis and time 


a LSS x —> 
ewe ee 
2 2 
t t 

4 | 4 | 
6 6 
8 +0.5 8 —0.5 

Voltage Current 
K,=+0.5 K 2-1 K-00 K =+1 


Fig. 2-12. Charts for simplifying construction of voltage and current 
waveforms. 


along the other axis. The signals at various points are labeled in terms of 
an assumed incident waveform of 1-unit amplitude and negligible width. 
The actual values of the voltage and currents must be appropriately 
scaled. For the example given in Fig. 2-9, the incident voltage pulse is 
+8 V, and so the voltage-scale factor must be 8. Similarly, the current 
scale factor is 0.16. 


Example 2-3 


The versatility of the chart form of analysis shown in Fig. 2-12 may be illustrated 
by using the chart to determine the voltage waveform at the center of the line. This 
calculation is carried out as shown in Fig. 2-13 for the conditions of Fig. 2-9. A dotted 
line is drawn in the time direction at the center of the line in the voltage waveform 
chart of Fig. 2-12, and the voltages and times are read directly. 


The results discussed in this article may be illustrated rather em- 
phatically by the photographs shown in Fig. 2-14. These photographs 
were obtained by using a section of RG-8A/U transmission line approxi- 
mately 200 m long. In each view of the oscilloscope the top trace is the 
voltage waveform at the input end of the line, and the bottom trace is the 
voltage waveform at the load end of the line. The generated pulse in each 
case is 30 V high and 1 us long. 

In Fig. 2-14(a) the generator internal resistance is 50 ohms. The 
bottom picture shows the open-circuit voltage of the generator as 30 V 
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Fig. 2-13. Specific application of line chart. 
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Fig. 2-14. Laboratory demonstration summarizing Art. 2-4. 
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Fig. 2-14 (Cont.) 


and 1 us. The middle one shows the 15-V signal produced when the 
generator is loaded with 50 ohms. The top picture shows both input and 
output voltage to be 15 V on a 50-ohm line terminated in 50 ohms. The 
delay of 1 us required to travel the 200 m between generator and load 
is also illustrated in the top picture. 

In Fig. 2-14(b) the internal resistance of the generator is 50 ohms. The 
top picture is for a 50-ohm load, the middle picture for a 100-ohm load, 
and the bottom picture for a 200-ohm load. The incident signal is constant 
at 15 V for each of these loads. Other voltage values may be computed by 
using the techniques illustrated in this article. For example, in the middle 
picture for the 100-ohm load, the load reflection coefficient may be com- 
puted as one-third. The photograph verifies the expected result that the 
reflected signal is 5 V (one-third of 15), while the load signal is 20 V 
(incident signal of 15 and reflected signal of 5). It must be noted that 
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the reflected signal can be read on the input waveform because the 
generator internal resistance is exactly 50 ohms, and so the reflected 
signal is dissipated there without further reflection. This would not be 
true for any other generator internal resistance. 

In Fig. 2-14(c) the internal resistance of the generator is 50 ohms. The 
top picture is for an open-circuit load, the middle picture for a 50-ohm 
load, and the bottom picture for a short-circuit load. By inspection it may 
be verified that the incident signal from the generator is 15 V for this wide 
variety of loads. Furthermore the top picture shows that the signal is 
reflected without sign change for an open circuit, the middle picture shows 
that no reflection occurs for a 50-ohm load, and the bottom picture shows 
that the signal is reflected with a sign change for a short circuit. As a 
consequence of these reflections, the top picture shows that the load 
voltage on open circuit is twice the incident signal, or 30 V; the middle 
picture for 50-ohm termination shows the load voltage to be the incident 
signal of 15 V; and the bottom picture shows the voltage at the short 
circuit to be zero. 

In Fig. 2-14(d) the internal resistance of the generator has been 
increased to 150 ohms to illustrate multiple reflections. In this case the 
4:1 division at the source produces an incident signal of 7.5 V. The top 
picture is for an open-circuit load, the middle picture for Ro termination, 
and the bottom picture for a short-circuit load. 

All these photographs show the effect of losses in the system as round- 
ing and attenuation of the signals in the processes of reflection. However, 
the results are sufficiently close to the predicted values to be very practi- 
cally used. 


2-5. SOLUTION OF THE TRANSMISSION-LINE EQUATIONS 
FOR SINUSOIDAL SIGNALS 


The results given in the previous articles may be applied directly to 
the sinusoidal analysis of the lossless line. However, the solution obtained 
in this fashion cannot be easily generalized to include losses. The easiest 
way to satisfy these conflicting aims of simplicity and generality is to 
solve the lossless case in the fashion of previous articles, and then to 
consider the alternate approach, involving phasor notation for the general 
line equations, which gives the same answers for the lossless line but also 
works for the general case with losses. 

Consider first the case shown in Fig. 2-15, where a generator with 


28 LINES, WAVES, AND ANTENNAS Ch. 2 


Time:| | cos wt : : 
[ee es Wotcos Se 


oo 
i! Infinite Line of Characteristic Resistance Fo 


Phasor: \ 5% e-/Bx 


Fig. 2-15. Connection between time and phasor notation for transmission line. 


internal resistance of Ry is connected to an infinite-length transmission 
line. The solution to this problem is known from Art. 2—4 to be 


V==U, (: = *) (2-17) 


Only the voltage signal needs to be carried along, since the current tags 
along like an obedient shadow and may be found at any time by rules 
formulated in Art. 2-4. If the generator voltage should be the signal 


U, = Vo cos wt (2-18) 
then the voltage at any point along the line would be given by 
V= a Cos w (: i *) = ue cos (wt — Bx) (2-19) 


In these equations V» is a real constant, while 6 has been used to replace 
(w/v). 

Examination of the voltage expression of Eq. (2-19) shows, as ex- 
pected, a voltage wave propagating in the +.-direction since one could 
track a constant phase of the voltage by moving in the +<-direction 
along the line with a velocity 1 = w/8. Considering the voltage distribu- 
tion along the line at an instant of time, say 4, shows that adjacent 
voltage crests are separated by a distance \ such that BA = 27. The 
distance J is called the wavelength and is given by the relationship 


2a 
A=— 
B 
or 
v 
aS 
ij 


Now, quite clearly the voltage waveform given in Eq. (2-19) can be 
written in phasor notation as simply 


V= = e— ibe (2-20) 
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This expression is of little value in itself, but it should be examined in 
comparison with Eq. (2-19) to give the connection between the time 
notation and the phasor notation. Multiple reflections are handled in the 
fashion of Art. 2-4, but in this article on sinusoidal signals the quantities 
involved will be written in phasor rather than in the more cumbersome 
time notation. 

Suppose now that the reflection coefficient for a load impedance Z, is to 
be found. For this computation it is supposed that a transmission line with 
characteristic resistance Rp is connected to the load Zz, and that, meas- 
ured at the load, an incident signal! of 1, in phasor notation, is forced by 
a generator connected to the line. Quite clearly, then, a reflection must 
exist, since the load is different from the characteristic resistance of the 
line. Suppose that the voltage reflection coefficient is defined to be Kz, 
_ (note that K, may now be a complex number to account for possible 
phase shift of the reflected signal relative to the incident signal). Then, in 
phasor notation, the condition imposed by the load requires that the 
voltage reflection coefficient Kz satisfy 
Sma G, 


Phasor net load voltage _ 7m 1+ K, 
Phasor net load current “” (1/R)) ~ (Kz/Ro) 


The expression given in Eq. (2-21) may be solved for the value of the 
voltage reflection coefficient with the result 


Zr — Ro 


K, => 
4 Zr +Ro 


(2-22) 


It should be noted that in the special case when the load is purely resis- 
tive, the result given by this formula reduces to that found earlier. 


Example 2-4 


As an example of the use of Eq. (2-22), suppose that we find the voltage reflection 
coefficient for a load of +750 ohms on a line with a characteristic resistance of 50 ohms. 
By direct application of the formula, the value of the voltage reflection coefficient is 
found to be 71. This result is interpreted in phasor notation to mean that the reflected 
voltage signal is advanced 90 deg relative to the incident signal. Thus, if the incident 
signal should be 50 + 70 V, the reflected signal would be 0 + 750 V. The currents 


1We may suppose for this analysis that the generator has an internal resistance of Ro, 
so that any signal reflected from the load is entirely dissipated in the source without re- 
reflection to the load. If the source were not perfectly matched to the line, multiple reflections 
would be present, and it would be found that the net incident wave and the net reflected 
wave would still be related by exactly the same reflection coefficient. This is true because 
each pair of incident and reflected waves is related by Kz. For signals other than sine waves 
it would not in general be possible to define a net reflection coefficient in the sense used here. 
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would evidently be 1 + jO Aand 0 — f1 A. The ratio of net load voltage (50 + j50 V) 
to the net load current (1 — 71 A) would then quite evidently be 750 ohms, as orig- 
inally stated. 


Up to this point it has been possible to show that the excitation of an 
infinite-length transmission line and the reflection coefficient at a load 
involve the same basic computations in phasor notation as were con- 
sidered in the transient analysis of Art. 2-4. We recognize that in using 
phasor notation the system voltages and currents have reached steady- 
state values so that the time dependence can be suppressed. One is forced 
to wonder how much further the transient analysis can carry us toward 
the solution of the voltages and currents on a terminated transmission 
line with sinusoidal excitation. The answer is that for all practical 
purposes we have taken all that we can from the transient analysis and 
now must return to the differential equations relating the voltage and 
current on the line to complete the steady-state analysis. Start by 
considering the equations for the lossless transmission line, Eqs. (2-3) 
and (2-4), and assume phasor voltages and currents V(«) and I(x) such 
that 


U(x, t) = Re {V(x)e**} (2-23) 
and 
S(x, t) = Re {I(x)ei*} (2-24) 
Substituting into Eqs. (2-3) and (2-4) results in 
“a = jwLI (2-25) 
== = jwCV (2-26) 
Equations (2-25) and (2-26) can be manipulated to yield 
ye ae 
and 
at 
I + w*LCI = 0 (2-28) 


These equations can now be solved for voltage and current with the 
results shown in Eqs. (2-29) and (2-30): 


V(x) = Vteribe + Y—etibe (2-29) 
I(x) = It+e-i + [-et ibe (2-30) 
where ‘Vis [Vt |e#5 0 V> =| V-|e'*5, oI es, Tee 


B = wV LC. 
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These are general expressions for the voltage and current waveforms 
on the lossless transmission line in complex phasor form. It is instructive 
to develop these expressions in real time by application of the phasor 
transform relationship of Eqs. (2-23) and (2-24): 

U(x, t) = Re {(Vte-#? + V-eti8s) eiot} 
= Re {|V+|ei ot— ba +9") + [Vales ott bee} 
= |V+| cos (wt — Bx + t+) + |V-| cos (wt + Bx + $7) 
Similarly, 
§(x, t) = |I*| cos (wt — Bx + ¥*) + |I-| cos (wt + Bx + ) 


It is seen that the voltage and current distributions represent the 
superposition of two waves traveling in opposite directions on the 
transmission line as we expect. By means of Eqs. (2-25) and (2-26), it is 
easily verified that 

I(x) = Us Gai ae et ibe (2-31) 
Ro Ro 
and 
V(x) = It+Roe—#* — I~ Roet#°* (2-32) 


Ordinarily it is not necessary to solve for the voltages and currents 
along a line for a given source and internal resistance because, for the 
special case of sinusoidal signals, the behavior of the system can be much 
more easily expressed in terms of impedance relationships along the line. 
In other words, the absolute power level of the signals does not modify 
the general behavior of the system but serves only to determine the scale 
factors on the voltage and current. Our problem ordinarily is then to 
determine the relationship between input impedance, load impedance, 
and line length. This problem, as illustrated in Fig. 2-16, is very simply 
solved by the same artifice used in determining the reflection coefficient 
of the load impedance. Suppose that an incident signal of 1 in phasor 
notation is incident toward the load (voltage reflection coefficient, Kr) 
at the input terminals. Then the net input voltage and net input current 
are found directly, and the input impedance is subsequently found to be 
(see Fig. 2-16): 


Phasor net input voltage_, _ p 1+ Ky,e7784 
Phasor net input current a °1 — Kye7 784 


With reference to the input terminals, the incident voltage is 1, while the 
reflected voltage is multiplied by the voltage reflection coefficient of Kr 
and “suffers” a phase delay of 2d radians for its round trip of 2d meters 
at a delay constant of 8 radians/meter. The current is similarly affected 
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Incident Voltage: 1 


1 
Current: Ro 


Characteristic Resistance, Ao, 
and Length, d meters 


Reflected Voltage: K,e /24¢ 
Current:— Piacoa 


Fig. 2-16. Input impedance of a line. 


except for the additional factor of —1 at the load as a result of the positive 
current convention. Substituting Eq. (2-22) into the equation for Zin 
above results in an expression for the input HESS: in terms of Ro, 
Zz, 8, and the line length d: 


Zi + jRo tan Bd 
Ryo + 7Z1 tan Bd 


Another way of determining the input impedance of the system 
shown in Fig. 2-16 depends on the simple relationship that connects the 
reflection coefficient at the load with the value existing at other points 
along the line. By using the phasor incident voltage of 1 as before, mea- 
sured at the input of the line, we find that the phasor reflected voltage, 
measured also at the input of the line, is Kze 2784. Consequently, since the 
voltage reflection coefficient is by definition just the ratio of reflected to 
incident voltage, the voltage reflection coefficient at the input of the line 
is related to that at the load by the simple equation 


Kin = Ky,e7784 (2-34) 


Zin = Ro (2-33) 


Thus the voltage reflection coefficient at some point along the line has the 
same magnitude as that directly at the load, but it is delayed in phase by 
28d radians. The connection between the reflection coefficient and 
impedance methods of relating input and load quantities is summarized 
in Fig. 2-17. 


Example 2-5 


As an example of the use of these results, suppose that the input impedance of a 
50-ohm line terminated in +750 ohms is desired for a line length such that Bd = 3/2 
radian. Quite clearly the load-voltage reflection coefficient is (1 — 1)/Y1+ 1) = 
+j1. Then the voltage reflection coefficient at the input end of the line may be found 
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Fig. 2-17. Comparison of reflection coefficient and impedance methods of 
analysis. 


Zin= (Ao) 


Impedance Method 


as (j1)(e") = —j1. And finally from this the input impedance is found to be 
50(1 — j1)/(1 +71) = —750 ohms. 


The relationship between reflection coefficients shown in Eq. (2-34) 
will be the basis of a graphical method of relating input impedance, line 
length, and load impedance in Chapter 3. A very fortunate part of this 
relationship is that it can be generalized for the lossy transmission line by 
just having the exponent be —27d, where y is the complex constant 
a + j8. When the losses are zero (i.e., a = 0), the result becomes that 
given above, —72@d. The lossy transmission-line problems may also be 
solved graphically. These graphical techniques are very much faster and 
less subject to computational error than direct mathematical manipu- 
lations. As a consequence, much of the work will be done graphically 
after this chapter. 

The general problem of a generator with an internal impedance of Ry 
connected to a line of arbitary length and arbitrary termination can be 
analyzed by the techniques illustrated thus far. However, if the internal 
impedance of the generator is other than the characteristic resistance of 
the line, multiple reflections occur, and then the solution of the problem is 
less obvious. The problem may be attacked in several different ways. One 
method is to compute “all’’ the reflections and re-reflections and sum the 
results. Fortunately the infinite series involved here is geometric and can 
be summed by using the familiar result 


first term 


S Sapa OES 
bee 1 — ratio 


Another method is to find by solution of simultaneous equations the value 
of the net incident voltage wave. This result may then be used to predict 
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voltages and currents at all other points in the system. A third method 
involves writing the general phasor solution of the phasor transmission- 
line equations and choosing constants appropriate to the driving and load 
conditions of the problem. This solution is very nearly the same as the 
second method except that the knowledge of input impedance and 
reflection coefficient gained in previous analysis is used to simplify the 
mathematical work in the second method. The comparison of these 
various methods will be explored by example. 


Example 2-6 


Consider a source having zero internal resistance driving a \/4 section of line 
terminated in a short circuit, as shown in Fig. 2-18. If the source voltage is 50 + 70 V 


“~ fig = 5O ohms 


Fig. 2-18. Classical example of a system with multiple reflections. 


50+/OV 


then the initial incident signal will have a value of 50 + 70 V. Since the electrical 
equivalent of one-quarter wavelength is 7/2 electrical radians, the input impedance 
of the line may be easily found as +jo ohms. By using the first method indicated 
above, it is possible to write down the load current in phasor form as the sum of an 
infinite series of reflections and re-reflections: 


Thoad = LeWi7/2 + fein? 4 Je-i8m/2 4 feCi#m/24 ... 


This expression really contains two geometric series, and the result can be combined 


and summed as 
Verin)!2 
i load = T—-e — 


Consequently it is seen that a 50-V source produces a load current of 1 A lagging 
the source by 90 deg. 

The second method outlined for solving this problem depends on first finding that 
the input impedance of this length of line is infinite by Eq. (2-33). The voltage 
reflection coefficient at the load is found to be —1 by Eq. (2-22). Now suppose that 
we denote the net phasor incident voltage on the line, as measured at the source, 
by Ct, which is simply a constant as yet unknown. Using the fact that the reflection 
coefficient of the load is —1 permits us to write the source voltage in terms of C* so 
that the value of this constant may be found from the condition 


Source voltage = 50 + 70 = C+ + (—1)Cte™ = 2C+ 


The value of the net phasor incident voltage is then clearly 25 + j0. Consequently 
the load current may be easily written as 
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The third method is to solve Eq. (2-29) subject to the conditions V(0) = 50 + 70, 
V(A/4) = 0. Substituting: 


50 = I*Ro — I-Ro 
O = ItRoe A!) — I-Roeti(r/2) 


Since Ryo = 50 ohms, we can write: 


1=f--l- 
0O=F4+r 
Thus: It=—-I[- =} 


Now by means of Eq. (2-30), one can write 
I(x) = feriPe — Jetibe 
At « = \/4, Bx = 7/2, and the load current is 
Toad = I(A/4) = Fe!) — Feti@/2) = —F LA 


Obviously the incident signal on a transmission line driven from a 
source with an internal impedance equal to the characteristic resistance 
of the line will be half of the open-circuit source voltage and completely 
independent of the load. Quite reasonably then but not so obviously, the 
incident signal on a transmission line driven from a source with an internal 
impedance value other than that of the characteristic resistance of the 
line will not be independent of the load. The example given in Fig. 2-18 
will serve to emphasize this point. With the load being a short circuit, it is 
found that the incident signal at the input of the line is 25 + 70 V. If, 
however, the load had been 50 ohms, then quite clearly the incident signal 
would have been 50 + 70 V. The difference is, of course, very marked. 
The importance and significance of having an incident wave independent 
of the load will be discussed further in Art. 2-7 on calculation of power in 
lossless transmission-line systems. 


2-6. STANDING WAVES ON TRANSMISSION-LINE SYSTEMS 


An interesting and important aspect of transmission-line analysis 
involves the standing-wave pattern that exists on a transmission line with 
a mismatched load. The signal reflected from the mismatched load tends 
at some points along the line to interfere destructively with the incident 
signal, while at other points it tends to interfere constructively. The net 
effect is a standing-wave pattern having crests or troughs every half- 
wavelength. This phenomenon is similar to that observed on a violin 
string when it is plucked at some point. The string is vibrating harmon- 
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ically at any given point along its length; however, the amplitude of the 
vibration is a function of position along the string. Similarly, a transmis- 
sion line has a sinusoidal voltage at each point, but the amplitude of the 
sinusoidal variation is a function of position along the line. Illustrations 
of typical standing-wave patterns are given in Fig. 2-19 for various values 


Nees 
anraar 


Fig. 2-19. Standing waves on a transmission line. 


of load. For the purposes of this figure it has been assumed that the source 
has an internal resistance equal to the characteristic resistance of the line 
so that the incident wave is independent of the load. 

The standing-wave pattern shown in Fig. 2-19 can be more clearly 
understood by reference to Fig. 2-20, where the phasor representation of 
the incident and reflected signals has been shown along with the resultant 
standing-wave pattern for the particular case when the load is an open 
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Fig. 2-20. Standing waves in terms of incident and reflected traveling waves. 
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circuit. It should be noted that the signal lags in phase as it “‘travels”’ in 
the direction of propagation, regardless of whether the discussion involves 
the incident or the reflected signal. It also should be noted that the 
destructive interference shows up every half-wavelength along the line. 
The fact that the spacing is every half-wavelength may be easily ex- 
plained by noting that a full-wavelength variation occurs in the difference 
between incident and reflected signals for every half-wavelength move- 
ment along the line because the total path (down and back) has been 
increased by a full wavelength. 

An interesting aspect of the results shown in Fig. 2-20 is that the 
voltage is in time phase all along the line for the special case of reactive 
termination. In this case the termination is infinite. This result for an 
open-circuit load makes it seem more reasonable to assume in the antenna 
chapters of this text that the current varies sinusoidally in amplitude 
along the antenna but that it is in time phase at each point along the 
antenna. Comparison of the antenna with the open-circuited transmission 
line does not prove that the assumption is correct, but it does make the 
assumption easier to accept. 

The interference phenomena described in Fig. 2-20 can ibe derived 
mathematically by considering Eq. (2-29). If the line is open-circuited, 
V- = +V*. Substituting into Eq. (2-29) results in 


V(x) = Vt(enibe 4 +762) 
or 
V(x) = 2V*+ cos Bx (2-35) 


This assumes that the open circuit exists at « = 0 and the line extends 
back in the —x-direction. If the line is short-circuited, the voltage 
distribution becomes 

V(x) = —27V* sin Bx (2-36) 


In both of the cases just considered, the voltage distribution is called a 
pure standing wave. The reason for the term “‘pure standing wave” can be 
seen by considering the real-time expressions for the voltage distributions 
(assuming @* = 0): 


U(x, t) = 2|V+| cos Bx cos wt (open-circuit case) (2-37) 
U(x, t) = 2|V+| sin Bx sin wt (short-circuit case) (2-38) 


In either case the voltage waveform is fixed (standing) along the line 
although it is oscillating as a sinusoidal function of time. 
The current waveforms for these terminations are easily developed by 
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considering Eq. (2-30). For an open-circuit termination, J” = —I* at 
the load. Substitution results in 
I(x) = Ite — [+etib= 


I(x) = —2jI* sin Bx = —2j =- sin Bx (2-39) 


Vas 
Ry 

In a similar manner we can show that a short-circuit termination 
results in a current distribution of 


I(x) = a cos Bx (2-40) 


In real time these current distributions become 


a 
I(x, t) = 2| = | sin Bx sin wt (open-circuit case) (2-41) 
2|V+| Bad 
I(x, t) = Fi cos Bx cos wt (short-circuit case) (2-42) 


Notice that in both cases the voltage and current are 90 degrees out of 
phase and have maxima and minima along the line that are shifted from 
one another by one-quarter of a wavelength. That is to say that a maxi- 
mum in the voltage distribution is coincident along the line with a mini- 
mum in the current distribution, and vice versa. 

In the case where a unity reflection coefficient termination is not 
present, a general expression for the voltage distribution along the line 
can be written as 


V(x) = Vte-e + K,Vtetibe (2-43) 
where K, is the voltage reflection coefficient at the load. This can be 
rewritten as 

V(x) = Vte-#*(1 — Kr) + 2K,V* cos Bx (2-44) 
Equation (2-44) is seen to be the superposition of a traveling wave 
and a standing wave. 


The magnitude of the voltage distribution for this case is easily seen to 
be 


|V(x)| = |V+IV1+ |Kz|? + 2|Kz| cos (28% + $2) (2-45) 
where K, = |K;|e’**. Notice that for 26x + ¢, = +2m7; m = 0, 1, 2, 


nace 


|V(x)| = [V+]. + |Kz)) 
and when 28x + @, = +(2m+ 1)7;m=0,1,2,..., 
[V(~)| = |V*|(1 — |Kz)) 
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These conditions correspond to the maxima and minima shown by the 
dashed line in Fig. 2-19. That particular curve corresponds to ¢z = 0. 

One of the important reasons for considering the standing-wave 
patterns on a transmission line is that the value of the load impedance 
and the resultant standing-wave pattern are so closely related that the 
impedance may be computed from a knowledge of only certain key pieces 
of information about the pattern: the voltage standing-wave ratio and 
the distance between the load and a voltage minimum. This information, 
needed to determine the load impedance, may be found very easily with 
the aid of a slotted line. 

This slotted line is, as its name implies, merely a section of coaxial line 
with a very small slot along its length. A probe is inserted to a very 
shallow depth into this slot, and the amplitude of signal coupled to this 
probe is proportional to the amplitude of the voltage between the 
conductors. The position of the voltage minimum may be observed with 
the aid of a suitably calibrated scale along the length of the line. The 
voltage standing-wave ratio (VSWR, or simply S) may be found from the 
signal picked up on the probe with the aid of a suitably calibrated 
detecting system. 

An important relationship exists between the magnitude of the reflec- 
tion coefficient of the load and the value of the VSWR. This relationship, 
as expressed by the formula 


| 
S = ae IKy| Vinax (2-46) 


follows directly by considering an incident voltage signal with an ampli- 
tude of 1 V. The reflected voltage signal would evidently be Kz volts. 
Thus the maximum voltage on the line would occur at such a position 
that the incident and reflected values were in phase, and the voltage 
would be 1 + |K;| volts. The minimum voltage would similarly be found 
at such a position that the incident and reflected values were out of phase, 
and the voltage would be 1 — |Kz| volts. Since by definition the VSWR is 
just the ratio of the maximum voltage to the minimum voltage, the value 
of S is found as in Eq. (2-46). 

Several important features of the voltage standing-wave ratio are: (1) 
The minimum value of S is 1 and occurs when the load is Ro; (2) the value 
of S for a resistive load is the larger of Rr/Ro, or Ro/Rz; (3) the value 
of S for a purely reactive load is infinity. A proof of these results is left 
to the problems. 

For many purposes the value of the VSWR on a system is a sufficient 
measure of the nearness of match of the load to the line. And quite equally 
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well, the magnitude of the reflection coefficient will give the same infor- 
mation, though presented in a different fashion, and is more conveniently 
measured. The connection between S and |K_| may be presented graphi- 
cally as shown in Fig. 2-21. The value of S is often read more conveniently 


1.0 
Ix, | 
ONS 
O 10 20 30 40S 
Decibels 
a Vinee wit ene mE 
{ 2 4 8 10 20 40 80 100 


Actual Values 


Fig. 2-21. Relationship between S and |Kz|. 


in terms of decibels. A scale of S in decibels has been included in Fig. 2-21. 
As a practical matter the decibel rating of S gives a more informative 
figure of the match or mismatch of a system. For example, the difference 
in performance of systems having standing-wave ratios of 1 and 4 is very 
great, whereas the difference for standing-wave ratios of 10 and 14 is 
quite small. On a decibel scale these results are viewed in a better per- 
spective as a 12-dB change in the first case and a 3-dB change in the 
second case. 

There are many reasons why the load should be reasonably well 
matched to the line. Among these reasons are the desirability of achieving 
minimum signal distortion, maximum load power, and minimum line 
losses. These concepts will be discussed in considerable detail in Chapter 
4, which deals with transmission-line matching systems. At this point it is 
sufficient to point out the nearness of impedance matching necessary to 
achieve reasonable system performance. For many practical radio-fre- 
quency applications, a standing-wave ratio of 1.5 is considered acceptable. 
In this case the magnitude of the reflection coefficient is 0.2 and results in 
a reflected power” which is only 4 per cent of the incident power. For 


* A certain amount of caution must be exercised in using the concepts of incident and 
reflected power, since they have practical meaning only on a system that is driven from a 
matched source. Another limitation occurs in the consideration of lossy lines, where the 
concept loses practical significance if the losses are large. 
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delay-line applications the situation is more critical and the load must be 
chosen very carefully to minimize signal distortion from reflection. In 
this case the matching may be commonly done with resistances having 
tolerances of 5 per cent or less, and the resulting reflection coefficient will 
be found to be 2.5 per cent or less. For telephone lines the matching may 
be even more critical to maintain adequate performance over very long 
distances where many repeating stations are required. Even a 1-dB error 
in this case amounts to a fantastic 500-dB error when cascaded over 500 
repeating links. For power-line applications, matching is possible only in 
a very general sense, since the load is primarily fixed by the consumer and 
is not in the control of the power companies except to a very limited 
degree (as, for example, tap changing on transformers and the addition 
of capacitors for power factor correction). 


2-7. POWER ON LOSSLESS LINES 


On lossless or nearly lossless lines it is possible to talk about power 
flow in a rather worthwhile and informative manner. Basically, one can 
go to any point on the line and formulate the instantaneous power flow- 
ing in the +<-direction as the product of the time-dependent voltage 
and current at that point. That is, 


P(x, t) = U(x, t) I(x, t) 
Converting Eqs. (2-29) and (2-31) to time-dependent form with 


V- = K,V* and substituting into the instantaneous power expression 
results in 
ple, ) = WE ost (wt — Ba + o*) — [Kil]? cost (wt + Bir + o* + 2)] 


The time-averaged power flowing in the + 4-direction at x is defined as 


gee 
P(x) = rf, p(x, t) dt 


where T is one complete period of the sinusoidal signal. In the case being 
considered it is easy to see that 


Saale 
P(x) = et = |Kal) 


by performing the integration of the instantaneous power expression. 
One can arrive at the same result with much less effort by working 
with the phasor forms of the voltage and current and formulating the 
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product of the phasor voltage and the conjugate of the phasor current at 
the point x on the line. The result of this operation is 


V(x) I*(x) = [Vteti2(1 + Kye776*)] Ee etiB2(1 — Kite? | 
= uals (Leo) Kir tick Kea ee Kegs) 


se ee is — Kil? +421Kr| sin (28 + 62)] (2-47) 


Since we are Res in the time-averaged power flow on the line, 
which was determined in the preceding paragraph, we see that 


P(x) = 4 Re {V(a)I*(a)} 
Peis 2 
= Vine = | (2-48) 


The imaginary part of Eq. (2-47) is a reactive power flow (VAR flow 
to power engineers) which represents the energy stored in the standing 
waves on the transmission line and the reactance of the load. If the line is 
lossless and if the source is perfectly matched to the line (these are very 
important qualifications), it is possible to discuss power transfer on the 
system in terms of incident and reflected power. 

For a lossless line the relationship between voltage and current is fixed 
at the characteristic resistance of the transmission line for a wave travel- 
ing in either direction along the line. Consequently, if the source is 
perfectly matched to the line so that no re-reflections may occur at the 
source, then the power flow on the line may be measured in terms of 
incident power, given as (V;tis)?/Ro, and reflected power, given as (Vims)?/ 
Ro. The rms values of incident and reflected voltages are related by the 
magnitude of the reflection coefficient as Vins = |Kx|Vsins- Therefore the 
ratio of reflected power to incident power is easily found to be 


Power reflected 


ee eet 2 
Power incident K1| ea) 


Although the time-averaged power reflected from a termination is 
always related to the time-averaged power incident on the termination by 
the magnitude of the reflection coefficient squared, the time-averaged 
incident power is independent of the load only for the condition that the 
source is matched to the line. 
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Often the incident power under these conditions is termed the available 
power since it represents the maximum power that could be delivered to 
a load. 


Example 2-7 


As an example of the use of the result given in Eq. (2-49), suppose that the ratio 
of reflected to incident power is desired for a 75-ohm load on a 50-ohm line. In this 
case the reflection coefficient is found to be 25/125 = 0.2, and so Eq. (2-49) may be 
used to find that only 4 per cent of the power is reflected from the load. This means 
that if the matched source could supply 50 W to a matched load of 50 ohms, it would 
supply only 48 W to a mismatched load of 75 ohms. 

This same conclusion can be deduced by an alternate means. The source voltage 
required to supply 50 W to a 50-ohm matched load may be very easily found to be 
100 V, rms (remember the 50 ohms internal resistance of the source). Now, since 
the conclusion presented in Eq. (2-49) does not include the line length in any way, 
we are forced to conclude that this ratio of power is unaffected by line length (only 
for a matched source as assumed in its derivation). Suppose then that the line length 
is zero and that the 75-ohm load is connected across the 100-V source with 50 ohms 
internal resistance. Clearly the load power in the 75-ohm resistor would be 48 W, 
as given earlier. 

For personal satisfaction this result may also be verified for a line length such as 
\/4. The input impedance in this case could be calculated to be 33.3 ohms, and the 
power dissipated in this resistance, which must be the same as the load power because 
the line is lossless, is again found to be 48 W. 

These results are presented in summary form in Fig. 2-22. 


50 ohms 50 ohms 


75 ohms 


50 ohms 50 ohms 


100 “oS ohms 33 0ohms_.s 75 ohms 100 V, 33.3 ohms 
rms rms 


Load Power | oa —| Load Power 


Equals 48 W Equals 48 W 
Fig. 2-22. Power calculation for line with a matched source. 
A reasonable question at this point is how to make certain that the 


source is correctly matched to the line. One method would be to use 
matching techniques as given in Chapter 4. This method has the advan- 


44 LINES, WAVES, AND ANTENNAS Ch. 2 


tage of being nearly lossless. A method that finds considerable use in the 
laboratory “pads” the signal source with an attenuator having a charac- 
teristic resistance equal to that of the line. This technique produces 
considerable power loss but has the advantage of simplicity, since it does 
not require any adjustment such as do the matching schemes. The 
“matching” produced in this fashion works both ways and hence also 
minimizes the effect of changing loads on the power output and frequency 
of the power source. The effectiveness of this method of “matching” may 
be seen by example. 


Example 2-8 


The pads used to isolate the power source from the transmission line would com- 
monly produce attenuations in a matched system ranging from 6dB upward. A 
typical value is 20 dB; this produces a 100-times power loss in a matched system. 
The constants of a pi section having 20 dB of attenuation for a 50-ohm characteristic 
resistance are shown in Fig. 2-23. 


247 ohms 


61 ohms 61 ohms 


Fig. 2-23. Constants of a 20-dB, 50-ohm attenuator. 


The effect of the pad on the system may be seen by consideration of several special 
cases. The pad is designed so that if the resistance of the generator is 50 ohms, then 
the impedance looking back into the pad connected to the generator will be exactly 

50 ohms. The extreme cases of mismatched generator would be for internal impedances 
of either zero or infinity. In these extreme cases the impedance looking back into the 
pad would be either 49 or 51 ohms, and clearly this result is sufficiently close to 50 
ohms to produce an exceptionally good match. In fact, a 10-dB pad produces a match 
which is sufficiently close for most practical laboratory use, although it may be noted 
that the closer match is produced by pads with the higher values of attenuation. 


The measurement of the magnitude of the reflection coefficient is in 
general more easily done than measurement of VSWR. One of the simpler 
schemes for determination of the reflection coefficient is illustrated in Fig. 
2-24. In this figure a short section of transmission line is placed in 
proximity to the main line but is loosely coupled to it to prevent disturb- 
ing the main line; this auxiliary line is correctly terminated in its charac- 
teristic impedance at each end. The coupling from the main line starts a 
wave traveling on the auxiliary line in the opposite direction as the wave 


——— a 
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Signal Here 
Proportional 
to Reflected 
Wave 


Signal Here 
Proportional 
to Incident 
Wave 


Fig. 2-24. Simple directional coupler. 


on the main line, and proper termination of the auxiliary line prevents 
reflections. Thus the voltage measured across the termination at each 
end of the auxiliary line is found to be proportional to the main-line 
incident wave at that end of the coupling region. The ratio of the magni- 
tudes of the incident and reflected components obtained in this fashion 
may be used to compute the magnitude of the reflection coefficient. 
Another device for measurement of the magnitude of the reflection 
coefficient is shown in Fig. 2-25 and has the distinction of working all the 


Toward 
1 ohm 1 ohm Load —> 


vr 
10 ohms oF 


Fig. 2-25. Device to measure magnitude of reflection coefficient on a 50-ohm 
line. 


way down to direct current. Its operation depends on the relationship 
between the voltage and current at any point on the line as expressed by 
the equations 
V=Vt+V- (2-50) 
and 
ee 
a aaeRe (2-51) 
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These equations may be thought of as having been written with the 
reference point for x taken at the point of observation. If, for example, the 
current is observed as a voltage across a 1-ohm resistor and the voltage is 
observed across a voltage divider with a ratio numerically equal to Ro, the 
results will be 


Vee Ve 
V,= RB == Re (2-52) 
and 
ba re 


Now the sum and differences may be obtained to yield independently the 
values proportional to the incident and reflected waves: 


2V+ 
V,+tVi= Ke (2-54) 
and 
2 
»-_ v= = 
V. R (2-55) 


Consequently the magnitude of the reflection coefficient may be found as 
the ratio of the magnitudes of each of these signals. The physical con- 
struction of a device to do this is shown in Fig. 2-25. The constants 
shown are not the optimum values but are sufficiently close for practical 
purposes and illustrate the point more clearly than the exact values. One 
point of discrepancy is that the total shunt resistance should be of sucha 
value that the characteristic resistance of the inserted device will be 
exactly 50 ohms; the value of resistance in this case is closer to 1250 ohms 
than to the 500 ohms used. 


Example 2-9 


As an example of the use of the device shown in Fig. 2-25, suppose that a gen- 
erator with an internal resistance of 50 ohms is used to drive a 75-ohm load. If the 


50 ohms 


75 ohms 


Fig. 2-26. Approximate voltages and currents in Example 2-9. 
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open-circuit voltage of the source is 125 V, then the voltages and currents will be 
very nearly as indicated in Fig. 2-26. Very clearly the value proportional to the 
incident signal is 2.5 V, whereas the value proportional to the reflected signal is 0.5 V. 
Consequently the reflection coefficient may be computed to have a magnitude of 0.2. 


2-8. EFFECT OF LOSSES ON AC SOLUTION 


The general ac transmission-line equations are developed from Eqs. 
(2-1) and (2-2), assuming a sinusoidal time dependence and retaining 
the line parameters R and G. The result is the pair of equations 


dV 
Sap pap ZI (2-56) 
and 
al 
eet VV (2-57) 


In these equations V = V(«) and J = I(x) represent the phasor voltage 
and current along the line, respectively. The quantities Z and Y represent 
R+jwL and G + jwC, respectively. 

Differentiating and combining Eqs. (2-56) and (2-57) give two 
equations: 


ad*V 
and 
at 
Fie VANE (2-59) 


The solutions of these equations are easily seen to be: 


V(x) = Vier + Ver (2-60) 
and 
I(a) = Item? + vet" (2-61) 
where y = V YZ is the propagation constant. In general, y will be a 
complex number which can be expressed in terms of its real and imaginary 
parts as 
y= a+ j8 = V(R+ joL)(G + jwC) (2-62) 
The phasor voltage of Eq. (2-60) and the phasor current of Eq. (2-61) 
can be written in time-dependent form as 
U(x, t) = Re{(Vtem? + V-et*) eit} 
= Re{| V+|e—2e7 @t— 62+ 4") + [Valerete ote to7)} 
= |Vtl|e-@ cos (wt — Bx + ot) + |V-let** cos (wt + Bx + $7) 
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and 
G(x, t) = Re{(Ite + Iret*)em"} 
= |I*|e- cos (wt — Bu + yt) + |I-let* cos (wt + Bx + YW) 

It is apparent that the traveling-wave nature of the solution which was 
evident in the lossless-line analysis has been retained, but in the lossy-line 
situation the signal is attenuated in an exponential manner as it propa- 
gates along the line. 

The current function can be related to the voltage by 
Vite ae Ver 


I(x) = Z, Z 


(2-63) 


The term Z, represents the characteristic impedance and is given by the 


expression 
eer 2 R+joL 
Zy= VZ/¥ = Vet 
In general both y and Z) are complex functions of frequency, which 
means that signals of different frequency will be affected differently as 
they travel over the transmission line. This effect can degrade a signal 
made up of many frequency components to an intolerable extent. 


In the special case where = C/G, the propagation constant 
reduces to (% G) = VRe 
y=a+jé {RO+ joWV LC (2-64) 


The facts that the attenuation constant is independent of frequency and 
that the phase shift constant is linearly dependent on frequency assure 
that the propagation is distortionless. This viewpoint of distortionless 
transmission can be verified by considering any input signal as being 
decomposed into frequency components by Fourier analysis. Since each 
component is attenuated by the same factor and each component is 
delayed by the same time interval, recombination of the results will 
clearly be an attenuated and delayed replica of the input signal. The 
characteristic impedance Z) becomes purely real and equal to 


Z=R=V LIC (distortionless case only) (2-65) 


when the condition for distortionless transmission 1s satisfied. 

Perhaps the greatest advantage of the analysis of distortionless 
transmission is that it points out the possibility of correcting a trans- 
mission system so that it will be distortionless. For example, in a tele- 
phone transmission line it is usually found that the shunt conductance is 
very small, whereas the series resistance of the conductors is very great. 
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In order to obtain distortionless transmission in this case, it is necessary 
to increase the series inductance of the transmission system. An increase 
of the series inductance on a distributed base is not particularly feasible, 
but it is nevertheless practical to consider adding lumped inductors at 
suitably close intervals in order to produce essentially the same effect. 
Since the highest frequency of interest on the telephone lines may be 5 
kHz, which has a wavelength in air of some 37 miles, it is possible to space 
the inductors or “loading coils” at intervals of a few miles and achieve a 
practical equivalent of distributed loading. 


2-9. AC CALCULATIONS FOR SMALL LOSSES 


In many cases the transmission-line losses are very small; in this case 
certain simplifying approximations can be made. In particular we may 


show that 


pete aioe e i a) + joVIC (2-66) 


Zo = Ro= Ne (2-67) 


if the line losses are sufficiently small.* 

The attenuation constant a can also be determined in the case of small 
losses by a perturbation method of analysis. Imagine an ac signal source 
supplying power to a characteristic impedance load through a length of 
transmission line. The sinusoidal voltage and current waveforms will be 
attenuated by a term e* as they travel toward the load. If Vtus repre- 
sents the rms voltage at « = 0, then the power transmitted toward the 
load at the arbitrary distance x is given by 


and 


Pp = Wins) ta (2-68) 


Ro 


* For example, the propagation constant 7 may be written as 


y= VZV = V(R + joL)\(G + joC) 


= [ierionr(1 4; fo ae ee 


Now using the approximations (1 + a)(1+ 6) = (1+a+6) and Vito) =1+¢/2 
which hold for a, 6, and ¢ small compared with 1, will permit us to write 


TA VLC 
arse (its + aoe (a taa) t# is 


as stated. 
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This result is obtained by noting that if the transmission line is severed at 
the point x, then the input impedance “‘looking”’ toward the load will be 
Ro, while the rms voltage across the line will be Vt,,e”. The formula of 
Eq. (2-68) expresses the simple fact that, because of losses, the power 
passing a given cross-section of the line decays exponentially with distance 
from the source. If the losses are assumed to be small, then we may note 
that 


represents the power lost in ae per unit length of the line. Conse- 
quently, if P; denotes the power lost per unit length of line, then we may 
express the attenuation constant as 
Pi 
~ 2Pr 
An important point to note about this formula is that it can be applied to 
any system where the power transmission obeys an exponential law of 
decay. Asa result, Eq. (2-70) may be applied practically to attenuation in 
waveguide structures where an apparently more direct method of 
calculation would be quite impractical. 

In a transmission-line system we note that the power lost per unit 
length of line in the series resistance and shunt conductance may be 
formulated at x = 0 in the form 
Vas 
Ro 


This result was obtained by considering a dx length of line at « = 0 and 
computing the series and shunt losses. The power transmitted down the 
line at x = 0 is evidently just 


(Vitus)? 2 
Pes ee (2-72) 


Now, combining the values of Pz and Pr as indicated by the formula 
given for the attenuation constant @ in Eq. (2-70) gives 


R G 
a= aR 1 OG 


(2-70) 


P,idx = (= ey’ (R dx) + (Vitns)*(G dx) (2-71) 


(2-73) 


PROBLEMS 


2-1. Verify that Eqs. (2-9) and (2-10) are correct, by direct substitution into Eqs. 
(2-3) and (2-4). At the same time verify that v and Rp are as given by Eqs. 
(2-11) and (2-12). 


ens" 


2-2. 


2-8. 


2-9. 


2-10. 


2-11. 


2-12. 


2-13. 
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Discuss the fact that the two traveling waves of Eq. (2-8) are evidence of the 
same phenomena from several different approaches. Hint: Consider that » 
appears as v, that x appears symmetrically in the equations, and that the 
directional choice of x was arbitrary. 

[For Problems 2-3 through 2-5 the transmission-line system is assumed to be 
a generator, with an internal resistance of 150 ohms, supplying a 400-m trans- 
mission line with a load resistance of 30 ohms. The characteristic resistance of 
the line is assumed to be 50 ohms and the velocity to be 200 m/ys. The gen- 
erated pulse is 32 V in amplitude. ] 

Sketch and label the voltage and current waveforms as a function of time 
at the input end of the transmission line for a 1-us pulse. Repeat for a 6-ys 
pulse. 


Sketch and label the voltage and current waveforms as a function of time at 
the load end of the line for a 1-ys pulse. 


Sketch and label the voltage and current waveforms as a function of time at 
a point midway along the line for a 1-ys pulse. 


Suppose now that the 30-ohm load of Problems 2-3 to 2-S is replaced by 150 m 
of 30-ohm line terminated in a short circuit. Sketch and label the voltage and 
current at the junction of the two lines for a 1-us pulse. Hint: Combine two 
charts for this analysis. 


By analogy with wave propagation of light, justify the fact that the incident 
wave along the transmission line is independent of the load. 


By reference to Appendix A it may be noted that the parameters L and C for 
a transmission line involve the dimensions in a reciprocal fashion so that the 
product LC is independent of the geometrical configuration of the line; the 
product is in fact we under certain idealizing assumptions. Show that for air- 
insulated lines the velocity is that of light, c. Also show that for simple dielectric 
insulation (u, = 1), the velocity of propagation is reduced by the square root 
of the relative dielectric constant. 


A common dielectric for insulation of transmission lines is polyethylene, 
which has a relative dielectric constant of about 2.25. Show that the velocity 
of propagation on such a line is essentially 200 m/s. 


Explain how to determine the length of a transmission line if only one end of 
the line is available for measurement but it is known that the line is open at 
the far end. 


Explain how an oscilloscope, a pulse generator, and a precision-calibrated 
variable resistor may be used to determine accurately the characteristic re- 
sistance of a transmission line. 


For delay lines it is convenient to measure the capacity parameter C and the 
characteristic resistance Ro. Explain how these data can be used to determine 
the velocity of propagation along such a line. Determine the length of line 
required to produce a delay of 1 ws if C = 1000 pF/m and Ro = 4000 ohms. 


For RG-8A/U it is known that Ro = 50 ohms and v = 200 m/s. Determine 
from these data the values of Z and C. 


52 


2-14 


2-15. 


2-16. 


2-17. 


2-18. 


2-19. 


2-20. 
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. A 6-in. section of polyethylene insulated (€, = 2.25) coaxial line has a char- 
acteristic resistance of 75 ohms and is shorted at the far end. Find the voltage 
waveform at the input if the input signal is in the form of a 10-ys, 1-A cur- 
rent pulse with a rise time of 0.5 ms and a fall time of 1 us (assume both rise 
and fall are linear). Assume a 75-ohm load connected across input of charging 
line. 

Plot the input voltage of a 100-ft length of RG-8A/U (with Ro = 50 and 
€, = 2.25) to a 10-us, 100-V pulse applied from a generator with an internal 
resistance of 1000 ohms. The line is open at the far end. What value of capacitor 
could be used in place of the line to give essentially the same waveform? Com- 
pare this capacity with the total capacity of the line (open circuited, and 
neglecting L, R, and G). Repeat this problem for a generator internal resistance 
of 50 ohms to show how this process of equivalents degenerates. 

Find the input impedance of a lossless line for the special cases in which the 
load is (a) an open circuit, (b) a short circuit, and (c) Ro. Comment on the 
significance of each of these results. 

By using the relationship v = fA, where A stands for wavelength, f for fre- 
quency, and » for velocity, show that the “electrical length” 6d of a transmis- 
sion line, in radians, may be expressed equivalently as 2r(d/\) radians. The 
quantity (d/) is the line length expressed in wavelengths. 

Express the length of a line in wavelengths if it is known that the “electrical 
length” of the line is (7/2) radian. Find the “electrical length” of a line in 
radians if the line is a three-quarter wavelength. Comment on this statement: 
The line is 180 electrical degrees long. 

What is the “electrical length,” in degrees, of 100 miles of line at 60 hertz? 
What fraction of a wavelength does this represent? Assume air insulation. 
What is the “electrical length,” in degrees, of 100 ft of 300-ohm twin-lead at 
60 MHz? How many wavelengths does this represent? Assume the velocity 
of propagation is 0.82 times that of light. 


“9-91. Find the connection between input impedance and load impedance for a loss- 
less line for the special cases in which the line is (a) one-quarter wavelength, 
(b) one-half wavelength, and (c) 1 wavelength. 
- 2-22. Show that the magnitude of the reflection coefficient is exactly 1 for all reactive 
loads. 
- 2-23. Find the input impedance of a three-eighth wavelength section of line having 
a characteristic resistance of 50 ohms and a load impedance of 50 + 750 ohms. 
- 2-24. Starting with Eq. (2-34), find a relationship that expresses the load impedance 
in terms of the input impedance and line length. 
“ 9-25. If the load impedance is known to be a short circuit and the input impedance 


is found to be + 750 ohms, find the line length(s) for which these conditions 
hold when the characteristic resistance of the line is 50 ohms. 


. Suppose that a one-quarter wavelength section of 50-ohm line is driven from 
a voltage source of 50 V. If the line is shorted at the far end, determine the 
current supplied by the generator and the current through the short circuit. 
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2-27. 


— 2-28. 
__ 2-29. 
2-30. 


2-31. 


432. 


2-33. 


2-34. 
2-35. 


2-36. 
AL : 
2-38. 


2-39. 


Suppose that a three-quarter wavelength section of 50-ohm line is formed into 
a closed loop. Find the input impedance at any point on the loop. Hint: Use 
symmetry. 

Show that the current standing-wave ratio is numerically the same as the 
VSWR for a given load. 


Show that the value of S for a purely resistive load is the larger of the quan- 
tities R1/Ro and Ro/ Rt. 

Find the VSWR for a 20-ohm, 100-ohm, and 200-ohm load if the characteristic 
resistance of the line is 50 ohms. 


Show that if a transmission line were severed at a position of minimum voltage, 
the input impedance measured toward the load would be minimum and re- 
sistive with the value Ro/S. Repeat for a voltage maximum to show that the 
impedance measured toward the load would be maximum and resistive with 
the value SRo. 


Plot the amplitude of the voltage across the line as a function of position along 
the line for a 50-ohm line terminated in (a) 25 ohms, (b) 50 ohms, (c) + 750 
ohms, (d) 0 ohms, and (e) infinite ohms. Assume an incident voltage signal 
of 1 V. Use a graphical technique for evaluation of the amplitude as shown 
in Fig. 2-20. 

Compute the phase-shift constant 8 for RG-8A/U cable and normalize the 
expression to a frequency base of 100 MHz. That is, the expression for 8 should 
be found at 100 MHz and the result for other frequencies expressed in terms 
of the value at 100 MHz. The only data for this evaluation are that the cable 
dielectric is polyethylene with e, = 2.25. 


Find the load impedance on a line if S is known to be 4 and the distance from 
the load to a voltage minimum on the line is one-quarter wavelength. The 
value of Ro is 50 ohms. 


Derive a formula giving the load impedance on an &p line in terms of S and 
the electrical length d between a voltage minimum on the line and the load 
impedance. 


Express the magnitude of the reflection coefficient in terms of the VSWR by 
a formula. Find the magnitude of K if the value of S is 10. 

Show that the power dissipated in the load is 48 W for the special case when 
the line length is \/8 in Example 2-7 (Fig. 2-22). 

Show from impedance considerations that the power dissipated in the load is 
independent of line length when the source is perfectly matched to the line. 


If the “attenuation” produced by a mismatched load on an otherwise matched 
system is defined by the expression 


Attenuation = 10 logio Sie 
power to actual load 


show that it may be related to the standing-wave ratio on a line by the expres- 
sion 
(S +1) 


Attenuation = 10 logio 45 


Y 
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2-44. 
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Find the “attenuation,” in decibels, produced by a load mismatched to the 
extent that the VSWR on the line is 1.5. 


Explain why the device shown in Fig. 2-25 for measurement of the magnitude 
of the reflection coefficient inherently has a small error even though the shunt 
resistance be chosen to make the section have a characteristic resistance of 
exactly 50 ohms. Compute this error for the specific example given in Fig. 2-26. 
Can this error be made zero? If so, redesign the circuit to accomplish this 
result. 


Design a device similar to that shown in Fig. 2-25 which will work satisfactorily 
on a 75-ohm line. 

Find the magnitude of the reflection coefficient of a 30-ohm load on a 50-ohm 
line, using calculations made as in Fig. 2-26. Verify the result by conventional 
computation. Repeat for a load of 50 + 750 ohms. 

Write the mathematical expression for the voltage along a three-eighth wave- 
length section of line driven with a voltage of 50 V on one end and a voltage 
of +750 V on the other end. Measure x from the 50-V source. Assume a 50-ohm 
line. What is the standing-wave ratio on the line? 


Show that the input impedance of a lossless line may be expressed in terms of 
the load impedance as 


Zz cos Bd + 7 Rosin Bd 


A Wy racc Bd + jZz sin Bd 
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Graphical Aids to 
Transmission-Line 
Analysis 


3-1. INTRODUCTION 


Graphical aids may be conveniently constructed for relating input 
impedance, line length, and load impedance. These graphical aids simplify 
the work, minimize the possibility of mistakes, and markedly increase the 
power of visualization of the user over what can be done with direct use 
of equations. 

The only graphical aid to be discussed in detail in this chapter will bea 
reflection coefficient chart, more commonly called a Smith chart in honor 
of its originator.! There are many variations of the Smith chart, with 
rectangular and polar calibration of impedance or admittance, and with 
common bases of 1 ohm, 50 ohms, 1 mho, and 20 millimhos. These varia- 
tions of the Smith chart may be summarized in the following tabulation. 


1p, H. Smith, “Transmission Line Calculator,” Electronics, vol. 12 (January 1939), pp. 
29-31. 
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Impedance Admittance 
Rectangular Polar Rectangular Polar 
1 ohm 1 ohm 1 mho 1 mho 
50 ohms 50 ohms 20 millimhos 20 millimhos 


Another chart, the impedance chart, is sometimes found useful. However, 
in contrast with the Smith chart, it is not readily extensible to analysis 
of lossy lines, it is more difficult to apply to line matching problems, and 
because of the finite range of impedance values covered, it cannot be used 
for all problems. Because of its limited usefulness and our desire to avoid 
unnecessary detail, discussion of this chart has been reserved for Appendix 
C. Examples of the per-unit form of the rectangular and polar Smith chart 
and the rectangular impedance chart are shown in Fig. 3-1. 

One of the very important uses of the transmission-line charts is in the 
reduction of laboratory data. The data may be in a variety of different 
forms, depending on the instrument used for the measurements. The 
three common presentations of the data are (1) actual impedance in polar 
form from an impedance bridge; (2) actual admittance in rectangular 
form from an admittance bridge; and (3) standing-wave ratio and position 
of minimum from a slotted line. Certain variations in the techniques of 
analysis are necessary for each of these different forms of data. These 
variations will be discussed in a later article of this chapter. 

One of the most interesting applications of the transmission-line charts 
involves the design of transmission-line matching networks using combi- 
nations of various-length sections of transmission line. This application is 
discussed at length in Chapter 4. 


3-2. THE SMITH CHART 


In the interest of simplicity we shall restrict ourselves to discussion of 
the 1-ohm rectangular Smith chart, illustrated in Fig. 3-1(a). It should 
be noted, however, that this restriction to discussion of the 1-ohm 
rectangular Smith chart is not really limiting in scope since this chart may 
be used to solve any problem which can be solved on the other charts. 
The other charts merely have special scales which make particular 
computations simpler. 

The Smith chart is based upon the relationship between reflection 
coefficients at two different points along a line. For a lossless line this 
relationship may be written as 
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(c) Per-unit rectangular impedance chart 


Fig. 3-1 (Cont.) 


K’ = Ke7728¢ 


Ch. 3 


(3-1) 


In this expression the reflection coefficient K’ is taken to be at a position d 
meters toward the source from the measurement of the reflection coeffi- 
cient K. This relationship between K and K’ may be readily found by 
inspection of Fig. 3-2. An incident signal of 1 + 70 V at the prime position 
will be reflected at the prime position as Ke~’*64 when the reflection 
coefficient K and the round-trip electrical distance of 26d have been 
appropriately accounted for. Since by definition the reflection coefficient 
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=< Ke/?he =<—Ke /B¢ 
| 
| | 
Source : | Load 
ee 2 ee 
———_ ¢ ——_____»| 
K'—» K— 


Fig. 3-2. Relationship between reflection coefficients along a lossless line. 


is the ratio of reflected to incident signal at a given point on the line, the 
result in Eq. (3-1) is seen to be correct as given. 

In order to make it as versatile as possible, the chart is commonly 
calibrated in terms of per-unit values of impedance or admittance. This 
normalization process may be viewed simply as an artifice to use one 
chart for problems with lines having various values of characteristic 
resistance. It may be also viewed as means of providing a single chart 
sufficing when the entire problem is scaled by the value of the charac- 
teristic resistance of the line. Regardless of the reasons for normalization, 
the actual impedance Z (note use of capital letter) will be normalized with 
respect to the characteristic resistance Rp to yield the corresponding per- 
unit impedance z (note use of small letter) as defined by the equation 


z (3-2) 


es 
= 
The relationships between this per-unit impedance z and the correspond- 
ing reflection coefficient K are 


= 


VE a) 


Se ETE 


(3-3) 


and 
1i+kK 

z= 4 (3-4) 
An interesting and important feature of the result given in Eq. (3-3) 
is that the absolute magnitude of the reflection coefficient K can never 
exceed 1 for passive load if the characteristic impedance of the line is 
purely resistive.” This simple fact is important because it means that for 
2 Tf the characteristic impedance is purely resistive and the load is passive, then the per- 


unit value of zz may be written as y + jx, where r is a non-negative number. Consequently 
the magnitude of Kz given by the expression 


mee Ciaest) tisk 
|Kr|)? = (r + 1)? + 2? 


is never greater than 1. 
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all passive loads, the Smith chart may be drawn inside a circle of one unit 
radius. 

The Smith chart will serve equally well for admittance calculations as 
for impedance calculations. This fact is particularly important in match- 
ing systems where stubs are placed in parallel with the lines. The proof of 
this result is left as an exercise. 

The construction of a Smith chart will be discussed at this point in 
terms of a specific example. Our problem, as summarized in Fig. 3-3, is to 


Pe 


2-25 Z,=1+/1 


Fig. 3-3. Example problem analyzed in Fig. 3-4. 


find the input impedance of a line 45 electrical degrees long which is 
terminated in a per-unit load impedance of 1 + 71 per-unit ohms. Details 
of the analysis process may be presented in three simple steps: 


1. Compute the load reflection coefficient from Eq. (3-3) as 0.447 / 63.4° 
and plot the results as shown in Fig. 3-4(a). 

2. Compute the input reflection coefficient from Eq. (3-1) and plot the 
result as shown in Fig. 3-4(b). The exponential factor of —726d merely 
contributes a rotation of —2(45) deg or —90 deg. 


3. Compute the input impedance from Eq. (3-4) as 2 — 71 per-unit ohms 
and plot as shown in Fig. 3-4(c). 


Analysis like that of Fig. 3-4 is as yet more difficult than direct substi- 
tution into the equations, but it can be refined to a marked degree by the 
following observations: 


1. There is a one-to-one correspondence® between values of z and K so 
that the per-unit values may be labeled directly on the chart to avoid 
completely the calculations in steps 1 and 3 above. 


2. The rotation by the exponential factor of —j28d can be simplified by 
suitable calibration of a scale around the chart. 


An example of a per-unit rectangular Smith chart is shown in Fig. 3-5. 
Note that the electrical distance scale is calibrated in wavelengths and 


3 See Appendix C. 
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266° 


(a) (b) (c) 


Fig. 3—4. Steps in computing input impedance from load impedance for 
problem illustrated in Fig. 3-3. 
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Fig. 3-5. A per-unit rectangular Smith chart. 
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that, for convenience, scales have been provided with calibrations both 
toward the generator and toward the load. It should also be noted that 
scales have been included for determining both the magnitude and angle 
of the reflection coefficient, if desired. 

A solution of the example given in Fig. 3-3 by direct steps on a com- 
pleted per-unit rectangular Smith chart is shown in Fig. 3-6(a). The 
various steps required in the solution are: 


1. Plot the load of 1 + 71 per-unit ohms as shown at point A in Fig. 3-6(a). 

2. Construct a radial line from the center through point A and note on the 
‘Wavelengths Toward Generator” scale the value 0.162. Add 0.125 
wavelength to obtain the value 0.287 and construct a radial line from 
the center through this value on the scale. 

3. Swing an arc about the center from point A on the first radial line to 
point B on the second radial line. Read the input impedance at point B 
to be 2 — 71 per-unit ohms. 


The work is thereafter very simple: plot the load impedance, move on a 
circular path the required distance, and read the resulting value of input 
impedance. 

A graphical solution requires about 25 sec, whereas an analytical 
solution requires at least 5 min for general choice of numbers; hence it is 
clear that the chance of error is much smaller with the graphical method. 


3-3. USING THE SMITH CHART 


Three basic problems solvable with the Smith chart are to determine 
one of the three quantities—load impedance, line length, and input 
impedance—from a knowledge of the remaining two. One of these 
problems has already been considered in the construction of the Smith 
chart. Determination of the load impedance from specification of the 
other two follows the same pattern as in the determination of the input 
impedance except that the chart is traveled in the reverse direction. A 
calibrated scale, ““Wavelengths Toward the Load,” has been placed on 
the chart to simplify determination of the load impedance. If, for example, 
the line length were 45 electrical degrees and the input impedance 2 — 71 
per-unit ohms, then the load impedance could be determined to be 1 + j1 
per-unit ohms, as shown in Fig. 3-6(b). 

The remaining problem of determining the line length from the other 
two deserves additional attention only from the standpoint that the 
answer is not unique in this case. For example, if the load impedance is 
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1 + 71 per-unit ohms and the input impedance is known to be 2 — 1 per- 
unit ohms, then one may be tempted to say that the line length must be 
0.125A in view of the results of Figs. 3-6(a) and 3-6(b). However, note 
carefully that lines 0.125 + 70.500A long would give exactly the same 
result for any integer value of m. This means that the line length can be 
determined only from the given data to within an integral number of 
half-wavelengths. Such an ambiguity could be expected from the fact 
that the load impedance and input impedance of a half-wavelength 
section of line are identical (which follows directly from the fact that a 
complete rotation about the chart requires 0.5)). 

A very practical problem which may be solved with the aid of the 
Smith chart is the determination of the VSWR (voltage standing wave 
ratio) for any given load. The solution of this problem is probably most 
easily explained by example. 


Example 3-1 


Suppose that the VSWR on a line with a load impedance of 1 + j1 per-unit ohms 
is desired. The problem could be solved by laboriously computing the reflection 
coefficient to be 0.447 / 63.4° and then finding the VSWR from the magnitude of 
the reflection coefficient as S = 1.447/0.553 = 2.62. Of course one way to simplify 
the work would be to read the value for the reflection coefficient directly from the 
Smith chart, as shown in Fig. 3-6(c), and then to compute S as before. However, 
there is a much simpler way, as shown in Fig. 3-6(d). The scheme here is simply to 
find the input impedance of the line for such a line length that it will be purely re- 
sistive and at a maximum. This per-unit value of resistance may then be shown* 
to have exactly the same numerical value as the VSWR (5S). In this case, the value 
is found to be 2.62 per-unit ohms, and the value of S is thus 2.62. 


As indicated in the example, the VSWR for any load may be found by 
the simple expedient of plotting the value on a normalized Smith chart, 
rotating this point on a constant-radius circle to the resistive axis, and 
reading the maximum per-unit value of the resistance as the correspond- 
ing VSWR. 

The work in Example 3-1 also shows how the Smith chart may be used 
to advantage for conversion between the magnitude of the reflection 
coefficient |K| and the VSWR (5S). In this case the process is merely one 
of reading between two scales; if the scale for the magnitude of the 
reflection coefficient is placed from center to edge of the Smith chart 


4 Suppose that this resistive value is 7max per-unit ohms. The reflection coefficient will be 
real and will have a magnitude |K| = (rmax — 1)/(fmax + 1). The corresponding value of 
VSWR found from S = (1 + |K|)/(1 — |K]|) then easily works out to be simply S = 7max. 
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Fig. 3-6. Examples of various uses of the Smith chart. 
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along the resistive axis (toward right), then values of |K| are opposite the 
corresponding values of S, as read from the resistive values. 


3-4. ANALYSIS OF SLOTTED-LINE DATA ON THE SMITH CHART 


One of the simplest and yet most useful measuring instruments at very 
high frequencies is the slotted line. As its name implies, this instrument is 
actually a section of transmission line with a lengthwise slot cut in the 
outer conductor. A capacity pickup probe is inserted into this slot, and 
the magnitude of the signal picked up on the probe is thus proportional to 
the voltage between the conductors at the point of insertion. The methods 
of amplifying, detecting, and measuring this voltage will not be discussed 
at this point. It is sufficient for our purposes to note that the instrumenta- 
tion is such that the VSWR along the line may be either read directly or 
easily computed. The capacity pickup probe rides on a carriage along a 
calibrated scale so that the positions of voltage minima can be found. 
Voltage minima are used in the analysis, since positions of the minima 
may be more accurately determined than the positions of the maxima. 

Correction must be made for line length on all transmission-line 
measurements, and the data taken from the slotted line are no exception. 
The correction is ordinarily determined by temporarily replacing the load 
with a short circuit. This reference measurement then determines the 
electrical position of the load, and correction for the line length to the load 
can then be easily made. 


Example 3-2 


As an example of the use of the Smith chart to reduce data taken from slotted line 
measurements, suppose the data shown in Fig. 3-7 to be known. 

Since the slotted section is commonly air-insulated (so the probe may be easily 
moved), the fact that the distance between minima is 40 cm may be used to find 
that the wavelength is 80 cm, and consequently the signal frequency must be 375 
MHz. From the S = 5 information, it is known that values of impedance at various 
points along the line are on a circle on the per-unit Smith chart passing through r = 5. 
Furthermore, it is known that a point of minimum voltage along the line corresponds 
to a point of minimum impedance (actually purely resistive), and so the impedance 
that would be measured toward the load at either of the voltage minima would be 
as shown at point A on the Smith chart in Fig. 3-8(a). Since the load impedance 
would be identical to the input impedance at any of the points of voltage minima 
(as measured with the load replaced by a short circuit), it follows that the actual load 
impedance may be found by going either 15\/80 toward load or 254/80 toward 
source, as indicated by point B on the Smith chart in Fig. 3-8(a). 
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Load Replaced 
By a Short Circuit 


$= Infinity 


Minima Located at 


10 50 90 


Minima Located at 


30 75 


Fig. 3-7. Data from slotted-line measurements. 


The value of the load impedance may then be read directly as 1.13 — 71.89 per- 
unit ohms. If the characteristic resistance of the lines should be 50 ohms, then the 
actual value of load impedance would clearly be 56.5 — 794.5 ohms. 


3-5. ANALYSIS OF IMPEDANCE AND ADMITTANCE BRIDGE 
DATA ON SMITH CHART 


The data read on an impedance or admittance bridge generally never 
represent the actual value of the load because there must, of necessity, be 


a transmission line connecting the load to the measuring device. Variable- 


length sections of coaxial line having constant characteristic resistance 
are available and can be inserted into the measuring system to make the 
bridge direct reading, but these are very expensive. The scheme here is to 
adjust the line length between the load and the point of measurement 
within the bridge to be exactly some multiple of a half-wavelength so that 
the load impedance and the measured impedance are exactly the same. 
This critical length adjustment is usually made by replacing the unknown 
load by some known load (commonly a short circuit) and adjusting the 
line length so that the value measured on the bridge agrees with the value 
of the known load. The usefulness of this technique is limited severely if 
the lines are even slightly lossy, since correction must be made for the 
losses if the results are to be reasonably accurate, and the further correc- 
tion for line length requires very little added time and effort. 

The correction for losses will be discussed in the next article. The 
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Fig. 3-8 (Cont.) 


correction for line length is easily handled, as shown in the following 


examples. 


Example 3-3 


Suppose a load on a 50-ohm line reads as a measured value of 100 / 45° ohms on an 
impedance bridge. The value for the load replaced by a short circuit is found to be 
80 / 90° ohms. The second set of data is used first in finding the line length (within the 
n\/2 ambiguity) to be 0.159\, as shown in Fig. 3-8(b). Then the load impedance is 
found in straightforward steps between points A and B in Fig. 3-8(b) to be 18 / 29° 


ohms. 


Example 3—4 


Suppose a load on a 50-ohm (20-millimho) line reads as a measured value of 8 — 712 
millimhos on an admittance bridge. The value for the load replaced by a short circuit 
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is +j10 millimhos. Again the second set of data is used first in finding the line length 
(within the 0.5\ ambiguity) to be 0.323A, as shown in Fig. 3-8(c). Then the load 
admittance is found in straightforward steps between points A and B in Fig. 3-8(c) 
to be 7.4 + 710.2 millimhos. One point of difference here is that the admittance of 
a short circuit is infinite. 


3-6. EFFECTS OF LOSSES ON SMITH CHART ANALYSIS 


The basic effect of losses on Smith chart analysis is to make the path 
between reflection coefficients (impedances) an exponential spiral rather 
than the circle obtained when the losses are zero. For an assumed incident 
signal of V+ at the input of a lossy line of length d, the reflected signal 
measured at the input will be V+Kze~*”? because of the reflection coeffi- 
cient K, at the load and a round trip path of 2d at a propagation constant 
+. The reflection coefficient Kj, at the input of the line is therefore 


Kick 67 =k poe (3-5) 


The effect of losses on the Smith chart method of analysis may best be 
understood by considering specific examples. Suppose that we analyze the 
problem shown in Fig. 3-9. 


«, = Cees 
ee Soe adh f = 450 MHz 
in. ¢ per-unit ohms @ =1neper/m 


B = 14.14 rad/m 


Pea Sih 


Fig. 3-9. A lossy line example. 


Example 3-5 


By using the data given in Fig. 3-9, it is possible to compute 2yd as 2ad + 726d = 
0.25 neper + 73.54 radians. Consequently, on the Smith chart, the input reflection 
coefficient is related to the load reflection coefficient by a scale factor e~?> = 0.779 
and a rotation of e~?*4, which amounts to a clockwise rotation of 3.54 radians or 
202 deg. Starting at the load of 1 +1 per-unit ohms [point A in Fig. 3-10(a)] and 
following the preceding steps will show that the input impedance is 0.55 — 0.27 
per-unit ohms [point B in Fig. 3-10(a)]. The rotation of 202 degrees clockwise is 
rather obvious, but it should be noted how the scaling by 0.779 is handled. A reflection 
coefficient scale calibrated from 0 to 1 has been supplied with the charts, and by using 
it, the magnitude of the load reflection coefficient is found to be about 0.44, Multi- 
plication of this value by 0.779 yields a value of about 0.34, which has been used in 
Fig. 3-10(a) in determining the input impedance. 
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(b) Determine line characteristics. 


(a) Basic example. 


Fig. 3-10. Smith chart analysis of lossy lines. 
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(d) Attenuator example. 


(c) Direct impedance calculation. 


Fig. 3-10 (Cont.) 
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This problem was worked in terms of a in nepers/meter and # in terms 
of radians/meter. However, the more common situation is that the 
quantities ad and Gd are known from measurements made on the line with 
a known load, such as a short circuit. Since for convenience the charts 
have been calibrated in terms of ad in decibels and {d in fractional wave- 
lengths, it is worthwhile to learn how to work with these scales. 


Example 3-6 


Consider again the example of Fig. 3-9. Suppose now, however, that the length 
is not known to be 0.125 m, but rather suppose that the input impedance with an 
open-circuit load is measured to be 0.13 + 70.19 per-unit ohms. By using the ¢trans- 
mission loss scale, which is calibrated in 1-dB steps, the loss in the line is found to 
be 1.1 dB. [See Fig. 3-10(b).] The line length may be found by conventional means 
to be 0.280 (using the information that the physical length is about 0.125 m long). 
These values may be compared with Example 3-5 for consistency. The factor ad = 
0.125 neper converts by the standard conversion factor of 8.686 to be 1.08 dB, which 
compares very favorably with the graphical value of 1.1 dB. The factor of Bd = 1.77 
radians converts by division by 27 to 0.282\, which compares very favorably with 
the graphical value of 0.280A. 

The next step in the example is to use the data determined from measurement on 
the shorted line to determine the input impedance for the load of 1 + 71 per-unit 
ohms. The process is illustrated in Fig. 3-10(c). 

Starting at the load of 1+ 1 per-unit ohms, find the input impedance by going 
toward the source 0.280 on the wavelength scale around the edge of chart and toward 
the source 1.1dB on the transmission loss scale. Notice that there are deliberately 
no calibrations on the transmission loss scale; rather, distance between each pair of 
marks represents a 1-dB change. Interpolation between marks is used for increments 
of less than 1 dB. 


It is important to note that the factor of 2 which shows up in Eq. (3-5) 
has been calibrated into the scales on the chart so that no consideration 
need be taken on this point. 

The chart can be used for any of the common calculations for lossy 
lines by applying the techniques illustrated in this chapter. Corrections 
for line losses ordinarily must be made in the laboratory if high accuracies 
are to be obtained. The important feature is that very little more effort is 
required to account for losses on the Smith chart. 

The Smith chart may also be used to considerable advantage in work- 
ing with general symmetrical networks, as shown in the following ex- 
ample. 
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Example 3-7 


Suppose that it is desired to find the input impedance of a 10-dB, 50-ohm pad 
for various loads. Using the transmission loss scale, it is possible to show, as in Fig. 
3-10(d), that the input impedance for all loads must be within a VSWR circle of 1.2. 
For an open-circuit termination then, the input impedance will be 60 ohms, while for a 
short-circuit termination, the input impedance will be 41.5 ohms. In a similar fashion 
the input impedance for any load may be found. Note that in this case Bd = 0 and 
no circular rotation takes place. 


PROBLEMS 


3-1. Convert 70 electrical degrees to wavelength and 0.15) to electrical degrees. 

3-2. Construct a simplified Smith chart with r and x contours of 0, +0.5, +1.0, 
and +2.0; check against an actual chart. 

3-3. Find the reflection coefficient for a load of 2 + j2 per-unit ohms. Also find the 
standing-wave ratio. 

3-4. Find the magnitude of the reflection coefficient for a standing-wave ratio of 
10 by direct use of the Smith chart. Illustrate with a sketch of the Smith chart. 


3-5. (a) Find the input impedance of a 0.375) line terminated in 2 + 73 per-unit 
ohms. 

(b) Find the load impedance of a 0.225) line if the input impedance is measured 
to be 1 — 71 per-unit ohms. 

(c) Find the length of a line within an integral number of half-wavelengths 
if the load impedance is 0.5 + 70.7 per-unit ohms and the input impedance is 
1.4 — 71.4 per-unit ohms. 

3-6. Repeat Problem 3-5, but with the numerical values as per-unit mhos instead 
of per-unit ohms. 

3-7. Find the actual value of the input impedance of a 3.4-m length of RG-8A/U 
cable terminated in a 100-ohm resistor for a frequency of 200 MHz. The value 
of characteristic resistance is 50 ohms, and the dielectric of the RG-8A/U is 
polyethylene with e, = 2.25. 

3-8. Suppose it is known that the standing-wave ratio, S, is 3 and a point of mini- 
mum input impedance occurs at a point 0.225) from the load. Determine the 
per-unit value of the load impedance. 

3-9. Show that a per-unit Smith chart is equally as Se for use as a 1-mho 
chart as for a 1-ohm chart. 

3-10. With the load in place on a slotted line, the value of S is 4, and the minima 
occur at 15, 25, 35 cm, etc., on a scale calibrated toward the load. With the 
load temporarily replaced by a short circuit, the minima are found at 12, 22, 
32 cm, etc. Find the load impedance if the line is 50 ohms. Also determine the 
frequency. 

3-11. Show that the input impedance of a lossless line terminated in a short circuit 
is +7Rytan Bd, whereas it is —jRo cot Bd for an open-circuit termination. 


3-12. 


3-13. 


3-14. 


3-15. 


3-16. 
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From this show that the value of Ro may be found as the square root of the 
product of the open- and short-circuit values of impedance. If the open- and 
short-circuit impedance of a cable are measured to be —788.5 and + 728.2 
ohms, find the length and characteristic resistance of the line. 


Determine the length of 50-ohm line, short-circuited at the end, required to 
produce reactances of +7100, —7100, 0, and infinite ohms. 


What desirable features does coaxial cable have for laboratory use as com- 
pared to parallel wire line? Explain. 

Find the input impedance of a distortionless lossy line with a 2 + 70 per-unit 
ohm load if the input impedance with a short circuit on the end is 0.4 — 70.2 
per-unit ohms. How many decibels of attenuation is there in this line? If the 
line length is about 0.9 m, the value of ¢, is 2.25, and the frequency is 450 MHz, 
determine the attenuation of the line per 100 ft. 

Find the load impedance of a lossy line with a measured input impedance of 
0.5 — 70.4 per-unit ohms. Assume the line to be the same as in Problem 3-14. 
Find the input impedance of a lossy line with 1 + 70 per-unit ohm load im- 
pedance. Assume the line is the same as in Problem 3-14. 


4 


Transmission-Line 
Matching 


4-1. INTRODUCTION 


The basic concern of this chapter will be matching of radio-frequency 
lines, using transmission-line elements for matching. Matching on other 
systems consists in general of very specialized detail and can as a practical 
matter be treated only in general terms such as in Art. 4-2. 

There are basically three different and important considerations 
involved in the connection of a source to a load through a transmission 
line: (1) choosing a transmission line; (2) matching the load to line; and 
(3) matching between line and source. Each of these will be discussed in 
general terms in Art. 4-3. In addition, some of the practical details of 
impedance matching will be discussed in this chapter. 

Some of the matching methods that have been found useful are dis- 
cussed in detail in the remaining articles of this chapter. These various 
methods represent only a few of the many possible methods of impedance 
matching. The only “stray” in this group is the balun (balanced to 
unbalanced transformer). As its name implies, this device is used to 
connect between balanced and unbalanced lines without disturbing the 
equilibrium conditions on either. The various matching schemes to be 
discussed are: (1) balun; (2) tapered line and quarter-wavelength trans- 
former; and (3) single-, double-, and triple-stub tuners. The stub, balun, 
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and the various stub tuners find wide application in the laboratory 
because of their ease of adjustment to different frequencies and load 
conditions. The others, while not easy to adjust, may be economical in 
construction for a fixed application and thus still be quite practical. 


4-2. MATCHING OTHER THAN RADIO-FREQUENCY LINES 


The matching of lines other than radio frequency presents a problem 
of considerable scope. We shall only outline some of the practical con- 
siderations involved for some particular situations. 

On power lines, for example, matching can only be done in a rather 
rudimentary manner because the load is set by the consumer and is con- 
stantly changing. However, the problem is not so hopeless as it may at 
first seem because the loads on the large distribution lines may be reason- 
ably constant. In this case transformers can be used to adjust impedance 
levels to optimum values for the system. In addition, matching in the 
form of power-factor correction may be imposed on the system by the use 
of physical capacitors or by use of a synchronous machine with a suitably 
excited field. The power line is ordinarily not analyzed by the transmis- 
sion-line methods discussed thus far, primarily because the line is electri- 
cally short and because line losses are appreciable. Instead, it is usually 
analyzed in terms of equivalent electrical networks. In any case, matching 
in the sense discussed with regard to reflection is of secondary importance. 
This is primarily true because the “signal” does not carry any information 
of value and because practical lines are usually small fractions of a wave- 
length long. The basic importance of the rudimentary matching is in 
reducing losses to a minimum. This goal is attained by matching in the 
sense discussed with regard to radio-frequency lines. As a practical con- 
sideration it may be noted that the characteristic impedance of conven- 
tional power lines is of the order of 400 ohms. 

On telephone lines, matching is extremely important because faulty 
matching can produce echos which prove annoying to the subscriber. 
Furthermore, if many links are involved, the effect of a small mismatch in 
each link may be compounded to proportions that make the desirable 
circuits unusable. Note, for example, that if the mismatch should be such 
as to cause a 1-dB error per link, the error would be compounded to the 
fantastic figure of 500 dB over 500 links. Matching on telephone lines can 
thus be very critical and is ordinarily accomplished by a load in the form 
of a reasonably complex electrical network. This network will match the 
characteristic impedance of the line with considerable precision at all 
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frequencies of interest. The situation is complicated in comparison with 
radio-frequency lines in that losses are not negligible in most cases (be- 
cause the frequency is low, and it is the ratio of wL to R which is impor- 
tant). Consequently the characteristic impedance changes considerably 
with frequency rather than being a constant resistance independent of 
frequency. | 

On audio cables, matching is usually of no importance. Again, the lines 
are usually only a small fraction of a wavelength long at the highest fre- 
quency of interest, and the “transmission-line effects” are of no impor- 
tance. For most audio purposes the cable may be simply treated in effect 
as a shunt capacitance on the driving source. A practical example will 
illustrate the point. 


Example 4—1 


Suppose that a shielded cable is used to connect between a tuner and a remote 
amplifier over a distance of 50 ft (15.24 m). For a common cable with a capacitance 
of 20 pF /ft, this would give an equivalent capacitance of 1000 pF. As a check on the 
cable, it may be noted that at 15 kHz the wavelength in free space is 20,000 m, and 
clearly the cable is electrically short. Suppose that the source is assumed to have an 
internal resistance of 10,000 ohms and the load is assumed to be 1 megohm. The 
frequency response from source to load would be such that the output would be down 
3 dB at an upper frequency of about 16 kHz. As we shall see in Chapter 6, this ca- 
pacitive loading may be viewed in terms of multiple reflections on the line. 

Let us see how proper matching would affect the situation. Assume that the char- 
acteristic resistance is 100 ohms! and that the load is 100 ohms rather than the pre- 
viously assumed 1 megohm. In this case the band width is virtually unlimited by 
the cable, but the signal capabilities and gain have been reduced. For an original 
signal level of 1 V, the output is now only about 0.01 V. The amplitude cannot be 
conveniently raised back to 1 V because of possible overload in the driving amplifier. 


On video cables, matching is usually of great importance. In this case, 
band widths of 5 to 10 MHz are required, and for reasonably long cable 
runs (over a few meters) the penalty illustrated in the previous example 
must be paid to obtain the band width. In this case it is usual to match 
only at the load, since matching at the source increases the driving 
requirements by a factor of two. Alternately, the source may be very well 
matched and the load left as an open circuit. In this case the reflected 
signal is of no importance because it is dissipated completely in the 


1 The characteristic resistance must be in the range 20 to 200 ohms because of the log- 
arithmic connection to physical dimensional ratio. 
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matched source. It is interesting to note that the driving power of each is 
equally efficient. 


Example 4—2 


Suppose that the source is a 100-mA pulse current source, as from a pentode or the 
collector of a transistor. For a 50-ohm line terminated in 50 ohms, the load voltage 
will evidently be a 5-V pulse. If the 50 ohms is placed at the input, on the other hand, 
the current pulse will only initiate a 2.5-V pulse toward the load. However, since 
the load is open-circuited in this case, a unit reflection takes place at the load to give 
the same load-voltage pulse amplitude of 5 V, as in the first case. Either will work, 
but the properly terminated load is usually preferred. 


The cables used for video work are usually chosen so that the losses are 
negligible and proper termination is in the form of a fixed resistor. How- 
ever, sometimes this is not possible (as with delay cables where losses are 
usually appreciable), and it is necessary to terminate the cable in an 
impedance that matches the characteristic impedance of the line at all 
frequencies. The actual circuit for this purpose usually involves a resistor 
for the predominant part of the impedance and a supplementary inductor, 
capacitor, or both for reasonably precise matching. 


4-3. MATCHING ON RADIO-FREQUENCY LINES 


Although the techniques that will be illustrated for matching are 
based on the assumption that the lines are lossless, the lines are known to 
be slightly lossy in the actual case. Our justification for neglecting losses, 
as before, is that the results derived by this assumption are close enough 
to the practical case to be useful and can be derived with a significant 
saving of labor. 

The choice of a transmission line for a given application usually de- 
pends on the availability of manufactured products. However, several 
basic, important points should be noted about the choice. First, the 
characteristic resistance of the lines is fixed in a limited range, about 30 
to 500 ohms, by the physical geometry of the line. This situation is 
graphically illustrated in Fig. 4-1, which gives the relationship between 
characteristic resistance and geometry for coaxial and parallel-wire lines 
with air insulation. 

There is an optimum physical geometry to handle maximum power in 
the case of the coaxial line. If the inner conductor is large, then the electric 
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Fig. 4—1. Relationship between characteristic resistance and geometry. 


field intensity between the conductors is great because of the small 
spacing. On the other hand, if the inner conductor is small, the electric 
field intensity near the center conductor is great because of the small 
radius of curvature. The optimum radius may be found by calculus to be 
such that b/a = e = 2.718, which corresponds to characteristic resistance 
of 60 ohms for air-insulated lines. Normally, however, the line is insulated 
with a dielectric like polyethylene to provide mechanical support of the 
inner conductor. In this case the characteristic resistance for the optimum 
power-handling capability is reduced by Ve, = V2.25 = 1.5 to a value 
of 40 ohms. In actual practice the commercial coaxial lines have a 
characteristic resistance of either 50 or 75 ohms. Normal values of 
characteristic resistance for parallel-wire lines are in the range of 200 to 
450 ohms. 

In recent years two transmission-line configurations, known as strip 
transmission line and microstrip, have come into widespread usage. There 
are two reasons for this popularity; (1) these lines are planar in nature, 
thus lending themselves to automatic production-line techniques, and (2) 
these lines are readily adapted to hybrid integrated circuit technology 
at microwave frequencies. The characteristic impedance of strip trans- 
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mission line as a function of the line parameters is shown in Fig. 4-2. 
Note that this characteristic impedance is normalized so that the effect 
of the dielectric is removed from the curves. 
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Fig. 4-2. Characteristic impedance of strip transmission line for the special 
case of a very thin center strip. (After S. B. Cohn, “Problems in Strip Trans- 


mission Lines,’ JRE Transactions on Microwave Theory and Techniques, vol. 3, No. 2, 
March 1955.) 


The situation for microstrip is much more complicated because the 
line does not support a true TEM? mode in a non-static situation. This is 
due to the fact that the fields are in both the dielectric supporting the 
strip and the free-space region above the strip. A plot of the ratio of free- 
space wavelength (Xo) to microstrip wavelength (\,) and the charac- 
teristic impedance of microstrip versus the strip width (W) to dielectric 
height (H) ratio for the case of a relative dielectric constant of 15 is 
shown in Fig. 4-3. Both strip transmission line and microstrip are 
generally used in low-power applications. 

Matching of the load to the characteristic impedance of the trans- 
mission line is accomplished by methods to be discussed in detail in Arts. 

? The acronym TEM (Transverse Electric and Magnetic) denotes a field pattern having 


its electric and magnetic fields contained in a plane transverse to the direction of propagation. 
This subject will be discussed in greater detail in Chapter 9. 
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Fig. 4-3. Characteristic impedance and \o/Am ratio for microstrip transmission 
line. (From the 1969 Microwave Engineers’ Handbook and Buyers’ Guide, as 
presented by Burke, Gelnovatch, and Chase, based on Wheeler's work.) 


4-5 and 4-6. Note carefully in this later discussion the effect of frequency 
deviations on matching. 

Matching between line and source is the remaining problem of interest. 
Consider, for example, the situation where the power source has an 
internal impedance of 75 + j0 ohms over the frequency band of interest. 
The problem is how to match between a 50-ohm line (which is assumed 
to have an input impedance of 50 + j0 ohms over the band because of 
matching at the load) and a 75 + j0 ohm source impedance. 

First, it would be worthwhile to check and see how much power loss 
results from this degree of mismatch. If it is imagined, as a “crutch” in 
the analysis, that the source is connected through a section of 75-ohm 
line, then a 50-ohm load would have a voltage reflection coefficient of 
+0.2 on this line. Consequently the reflected power would only be 4 per 
cent of the incident power, and matching could not be expected to give 
much improvement in power transfer. 

If, however, for reasons other than maximum power transfer, it seems 
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desirable to match the system, then a matching network is needed to 
transform the 50-ohm load up to the 75-ohm internal impedance of the 
source. This matching, while only increasing the load power by 4 per cent, 
would have the desirable feature of making matching at the load less 
critical. This feature depends on two factors; multiple reflections die out 
as the product of the reflection coefficients ‘looking outward” at each end 
of the line, and the matching from line to source tends to produce match- 
ing from source to line. In the particular case when the load, as fixed by 
the characteristic resistance of the line, is purely resistive at 50 + 70 
ohms, it may be shown that matching to the source for maximum power 
transfer happens to make the impedance looking back toward the source 
exactly 50 + 70 ohms. 

The actual relationship between matching conditions at the two ends 
of a lossless network is summarized in Fig. 4-4. If a load Z, is placed at 


Fig. 4—4. Matching conditions for a lossless network. 


one end of the network and the impedance measured at the other end is 
Z;, and then if the load Z{ is placed at the first end, it will be found that 
the impedance measured at the opposite end will be Z} (the superscript 
asterisk means conjugate). This result may be established by the reci- 
procity theorem, and the proof is left as an exercise. For the special case 
when Z, is purely resistive, then Z2 will be purely resistive, and perfect 
matching toward the source is produced by making the matching-network 
conjugate match the internal impedance of the source for maximum 
power transfer. 


4-4. BALUNS 


A balun, as explained in Art. 4-1, is a device used to connect between 
balanced transmission lines (parallel wire) and unbalanced transmission 
lines (coaxial). It might at first be thought that the connection would be 
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trivial, since each consists of two conductors and no mathematical 
distinction has yet been made between the balanced and unbalanced 
lines. However, if the balanced (parallel wire) transmission line is to 
behave according to theory, it is necessary that the currents in the two 
lines be equal and opposite and that the voltages to ground of each of the 
two lines be equal and opposite. These conditions on the voltage and 
current are actually forced on us by the assumptions made in deriving 
the values of L and C for the transmission line parameters. 

If the balanced transmission line is not both driven antisymmetrically 
and loaded symmetrically, then any mathematical analysis made by using 
the methods outlined thus far will be incorrect. The results obtained from 
an unbalanced mode of operation of a balanced line are predictable, but 
with considerably less ease than if the line is driven in a balanced fashion. 
As a practical matter, the balanced line is never driven ‘‘exactly”’ bal- 
anced. However, if the unbalance is small, then the deviation of results 
from the balanced case will also be small. 

While many baluns exist, only one form using transmission-line ele- 
ments will be discussed here in detail. The basic form of the balun may be 
indicated in transformer form as shown in Fig. 4-5(a). Baluns are actually 


Unbalanced 


la 


Balanced 


Balanced Unbalanced 


(a) (b) 
Fig. 4—5. Baluns. 


constructed in this fashion at frequencies below about 200 MHz, but the 
precision of the device is not sufficient to permit accurate laboratory 
measurements. Instead, laboratory measurements are usually made by 
using a balun constructed as shown in Fig. 4-5(b). The balun in this 
latter case depends upon the fact that voltages and currents are preserved 
in magnitude over the precise distance of \/2 and that the phase shift is 
180 degrees. This 180-degree phase shift in the voltage amounts to a 
reversal of polarity, which is needed to drive the other wire of a parallel- 
wire line. It should be noted that a 4:1 impedance transformation is 
produced in the balun of Fig. 4-5(b), as illustrated in Fig. 4-6. If the 
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Fig. 4—6. Four-to-one impedance transformation produced by this balun. 


voltage and current on the unbalanced line are V and J, respectively, 
then the voltage and current on the balanced line will be 2V and J/2, 
respectively. As a consequence, any load at the balanced terminals of the 
balun will be reflected as a fourth of this value at the unbalanced termi- 
nals of the balun. Note, however, that conventional corrections for line 
length are required for measurements other than at the immediate 
terminals of the balun. The lone exception to this correction occurs in the 
special case when the reflected load on the unbalanced coaxial line is 
identical to its characteristic resistance. For example, if the characteristic 
resistance of the coaxial line is 50 ohms and the characteristic resistance 
of the parallel-wire line is 200 ohms, then a 200-ohm load anywhere on 
the balanced system will be reflected as a 50-ohm load anywhere on the 
unbalanced system, and vice versa. 

The balun described in Fig. 4—5(b) is usually constructed for labora- 
tory use in a slightly different fashion than illustrated. Ordinarily it is 
quite difficult to make an adjustable-length line having constant charac- 
teristic resistance. However, fixed-length sections of line and variable- 
length shorted stubs are reasonably easy and economical to construct. As 
a consequence of these practical considerations, the section of line one- 
half wavelength long is usually replaced by an equivalent network, as 
shown in Fig. 4-7. It consists of two fixed-length sections of line and two 
adjustable, shorted stubs. For practical reasons of construction, one stub 
is placed in the center and the other stub is placed at one end. 


Example 4-3 


As an example of the use of the theory developed in the preceding chapter, con- 
sider the following balun analysis. 


86 LINES, WAVES, AND ANTENNAS Ch. 4 


Adjustable Shorted "Stubs 


Effectively 
N x 
2 2 


Fig. 4-7. Line equivalent of a half-wavelength obtained by proper 
adjustment. 


For any given frequency and choice of fixed line lengths, there corresponds settings 
of the two shorted stubs which will make the system behave as a one-half wavelength 
section of line. It will be stated without proof that the two systems may be made 
electrically equal at a given frequency if their input-output characteristics are 
matched for two different sets of conditions. The two sets of conditions, chosen 
primarily for simplicity, are that the input impedance must be the same as the load 
impedance for the two special cases of open- and short-circuit loads. The notation 
for this example is given in Fig. 4-8 for the assumed conditions that the two fixed 
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Fig. 4-8. Notation for line equivalent to one a half-wavelength long. 


lengths of line are identical lengths. It is also assumed that all lines have a common 
characteristic resistance equal to Ro. The system is most easily analyzed by con- 
sidering it broken at the junction with the line 6/2, the 6 length of line in one part 
and other lines in the other part. 

With a short at BB, then the impedance looking into AA must also be a short 
circuit. Since the admittance of a short-circuited line 8] long is —jGp cot 61, while 
the admittance of an open-circuited line 6/ long is +jGp tan (I, it follows that the 
admittance conditions required for analysis of this problem are as illustrated in 
Fig. 4-9. With the network broken into the two parts as shown, it is possible to con- 
sider the actual parallel combination of lines on the right as equivalent to a shorted 
section (7 — Bl) long for Fig. 4-9(a) and as an open section (4 — I) long for Fig. 
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4—9(b). The equations which must thus be satisfied are 


cot (7 — 61) = cot Bl2 + cot Bl (a) 
and 
—tan (r — Gl) = cot Bl, + cot (61 + Bh) (b) 
wT Z a-Bl 
perlite unkre Bi Poel ibn sie gente Siu 
o———0---- o————_0--- --o 0 
Blo ] Blo 
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Fig. 4-9. Admittance relationships. 


By considerable manipulation of these equations it may be shown that the two stubs 
are the same length, with the common length given by the equation 


cot Bl, = cot Ble = —2 cot fl (c) 


The proof of this expression is left as an exercise, since it merely involves routine 
trigonometric manipulations of Eqs. (a) and (b). Alternately, the equation may be 
written in terms of tangents as 

—tan 6l 


: (d) 


tan Bl, = tan Bl, = 


This connection between stub spacing and stub length may be conveniently ex- 
pressed in graphical form, as shown in Fig. 4-10. The scales in this figure have been 
calibrated in terms of wavelengths for convenience. 
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Fig. 4-10. Relationship between stub spacing and length for balun. 
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4-5. MULTIPLE-STUB TUNERS 


In this article predominant attention will be directed toward analysis 
of single-stub and double-stub tuners. Triple-stub tuners may be analyzed 
exactly in the fashion of double-stub tuners and so will not be treated 
separately. 

The basic matching arrangement for the single-stub tuner is shown in 
Fig. 4-11. For convenience it will be assumed that all the lines have the 
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Fig. 4-11. Basic single-stub tuner system. 


same characteristic resistance. The distance d, from the load to the stub, 
as well as the length d, of the shorted stub, must be adjustable. Our 
problem is to determine these two lengths to match a given load to the 
characteristic resistance of the line. This problem can be handled most 
efficiently on a transmission-line chart. Since the stub is connected in 
parallel with the main transmission line, it follows that an admittance 
form of the Smith chart would be most practical to use in the analysis. 
On a per-unit admittance form of Smith chart, the principle of the single- 
stub tuner may be summarized as follows: 


Principle of the Single-Stub Tuner 
The length d; is chosen such that the load is transformed to the unit 
conductance circle on the Smith chart, and this choice permits the 
length dz to be chosen such that the pure susceptance it presents will 
exactly cancel that reflected by the load at its terminals, with the 
resulting admittance being 1 + 70 per-unit mhos, which is the condi- 
tion of perfect match. 


Consider now the analysis of the particular problem where the load is 
100 + 7100 ohms and the lines all have a characteristic resistance of 50 
ohms. 
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Example 4—4 


The first step in the analysis is to convert 100 + 7100 ohms to 2 + j2 per-unit 
ohms and then by inversion to 0.25 — 70.25 per-unit mhos. This value of load ad- 
mittance is plotted on a per-unit admittance form of Smith chart as shown in F ig. 
4-12(a). The permissible locus of admittances which may be converted to 1 + j0 
ohms by the pure susceptance of the shorted stub is shown as the unit conductance 
contour in Fig. 4-12(b). Now it is possible, as illustrated in Figs. 4-12(c) and 4-12(d), 
to choose the distance d; to be either 0.219A or 0.362) and attain a point on this locus. 
In case I the stub length d, must be chosen so that the stub presents a susceptance 
of —71.6 per-unit mhos. The Smith chart may be used to obtain this length as 0.089X. 
In case II the stub length d; must be chosen so that the stub presents a susceptance 
of +71.6 per-unit mhos, and again the Smith chart may be used to obtain this length 
as 0.411. Note carefully in using the chart to find the stub lengths that the admit- 
tance of a short circuit is infinite. 


The two possible solutions of this single-stub matching example are 
given in Fig. 4-13. Since losses increase directly with line length and 
standing-wave ratio, the single-stub matching solution shown in Fig. 
4-13(a), where the lines are the shortest, is preferred to that of Fig. 
4-13(b). However, the difference in performance between the two 
solutions is small enough so that other factors may determine the selection. 
For example, if the shorted stub could not be adjusted as short as 0.089), 
then the other solution might be selected. Note, however, that this line 
might be increased by 0.5\ to 0.589 to avoid adjustment difficulties 
without affecting the matching in any way. 

Before proceeding to the double-stub tuner, let us consider why it is 
more desirable than the single-stub tuner. The primary disadvantage of 
the single-stub tuner is that it requires an adjustable-length line of 
constant characteristic resistance. Such a line is quite expensive and 
difficult to build, and so its use is avoided whenever possible. The con- 
struction of an adjustable shorted stub is illustrated in Fig. 4-14, and the 
construction of an adjustable-length line of constant characteristic 
resistance is shown in Fig. 4-15. Before looking at Fig. 4-15 closely, you 
may find it instructive to try designing an adjustable-length line of 
constant characteristic resistance. It may be harder than first imagined. 
Very evidently, from inspection of these two figures, the adjustable 
shorted stub is much the easiest to construct. Consequently it is desirable 
to develop a matching system which uses only adjustable-length shorted 
stubs and, of course, fixed sections of line. Such a scheme is illustrated in 
Fig. 4-16 and is called a double-stub tuner. The degree of freedom offered 
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| 50.ohms 


50 ohms 
SOronru Load Load 
100+/100 ohms 100 +/100 ohms 
—| 0.219 k- —=| 0.362. fe 
(a) (b) 


Fig. 4-13. The two solutions of the single-stub matching problem. 
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Fig. 4-15. Sectional view of adjustable-length coaxial line having constant Ro. 
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Fig. 4-16. Basic double-stub tuner system. 
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by the adjustable-length section of line has been replaced by an adjustable 
shorted stub and a fixed length of line. Unfortunately a double-stub tuner 
will not match an arbitrary load, as would the single-stub tuner. The 
addition of another adjustable shorted stub and fixed-length line may be 
used to correct this situation. However, the additional complication of 
the triple-stub tuner is usually not warranted, since the double-stub 
tuner may be made to work satisfactorily and is not nearly so difficult or 
critical to adjust. The techniques of analysis for the triple-stub tuner are 
virtually the same as for the double-stub tuner, and hence they will not 
be discussed again in this section. 

The double-stub tuner system of Fig. 4-16 has two adjustable-length 
shorted stubs with the lengths d; and d, and a fixed-length section of line 
between them which must be other than a half-wavelength long. Common 
values of this fixed length are \/8 and 3/8 for reasons which will be 
discussed after a system has been analyzed in detail. Our problem is to 
determine the lengths d, and d, of the two shorted stubs to match a given 
load to the characteristic resistance of the line. This problem may be 
handled most efficiently on a transmission-line chart. On a per-unit 
admittance form of Smith chart the principle of the double-stub tuner 
may be summarized as follows: 


Principle of the Double-Stub Tuner 

The length d; must be chosen such that the load and stub in parallel 
is transformed to the unit conductance circle by transferral down the 
fixed-length section of line. This choice permits the length dz to be 
chosen such that the pure susceptance which it presents will exactly 
cancel that reflected by the load at its terminals, with the resulting 
admittance being 1+ 70 per-unit mhos, which is the condition of 
perfect match. 


The most difficult step in analyzing the double-stub tuner initially 
comes in choosing the length d; such that the load and stub in parallel is 
transformed to the unit conductance circle by transferral down the fixed- 
length section of line. Once this step is accomplished, the process reduces 
exactly to that of the single-stub tuner when choosing the length dy. 
Although the length d; can be chosen by trial and error, such a time- 
consuming task is not necessary. The secret of success lies in finding the 
locus of points on the chart such that transferral down the fixed-length 
line toward the source will yield the locus of points represented by the 
unit conductance circle. Such a locus is really quite simple to find because 
by going backwards, from source to load, it is easily seen to be the unit 
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conductance circle rotated toward the load by the length of the fixed 
section of line. In the special case when the fixed length of line is d/8 long, 
the locus appears as shown in Fig. 4-17(a). Transferral of this locus of 
points toward the source by \/8 yields the unit conductance circle, as 
illustrated in Fig. 4-17(b). 

All that is necessary, then, is to add susceptance by the stub at the 
load so that the combination is on the required locus [shown for the 
special case of \/8 stub spacing in Fig. 4-17(a)]. This admittance may 
then be transferred toward the source by the length of the fixed line, with 
complete assurance that the resulting admittance will lie on the unit 
conductance circle so that the remaining stub may be used to cancel the 
susceptive portion and yield a perfect match. 


Example 4-5 


Suppose the load is 100 + 7100 ohms, the lines have a characteristic resistance of 
50 ohms, and the spacing between stubs is \/8. The per-unit load admittance is 
easily computed as 0.25 — 0.25 per-unit mhos. There are two solutions, just as for 
the single-stub tuner. The steps have been summarized in Figs. 4-17(c) and 4-17(d). 
In verbal summary form the steps are: 


1. Add +70.59 per-unit mhos (+71.89 in case IT) with 0.335A (0.422 in case IT) 
of line to reach the admittance of 0.25 + j0.34 per-unit mhos (0.25 + 71.64 
in case II), which is on locus of 4-17(a) for \/8 stub spacing. 


2. Travel toward the source \/8 to reach the admittance of 1.00 + 71.63 per- 
unit mhos (1.00 — 73.50 in case II). 


3, Add —71.63 per-unit mhos (+ 73.50 in case II) with 0.088 (0.455 in case IT) 
of line to reach the admittance 1 + 70 per-unit mhos (1 + 70 in case II). 


A summary of these results is presented in Fig. 4-18 for the various 
lengths of stubs required in the two solutions. In this case there is no clear 
distinction between the two solutions with regard to losses in the lines. 
Very similar results may be obtained for 3\/8 spacing of the stubs. 

With the background of Example 4-5 it is now possible to discuss the 
choice of spacing between the stubs. By reference to Fig. 4-17(a) it may 
be noted that load admittances inside the g = 2 circle may never intersect 
the desired locus of admittances at stub 1 for \/8 stub spacing. Conse- 
quently these loads may not be matched with such a double-stub tuner. 
In a similar fashion, it is possible to find the loads which may or may not 
be matched for other spacings between the stubs. A summary of these 
results is presented in Fig. 4-19, where the shaded areas represent the 
loads that cannot be matched. It is interesting to note that, except for 
the special case when the distance between stubs is precisely a half-wave- 
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50 ohms 


0.125% Load 0.125 x Load 


100 +/100 ohms 100 +7100 ohms 


Fig. 4-18. The two solutions of the double-stub matching problem. 
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Fig. 4-19. Spacing between stubs. The ranges of load which cannot be 
matched are shaded. 


length, the widest possible ranges of loads can be matched for a distance 
between stubs approaching a half-wavelength. The smallest range of load 
can be matched for a stub spacing of a quarter-wavelength. However, the 
adjustments become exceedingly critical as the distance between stubs 
approaches )\/2, and for this reason a choice of spacing like \/8 or 3/8 
represents a reasonable compromise between matching range and critical 
adjustment. 

If the load should happen to fall on such a portion of the chart that 
matching is not directly possible, then it is merely necessary to add a 
fixed length of line between the load and first stub to adjust the load to a 
value that can be matched. The analysis then proceeds in a conventional 
manner. 

An important laboratory consideration is that (unless the advantage of 
not requiring an adjustable length line is to be lost) the distance between 
stubs will not be a precise distance like \/8. Instead, with fixed sections of 
line, the distance will be some odd value like 0.147) and the analysis will 
have to be made on this basis. 

Because of slight inaccuracies in the system, you will almost invariably 
find that a small amount of “touching up” is required on the tuners. You 
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might then logically ask if all the analytical work was worthwhile. The 
answer would be a very definite “‘yes.”’ Although each of the tuners may 
be set by trial and error, the process is in general very time consuming. A 
better method is to compute the values, set the tuner, and then “‘touch it 
up.” The basic difficulty with the trial-and-error method is that it may 
fail to converge to a good match if an unfortunate original choice of stub 
positions is made. But by calculation it is possible to start sufficiently 
close to the correct lengths that final adjustments to the proper values 
can be rapidly made. 

Matching of the load to the characteristic impedance of the trans- 
mission line is accomplished by methods discussed in detail in the previous 
articles. The underlying reasons for the matching, as well as practical 
considerations, need some further discussion at this point. As a matter of 
orientation, we are talking about radio-frequency lines. Hence the discus- 
sion of matching basically depends upon matching at a single frequency 
or over a narrow band of frequencies, since in general it is virtually 
impossible to match an arbitrary load over the entire frequency spectrum. 
Three variations with frequency are important here: 


1. Variation of the load impedance with frequency. 
2. Variation of the matching network with frequency. 
3. Variation of the characteristic impedance of the line with frequency. 


For the usual band widths of interest (10 per cent or less of center fre- 
quency) the variations of the load impedance (1) and variation of the 
characteristic impedance of the line (3) are usually small with respect te 
the variation of the matching network with frequency (2). For example, 
this variation for the single-stub and double-stub tuners is shown in Fig. 
4-20 for the special case when the load is assumed to be 100 ohms (inde- 
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0.6 amt 14(+) 


(a) Single-Stub Tuner (b) Double-Stub Tuner 


Fig. 4-20. Variation in matching networks with frequency. 
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pendent of frequency) and the line is assumed to be 50 ohms (independent 
of frequency).* There are two solutions in each case and the results for 
both solutions are shown on the curves. The mismatch at frequencies 
different from the design frequency is shown by finding the VSWR on the 
line to the left of the matching section. Commonly a VSWR of 1.5 
(corresponding to 4 per cent reflected power) is accepted as the permissi- 
ble upper limit for satisfactory system operation. In this case the band 
widths are 16 and 40 per cent for the single-stub tuners and 10 per cent 
and 4 per cent for the double-stub tuners. 


4—6. TAPERED LINE AND QUARTER-WAVELENGTH 
TRANSFORMER 


The tapered line involves a gradual transition in geometry from one 
characteristic resistance to another [see Fig. 4~21(a)]. If this transition 
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(a) Tapered Line (b) Quarter-Wavelength Transformer 


Fig. 4—21. Tapered line and quarter-wavelength transformer. 


takes place over an electrical distance of one quarter-wavelength or 
greater, then the device behaves in the fashion of a transformer. Various 
tapers are used for this application, common ones being linear taper, 
exponential taper, and hyperbolic taper. Although each of these could be 
analyzed in detail, for our purposes it is sufficient to note that the transi- 
tion must take place over a distance of one quarter-wavelength or more. 
As a consequence of this specification of taper in terms of electrical 
length, it follows that the matching characteristic of the tapered line is 
high-pass in form. For above the design frequency the tapered section 
will be more than one quarter-wavelength long and correct matching 
will take place, while below the design frequency the tapered section will 
be less than one quarter-wavelength and it will fail in its matching 
function. 


3 The double-stub tuner is assumed to have 3/8 spacing between stubs. 
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The quarter-wavelength transformer is similar to the tapered line, 
except in this case the section must be exactly a quarter-wavelength long 
and the geometry constant at a value intermediate between that at either 
end [see Fig. 4-21(b)]. Analysis of the quarter-wavelength transformer is 
exceptionally simple and follows directly from the general lossless imped- 
ance formula 
Z,cos Bl + jRosin pl 


sien Ry cos Bl + j7Z,sin fl 


(4-1) 
In this formula Z;, and Z, are the input and load impedances, respec- 
tively, while Ro is the characteristic resistance of the line and f/ is the 
electrical length of the line. For the special case when the line is a quarter- 
wavelength long, electrically equivalent to B/ = 90 degrees, then Eq. 
(4-1) reduces to 

ZinZ i = R3 (4-2) 


This remarkably simple equation expresses the fact that perfect matching 
between lines with characteristic resistances Ro, and Ro, may be obtained 
by using a quarter-wavelength section of line having a characteristic 
resistance which is the geometric mean of the two as given by 


Ry = VRoRo: (4-3) 


Example 4—6 


Suppose that it is desired to connect two antennas, each with an internal impedance 
of 300 ohms, to a 300-ohm section of transmission line. Very clearly, the problem here 
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: 300-ohm 
Transmitter 


h 
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Fig. 4-22. Quarter-wavelength transformers for impedance-matching an- 
tennas. 
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may be solved by building two quarter-wavelength transformers to work between 
300 ohms and 600 ohms, as shown in Fig. 4-22. The characteristic resistance of each 
of the transformers in this case must be about 425 ohms. 


At this point, one may assume that the matching is not dependent on 
frequency. Actually, of course, at a given frequency a specific physical 
length of line is required for a quarter-wavelength transformer, and this 
physical length does not change with frequency. Consequently the match- 
ing as illustrated in Fig. 4-22 is correct at only one frequency. 

An interesting aspect of matching is illustrated in Fig. 4-22 with regard 
to whether the system is matched both in receiving and transmitting. 
From antenna theory it is known that the internal impedance of an 
antenna does not depend on whether it is used for transmitting or receiv- 
ing. The matching network very clearly is correct for the transmitting 
direction because it was designed that way. However, the fact that the 
matching is also correct in the receiving direction is much less obvious. 
The system of Fig. 4-22 has been redrawn in Fig. 4-23 to aid in the 


vou! 300: ohms 
+ 
‘s + 
300 ohms 300: ohms 300 ohms E 
+ = 
g Oe vei 
v2: (b) 


(a) 
Fig. 4-23. System of Fig. 4-22 redrawn in circuit notation. 


discussion. The assumed condition that both antennas receive the same 
signal has been subtly included in Fig. 4-23(a) by showing both sources 
as E with the same relative polarity. Transformers with the appropriate 
turns ratio of V2:1 have been used to replace the quarter-wavelength 
sections of line. Because of the symmetry in the circuit of Fig. 4—23(a), it 
is possible to reduce it further as shown in Fig. 4-23(b), and in this 
reduced form the system is obviously matched for receiving. Note care- 
fully the important role played by both antennas receiving the same 
signal. 
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4-7. THE TWO-SECTION QUARTER-WAVE TRANSFORMER 


One of the disadvantages of a single quarter-wave transformer is the 
sharp rise in the reflection coefficient at the input as the frequency is 
shifted away from the design frequency fo. The frequency response of a 
single quarter-wave transformer designed to match a 100-ohm load to a 
50-ohm transmission line is shown in Fig. 4-26. The obviously limited 
bandwidth of the single-section transformer can be extended by connect- 
ing two or more quarter-wave transformers in series and making the 
proper choice for the characteristic impedance of the transformer sec- 
tions. By analyzing the two-section quarter-wave transformer, the 
essential features of series-connected transformers can be illustrated while 
keeping the mathematics relatively simple. 

The two-section quarter-wave transformer to be considered is shown in 
Fig. 4-24. 
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Fig. 4-24. The two-section quarter-wave transformer. 


To facilitate the analysis of this structure it will be helpful to define 
the parameters as shown in Fig. 4~25. 
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Fig. 4-25. Notation for analysis of two-section transformer. 
The normalized impedance 2, is easily found by application of Eq. 


(2-33) to a transmission line of normalized characteristic impedance 22 
and of length J, and terminated in a normalized impedance of r: 


pie Ze + jrt 
In Eq. (44), 2m is normalized to Zp and ¢ = tan (l. 
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2a) wr T 
Note also that ite Syria bia ine 2 fe 
Zin Serves as the load for the line of characteristic impedance z, and length | 
/, The normalized input impedance of the composite structure can now be i 
written as 
Zin + jzat i} 
Z + j2int 


The normalized impedance 


an = 


or 
_ — (ger — earl?) + j(zize + 23)t. i. HHI 

Pape aee (zig. — 25?) + 7(zur + zor)t (4-5) Ht 

Since the reflection coefficient K;, is related to zinby Kin=(Zin—1)/(zin + 1), Hi 
we can look for points of zero reflection (K;, = 0) as solutions of Hin 
ene ol — 0, OF 
$ vite — 230) + j(rar + rah (zizer — sirt?) + 7(z}z0 + z23)t i 


Equating the real and imaginary parts results in two equations: A 


hn 212 — 232 = sor — sort? (| 
310 * (21 + 20)rt = 2120(21 + 20)t 

These can be rewritten as 
; (sir — 23)02 = z2e(r — 1) (4-6) 


Sm r= 2189 Hew Cras: dle be 7) aS it 

We can consider 7, the normalized load resistance, and #, the tangent jin reader | | 
function at which the input reflection coefficient (Kin) goes to zero, tobe Cars? i | 
independent variables, or known quantities, so Eqs. (4-6) and (4-7) can Of | 
be solved for z and z. a4") a 


and 


Example 4—7(a) i 


Kin = Oat f=fo il 
In this caset—> © at f = fo. This requires that | 
ar — 22=0 41] 

and 

vr = 2129 

in order to satisfy the conditions imposed by Eqs. (4-6) and (4-7). Solving for z; and 
22 results in 2; = r!/4 and z, = r*/4, Substituting these values back into in yields the | 
following expressions for zin and Kin i 
8 (r= rl) + (4 + 8/4 nile | 

Zin = (1— yi/242) + (rt + 3/4)¢ | | 
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and 
ete ie ere ees 
~ (r+ 1) — 2rhl 22 + 2g (rl4 + rE 
Now let us consider the variation in Kin with frequency. Differentiating Kin with 
respect to f results in 
Ri Ok de 1) [—4r¥/% + 2j(rtl4 + 7?/4)] (cee? ig (F 
af dt of —s[(r 4 1) — 2 + BGA + YEP? 211 
As f—> fo, > and sec mf/2f—>~, but the denominator involves 4 and controls 
the function and forces dKin/df to be zero at the frequency fo. Thus, for this case, 


the reflection coefficient is not only zero at fo, it also has zero slope. This means that 
the bandwidth will be wider than was the case for the single-section transformer. 


Kin (4-9) 


Example 4—7(b) 


Kin = Oat f=fiF fo 
Under these conditions, Eqs. (4-6) and (4-7) require that 


(22r — 28)t? = 2i%2(r — 1) 
and 
YT = 2122 


In this case r and ¢; are assumed to be known, and it is necessary to determine z; and 
zo. Since the tangent function ¢ has odd symmetry about fo, there are two values of 
fi: (symmetrical about fo) which satisfy the equations. Forcing the reflection coeffi- 
cient to zero at two points symmetrical about fo results in a non-zero reflection coeffi- 
cient at fo. That is: 


_ ar 
and 
_ ir — 2 (4-11) 
oc gir + 23 


at f = fo. The value of Ko is usually chosen as the criterion to define the bandwidth 
of the transformer and the passband is considered to be the frequency band for 
which |Kin| < Ko. For this case, zin and Kin can be written as 


sg = HE ile + 2 
(r= Be) Fires + Yh 


3 r(r — 1) + (8 — Bir)? 
r(r + 1) — (28 + 23r)é? + j2(er + 2er)t 


Figure 4-26 shows a plot of the magnitude of the reflection coefficient, |K in|, for four 
transformers, each designed to match a 100-ohm load to a 50-ohm transmission 
line. The four cases are: (1) a single-section quarter-wave transformer, (2) a two- 
section quarter-wave transformer with |Kin| = 0 at f = fo, and (3) a two-section 
quarter-wave transformer with |Kin| = 0.1 at f = fo and (4) a two-section quarter- 
wave transformer with |Kin| = 0.05 at f = fo. The increased bandwidth of the two- 
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Kin (4-13) 
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Fig. 4-26. A comparison of single-section and two-section transformers. 


section transformers is easily seen. If |Kin] = 0.1 is used as a criterion for determining 
bandwidth, we see that the fractional bandwidth of the single-section transformer 
is 0.19 whereas the two-section transformers show a fractional bandwidth of 0.72 
for case 2 and a fractional bandwidth of 0.92 for case 3. The increased bandwidth in 
case 3 is gained as a result of the finite reflection coefficient at f = fo. Case 4 shows 
that a reduction in the reflection coefficient at fp results in a decrease of the band- 
width. The characteristic impedances for the quarter-wave sections are easily cal- 
culated. For the examples cited above, the following results were obtained: 


Case 1: Z; = 70.7 ohms Case 3: Z; = 62.52 ohms 
Case 2: Z; = 59.46 ohms Z2 = 79.97 ohms 
Z2 = 84.09 ohms Case 4: Z,; = 60.96 ohms 


Zo = 82.01 ohms 


More than two quarter-wave transformers can be connected in series 
and the transmission-line impedances selected to obtain even better 
reflection coefficient characteristics in the passband. The analysis of such 
transformers is complicated and will not be discussed here.* 


4R. E. Collin, “Theory and Design of Wide Band Multisection Quarter-wave Trans- 
formers,” Proc. IRE, vol. 43, pp. 179-185, February 1955. 
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4-8. EFFECTS OF LOSSES ON MATCHING CIRCUITS 


Although losses do affect the precision of matching, the effect is not 
particularly serious as long as the losses are relatively small; this is the 
usual practical case. Furthermore the losses are so small in normal 
transmission lines that the behavior of the matching circuits is more 
nearly ideal than is usually ever obtained in lumped-constant circuits. 
For example, the quality factor Q of inductive reactances used in lumped- 
constant circuits is ordinarily less than 100, whereas it is conveniently 
possible with transmission-line stubs to obtain inductive reactances 
having Q’s of 1000 or more. In addition, if the final tuning of the matching 
system is made experimentally, then the effects of small losses can be 
tuned out by slight readjustment of stub lengths from the values theo- 
retically calculated for lossless lines. 


PROBLEMS 


4-1. Verify Eqs. (a) and (b) in Example 4-3 (see pp. 86-87). Also establish Eq. (c) 
from the previous two equations. 

4-2. Prove the matching conditions of Fig. 44. Specialize to the case when Zz is 
purely resistive. 

4-3. Explain why matching both at source and load tends to make matching less 
critical at either. 

4-4, Find the two solutions of matching a 100 + j0-ohm load using 50-ohm line 
and a single-stub tuner. 

4-5. Find the two solutions of matching a 100 + 70-ohm load using 50-ohm line 
and a double-stub tuner with 3\/8 spacing. 

4-6. Find the two solutions of matching a 50 + 750-ohm load using 50-ohm line 
and a double-stub tuner with 3/8 spacing. 

4-7. Compute and plot the standing-wave ratio S on line from source versus fre- 
quency for (a) a single-stub tuner and (b) a double-stub tuner under the as- 
sumption that the load is 0.5 per-unit mho. Plot the frequency scale as a 
percentage above and below the matched frequency, from 0.60f» below to 1.5fo 
above. Compare with Fig. 4-20 and discuss. Assume 3/8 stub spacing at fo for 
double-stub tuner. 

4-8. Design a single-stub matching system to match a 10 + 710-ohm load to a 
50-ohm line. Find the physical lengths of air line required at a frequency of 
500 MHz. 

9. Design a double-stub matching system to match a 10 + 710-ohm load to a 
50-ohm line. Assume all lines are 50 ohms and that the stubs are shorted. You 
will note that the per-unit load admittance is 2.5 — j2.5 mhos and cannot be 


4-10. 


4-11. 


4-12 


Tes 


4-14. 
4-15. 


4-16. 
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matched with 3/8 spacing between stubs. Assume for this problem that the 
spacing between stubs is \/16. 

Ordinarily you will not be able to have exactly 3\/8 or any other given length 
of line between the stubs, since the basic advantage of the double-stub tuner 
is that you do not need an adjustable-length line of constant characteristic 
impedance. In the laboratory you will have sections of line 10 cm, 20 cm, and 
30 cm long; tee sections to connect in the stubs are shorted adjustable stubs. 
Assume that there is a fixed 3-cm length on either side of the tee and that the 
minimum length of the stubs (but measured to the center of the tee) is 6 cm. 
With these restrictions, match a 200-ohm load to the system, assuming all lines 
are 50 ohms. Also assume that the frequency is 500 MHz. Caution: Do not 
forget that there is a fixed 3 cm on both sides of the tee junction and that this 
means the load will actually have to be transferred to the first stub in order to 
apply directly the results in the text. Assume an air dielectric. 

Assume that you are facing the same equipment limitations as listed in Prob- 
lem 4-10. Find the solution to Problem 4-9 under these limitations. 

Assume that you are facing the same equipment limitations as listed in Problem 
4-10. Find the solution of Problem 4-9 by picking the distance between stubs 
to be as near 3\/8 as possible and by using a fixed length of line between the 
load and the first stub. There are many possible solutions to this problem. 
Do one. 

Find the characteristic resistance of a quarter-wavelength transformer to 
match between 200 ohms and 800 ohms, 

Design a stub and quarter-wavelength transformer to match a 100 + 7100-ohm 
load to a 50-ohm line. Assume the stub is in parallel with load. 

Design a two-section quarter-wave transformer to match a 200-ohm load to a 
50-ohm transmission line with zero reflection at fo. 

Design a two-section quarter-wave transformer to match a 200-ohm load to 
a 50-ohm transmission line with a reflection coefficient |Kin| = 0.1 at f = fo. 


5 


Matrix Representation of 
Transmission-Line 
Circuits 


5-1. INTRODUCTION 


One of the most useful means of characterizing an electrical compo- 
nent or device is in the formalism of matrix notation. One reason for this 
utility lies in the fact that a matrix equation can usually be solved quite 
rapidly on a digital computer. The matrix representation is also very 
helpful in analyzing electrical structures. For these reasons we will now 
develop several matrix representations for transmission-line sections and 
use these representations in developing an understanding of specific trans- 
mission-line circuits. 


5-2. IMPEDANCE, ADMITTANCE, AND 4BCD MATRIX 
REPRESENTATION OF A SECTION 
OF TRANSMISSION LINE 


Several matrix representations of a given device are usually available 
to the engineer, with the most useful choice to be made on the basis of the 
application. For example, consider the simple two-port shown in Fig. 5-1. 
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L— —— 15 


Port 1 ly Vz Port 2 


Fig. 5-1. Basic two-port. 


Two common matrix descriptions of this circuit are the impedance 
matrix and the admittance matrix: 
Vi = Zuni =F Ziel Bre & aA kee 
Vaz Znh+Zeh LV2~ L2n ZalLnJ7WI= A) 


7 — YyVit+ YyVo [a fe va LA 
= IT}= (VV 5-2 
Pmeavie Vavee ar | eel Va eyed ive| ql) = LILA) S32) 


where the variables V and J are as defined in Fig. 5-1. 

The main advantage of either matrix representation lies in the ability 
to evaluate the elements of the matrix by a series of short circuit—open 
circuit tests. For a reciprocal structure it can be shown that Zp» = Za 
and Yy2 = Yz,. It is often useful to represent the two-ports by equivalent 
T or m networks. Two such representations for reciprocal two-ports are 
shown in Fig. 5-2. 


(a) Tee Equivalent Circuit (b) Pi Equivalent Circuit 
Fig. 5-2. Two-port equivalences. 
Another useful representation is the general circuit parameter or 


ABCD matrix. This matrix is defined by Eq. (5-3) with the variables 
positive as defined in Fig. 5-3. 


Fig. 5-3. ABCD matrix model. 


Re 
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A. 


fy= CV2+ Dle T, oo CG D Ts 


The utility of the general circuit parameter matrix lies in the ease in 
which cascaded two-ports can be represented. For example, consider a 
pair of two-ports connected in series as shown in Fig. 5-4. 


rf Roy I, 


al lib lealld 


Fig. 5-4. Cascaded two-ports. 


Co Da}: 


Ae A 


It is seen that Vi; = Vj and J; = J;. Thus, 


Va) AL at Bb al ie 
l-Le alle plls ee 
The general circuit parameter matrix representation of cascaded two- 
ports is the matrix product of the general circuit parameter matrices of 
the individual two-ports. 


One can easily derive relationships between the impedance or admit- 
tance matrix and the general circuit parameter matrix. For example, 


(a) eae oy) peel 
Zu Zn 
; g (5-5) 
=> d D= 
(c) Ca (d) Ze, 


Equation 5-5 relates the general circuit parameter matrix elements to 
the impedance matrix elements. (Note that one must set J, of the Z or Y 
matrix equal to —I2 of the ABCD matrix.) 

Other useful lumped-element two-port circuits and their matrix 
representations are summarized in Figs. 5-5(a) and 5-5 (b). 

At this point let us consider a section of transmission line of length / 
having a characteristic impedance Z) ohms and a propagation y = 
(a + 78) as shown in Fig. 5-6. 


Art. 5-2 MATRIX REPRESENTATION OF TRANSMISSION-LINE CIRCUITS 111 
’ 


Z+Z Ya, 
[Zz] = a c c 
Ze Pag SPAS 
2g 2a 2p 
AB Vy ete pot Zz 
; 1 2b 
G 1b) i Ne ae 
Yt 3 oe 
[y] = 
-% 2a Ns 
% { 
A Lata) Y3 
; jee 4 
C OD y+ Yt Z { 5 


(b) Pi Equivalent Matrix Descriptions 


Fig. 5-5. Matrix equivalences for lumped-element two-ports. 


Port 1 Zor Port 2 


oO 
> x 


Fig. 5-6. Section of transmission line. 


The voltage and current distributions on the line are given by the 
expressions 
V(x) = Vter? + V-et 


vt V- 
vA ees, en ee, BS ae 
(i= Z, € Z. e 


If we want to determine the ABCD matrix representation of this 
length of transmission line, we can see by comparing Figs. 5-3 and 5-6 
that we must force V(0) = V2 and J(0) = Jz, where positive current 
flows out of port 2 as required in the general circuit parameter representa- 
tion. That is, 

V++V-=D, 
Vr— P-=1. oZ0 
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Solving for V+ and V~ yields V* = 4(Vo + IZ.) and V- = 
1(V. — I,Zo). Substituting these values into the voltage and current 
distribution expressions results in 

+yr z= Be a 7 oe 
V, (“5=) az (5) 
2 2 
V2 cosh yx — I2Zo sinh yx 


V —yr — ptrz —Yr +z 
He) = 8 ( \+n (= ==) 


Il 


V(x) 


= ibe sinh yx + Iz cosh yx 
7 


Z 
The correspondence between Figs. 5-3 and 5-6 can be completed by 
evaluating V(«) and J(x) at x = —/since it is apparent that V(—1) = Vi 
and I(—l) = hh. 


V(—)) = Vi = V2 cosh yl + I.Zo sinh yl 


I(-)D=h= Z sinh yl + I cosh y/ 
0 


We can now write the general circuit parameter matrix representation 
of the transmission-line section as shown in Fig. 5-7. 


is >| 
A B cosh yl 4 sinh yf 
Zo.Y =| 4 : 
CD PAZ sinh yZ cosh yf 


Fig. 5-7. ABCD matrix representation of a transmission-line section. 


The impedance matrix and admittance matrix representations of this 
section of line are readily determined, with the results given in Eq. (5-6). 


=e 
Zo coth yl os Y, coth yl ~~ = 
sinh yl sinh y/ 
@)(ZJ=| 7 in 0) =| _y, ‘ 
enti wl Zo coth yl sinh 1 Yo coth yi 
(5-6) 


5-3. SCATTERING MATRIX REPRESENTATION OF TWO-PORTS 


A matrix representation that is particularly useful in characterizing 
structures at microwave frequencies is the scattering matrix. For simpli- 
city, let us consider a two-port again (Fig. 5-8). 
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> <«— 7 
Port 1, LPort 2 


Fig. 5-8. Scattering matrix model. 


The variables are designated a, a2, b;, and be. These variables are 
defined as follows: 


aaj = time-averaged power flowing toward port 1 
6:bt = time-averaged power flowing away from port 1 
a,02 = time-averaged power flowing toward port 2 
62b3 = time-averaged power flowing away from port 2 


The variables are related as follows: 


by = Sudi + Sra, ie a Ee a fee 2 z 
bo = S911 -b Sean be Sor Soo a San [d] [S][a] (5 7) 


where the matrix [.S] is called the scattering matrix. 

There are several advantages to the scattering-matrix representation 
of a structure at microwave frequencies. One advantage is the ease of 
experimentally determining the elements of the scattering matrix. For 
example, connecting a matched termination at port 2 means that all the 
energy flowing away from port 2 is dissipated in the termination so no 
energy is returned to the structure. This means that a, = 0. When this 
fact is used to simplify the scattering matrix equations (Eq. 5-7), the 
results are similar to the simplification realized when performing short- 
circuit-open-circuit tests with the impedance or admittance matrix 
representations. An important consequence of using matched or reference 
terminations in determining the elements of the scattering matrix be- 
comes apparent when one tries to characterize a structure containing an 
active element such as a transistor. The matched termination condition 
would most likely be the normal operating state for the circuit and if one 
were to try to use short-circuit—open-circuit tests the circuit could be- 
come unstable or inoperative. 

Another advantage lies in the fact that most microwave sources are 
constant-power sources. This is in contrast to most low-frequency sources, 
which are either constant-voltage or constant-current sources or approxi- 
mately so. We know that the voltage and current distributions on a 
transmission line are anything but constant. Thus a variable that main- 
tains a constant magnitude (such as square root of time-averaged power) 
is useful in characterizing the two-port. 
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A few comments are in order. The question of what constitutes a 
matched termination at a given port should be considered. We are at 
liberty to choose any value of resistance that we wish to serve as the 
matched termination. This resistance is often called the reference resistance 
or reference termination. The elements of the scattering matrix will be 
different for different values of reference termination. Thus the reference 
termination must be specified along with the scattering matrix in order 
that the matrix representation be useful in designing circuits. 

The variables a and b are complex quantities so we must be more 
specific when referring to power flow into and out of the ports. We meas- 
ure the elements of the scattering matrix at points along the transmission 
lines connected to the structure being tested. These points of measure- 
ment are called “reference planes.”’ The phase of the variables a and 6 
depends upon the position of the reference planes. Thus, a given scattering 
matrix characterizes a structure which encompasses everything between 
the reference planes. 

The relationship between the scattering matrix and the impedance 
matrix or admittance matrix can be developed by considering the two- 
port shown in Fig. 5-9. 


I;—> <«—l> 
Zee Ve Loe 


Fig. 5-9. Basic two-port. 


Z», and Zo. can be considered the characteristic impedances of trans- 
mission lines connected to the two-ports. (They could also be considered 
to be the reference impedances at the reference planes.) 

On any given transmission line, we can write 

V(x) = Vter® + V-et? = Zolte — Zyl-et 
TQ EtG a gene a A ae UE er 

We can also write expressions for the time-averaged power flow in the 
line as (assuming Z, to be real) 

P,, = time-averaged power flowing in the +<2-direction 
Wake Pade 


Fa, Be UO he e7 2a eee Loe 


2Zo 


time-averaged power flowing in the —«-direction 


P_z 


= [Vio 2ae — [I-|? +2ax 
Pa = 2Zo é = 2 Zoe 
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It is helpful to define normalized voltages and currents such that 
Pe = |y+|2e—2a2 = lo" |e, 2a® 
and 
P_,= |y-|2et2a2 a. |¢-|2eteaz 
Comparing expressions for P,, and P_,, we see that 
Vt eee Zolt 


a 


gris 


V/2Zo Voy 
V- ev Zol= 


v= i 
ILO aie BA 


Normalizing the voltage and current expressions on the transmission 
line results in the relationships 


V(x) <= Ve e7 yt + is ery = MG os ae AE ah 
Ze) DZ V2Z V/2 / 2 
or 
v(x) = ote 4 web? = ite? — iets 
and 
V7 ol VZ 1+ * 
mt —— pz VZ, ets = —___ g-77 — yz 
/2 (x) ED é + of € ae 25 
or 


t(a) = tte 4 pet = yte 7 — yet 
At this point we recall the impedance matrix representation of Eq. 5-1: 


Vy = Zyl + Zl 
Vo = Lali + Zoole 


These equations can be manipulated as shown with the results given 
in Eqs. (5-8): 


Vi tins Zul; V Zon si Zyl V Zo2 


—>_ = Se = = 2141 + Zot 
(@) Za Zu SOP 3 es 
Va et Zaid IN Zi LN Zo ; 
b == ss ——————— ——__—_— => = & 
( ) Wy Zo WV Zulu Ze V2 Zorly + Zoele 
Here we have defined 
oes 4,j = 1,2 (5-9) 


25 = 
"WV Zo:Loj 
We can now define a normalized impedance matrix [z] such that 


[v] = [z][z] (5-10) 


SoM RNR NSE ge 


Sn ts ti nn a AN nc 
Senne EE a IT 
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In a similar manner we can write 
[4] = b)b) (5-11) 
where 
ee beg 
Ap 1, = 1 2 
ee SES Vavaee ae 


(5-12) 


Tf we now define 


vf = a; 
and 
Vi => b; 


it can be seen that (assuming the reference plane to be the plane x = 0) 
,=7 +4 =a4+ 0; 
— v7 =a; — 4; 
Solving for a; and 6; results in 
a; = 3(v; + 4) 
and 
bs = 3(0; — 4:) 
In terms of the column matrices [a], [6], [v], and [2], 
(a) [2] = 3{[o] + [4]} = 
(b) (6) = #00] — fal} ae 
Equation (5-13) can be manipulated to show that 
[v] = [z][4] = [2] + [S]le] = + S]fa] 
[4] = by] ) = [2] — [Sle] = UW — SIfe] 
Combining, we see that 
[z][¢] = [e][7 — S]le] = UW + Sl] 
or 
A ese (5-14) 


where [J] is the identity matrix. In a similar manner, we can develop 
three additional very useful relationships: 


[S]=[e-QHke+777 (5-15) 

ly] = W—-S][T+ S}* (S-16) 
and 

[S]=U-y]U+ 97° (5-17) 


There are two interesting properties of the scattering matrix that we 
will find useful. These are: 
1. If the structure is reciprocal, the scattering matrix is symmetrical. 


2. If the structure is lossless, the scattering matrix is unitary. That is, 
[.S*],[S] = [7]. (The subscript ¢ means “transposed.”’) 
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The first statement can be proved by showing that the scattering 
matrix [.S'] is equal to its transpose. Starting with [v] = [z][:], where 
[v] = [ot] + [o"] = [@] + [6] and [2] = [»*] — [v-] = [e) — [8], we can 
write 

[2 + I][o] = [z — Z][a] 
or 
[Splesaletcr WA ae 2 
If we take the transpose of this, 
[S]i=[e-—I[e+7)7' =e -Dke+ 77 
which, by Eq. (5-15), is equal to [5], so the scattering matrix must be 
symmetrical. 

The second statement can be proved by forcing the net power flowing 
into the structure to be zero, as it must be if there is no loss within the 
structure. Mathematically stated, we will require that 


N N 
ye bib; a de, aja; 
t=1 j=1 


In matrix notation this can be written as 


[o*].[6] — [a*].[a] = [0] 


0 


Substituting Eq. (5-7): 

(LS][¢)#LS][¢] — [a*].[a] = 0 
The transpose of the matrix product can be rewritten as 

[a*].LS*].[S][a] — [o*] [a] = 0 
This reduces to 

[a*]«(LS*][S] — [7])[@] = 0 
which will be satisfied if 

[S*].LS] = 7] 


Now let us consider a simple two-port characterized by a scattering 
matrix [LS] (Fig. 5-10). We will terminate port 2 with a matched or 
reference termination and drive port 1 with unit power. 


Dee 
Ax, 


Port 4 Matched Termination 


Zoe 


Fig. 5-10. Terminated two-port. 
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Our statement of the terminal conditions means that a; = 1, @2 = 0 
(there is no energy reflected from a matched termination). Substituting 
into Eq. (5-7) results in 


Ki - ie a Bi hs bb = Sud 
be Sa Si 0 by = Sadi 
We recall that 6, = 0 and a; = vt, the normalized reflected and 


incident voltages on the transmission line attached to port 1. Thus, 
= 
Su = ot 
which is the voltage reflection coefficient at reference plane 1 (port 1). 
Letting a; = 1, we have 


by = Su 
be = Sor 


From the definition of the scattering matrix variables, we determine 
the outward flow of power through reference planes 1 and 2: 


b,b* = reflected power at port 1 = SuSi = |Su|? 
bob$ = power transmitted to load Zo. = SaSti = |So1|? 


Thus we have the physical interpretation of Su as a voltage reflection 
coefficient at reference plane 1, and Sm: is a voltage transmission coefficient 
at reference plane 2. 

Up to this point only two-port structures have been considered. It 
should be recognized, however, that the foregoing discussion could easily 
be extended to multiport structures. In the next section examples of 
three-port and four-port devices will be discussed. 

Scattering Matrix Representation of Microwave Devices. Most prac- 
tical microwave devices are easily characterized by their scattering matrix 
representation. One of the simplest examples is the isolator (Fig. 5-11). 
The isolator is a two-port structure which passes energy in only one 
direction. The device presents a matched termination to a generator 
having an internal impedance equal to the reference impedance of the 
driven port when the other port is terminated in its reference impedance. 
The scattering matrix can be deduced from the preceding statements. 
Suppose we wish to have energy pass from port 1 to port 2 without 
loss but not allow energy to pass from port 2 to port 1. Expanding 


[2] = [S]Le], 


by = Sudi + Side 
be = Soidi + So2d2 
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Passing energy from port 1 to port 2 without loss means that |b:| = |ai| or 
Soi = e’*. If no energy is allowed to pass from port 2 to port 1, 0; = 0 when 
a2 + 0. This means that Si: = 0. A matched condition at the driven port 
when the undriven port is match-terminated means that Sy, = So: = 0. 
The scattering matrix for the isolator is now seen to be of the form 
shown in Fig. 5-11. This is a valid representation of an isolator and will 


ie) (e) ak 
hs Weetater 2 F . ISO ° 
e/P oO 


Fig. 5-11. Scattering matrix and symbol for an isolator. 


serve to point out another useful property of the scattering matrix. Let 
us ask ourselves whether or not we could realize this device as a lossless 
structure. We can if the scattering matrix is unitary. Is [.S*],[.S] = [7]? 


Lo “oJ ol=[o o]xm 


Thus we see that a lossless structure having the desired scattering matrix 
cannot be realized. Some provision to dissipate the energy entering port 2 
must be made. This, in fact, is done in commercial isolators. 

Now let us consider a three-port with the following properties. Each 
port will present a matched load to a source with internal impedance 
equal to the reference impedance when driven individually while the 
undriven ports are terminated in reference impedances. Further, we will 
require that energy into port 1 pass without attenuation out port 2; 
energy into port 2 will pass without attenuation out port 3; and energy 
into port 3 will pass without attenuation out port 1. We can apply the 
arguments of the preceding example to show that the scattering matrix 
must be of the form shown in Fig. 5-12. 


0 0 eff 2 S 
[s]=|e/o o 
o e/So 


Fig. 5-12. Scattering matrix and symbol for a three-port circulator. 


Such a device is known as a circulator. Now let us consider the question 
whether or not this structure can be lossless. Is [.S*],[.S] = [7]? 
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One ee a0 One? Ly Dan 
0 0 e*®||/e8 0 O}]=]0 1 0 
Bagh A 0 Oe a0 07,021 


We see that [S*],[S] = [I], so we conclude that a circulator can be 
realized as a lossless non-reciprocal structure. 

As a final example of a scattering matrix let us consider a four-port 
device known as a directional coupler. The directional coupler is symboli- 
cally represented as shown in Fig. 5-13. 


Fig. 5-13. Symbol for a four-port directional coupler. 


We will begin by specifying that any port be matched when driven 
by a generator of internal impedance equal to the reference impedance 
while all other ports are terminated in reference impedances. This means 
that Si, = Soo = S33 = Su = 0. We will further require that energy does 
not couple from port 1 to port 4 nor from port 2 to port 3. This means 
that Su = Sq = Sos = S32 = 0. Now the scattering matrix takes the form 
(assuming a reciprocal structure) 


O2Sie sou 0 
Ren pre 
EA Vise OAV 
0 So4 S34 0 


Applying the unitary property [S*]:[S] = [7] results in six equations 
that must be satisfied if the structure is to be lossless. 


|Si2|? + |Si3|? — 1 Sy2S34 + S13534 == 0 
[Si]? + [Sul?= 1  SisSz2 + S3Su = 0 
[Sis]? + [Ss]? = 1 [Soa]? + [Soa]? = 1 


We see that |Sis| = |Sos| and |Sie| = |Ssal. If we choose Siz = Ss = Ci 
and Si3 = So = jC2 by proper choice of reference planes (C; and C; real), 
we can satisfy the equations that ensure a lossless structure as long as 
C? + C3 = 1. The resultant scattering matrix is 
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0 CG jl, 0 
ib (Wenge 0 gan Olen iG2 : 
O50, Cre0 


To see how the directional coupler works, let us put a source of unit 
power on port 1 and matched terminations on ports 2, 3, and 4. This 
means we can write 

by 0 C1 jC 0 
‘: Lda Ge Oe 
[3] aay [S] [a] ==, bs oa qC2 0 0 CG 
r 0 jl2 Ga O 


o 
oOo & © 


Expansion results in the set of equations 


bh = 0 
bo = Ci 
bs = jCe 
b, = 0 


The reflected power at port 1 is b,bj = 0; the transmitted power to 
port 2 is b:b3 = |C,|?; the coupled power to port 3 is 6353 = |C2|?; and the 
power flow out of port 4 is b4bg = 0. The coupling in decibels is defined as 


Coupling (C) = 10 logw 5 iO ira = 


We will discuss some specific directional couplers in greater detail later 
in the chapter. 


5-4. SHIFTING REFERENCE PLANES IN THE SCATTERING 
MATRIX DESCRIPTION 


In the last example the comment was made that the elements of the 
scattering matrix could be selected to be real or imaginary by an appro- 
priate choice of reference planes. This is a very useful concept in the 
application of the scattering matrix to practical structures so we will 
now consider the effects of moving the reference planes in greater detail. 
Consider a two-port with attached transmission lines as shown in Fig. 
5-14. 
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Fig. 5-14. Model for shifting reference planes. 


In terms of reference planes at(1) and(2) 
by = Suds + Si2d2 
bp = S211 + S22d2 
Now let us shift the reference planes to (1’) and Car The scattering 
matrix representation referred to planes (1’) and (2?) is 
bf = Stal + Strat 
b2 = S2ai + S22a2 
Our knowledge of the behavior of the waves on the transmission lines 
allows us to write 


bi xt bye IH ay = aye77% bs = boet Ie as = d,e—I% 
Substituting in the equations for the primed reference planes results in 
bye7% SS S410,e728 - Si2d.e—I% 
beet = Side + So2d,e7 

or 


by = Siye7F28a, + Sige“I +a, 
bo = Sze +%)a, +- Sore ?ra2 
4s 


Comparing coefficients of a, and a, 


Si1e772% = Su Sige77 +4) = Sie 
S3e7F 4%) = Soy S22¢—I28 = Soo 


We want the elements of the scattering matrix at the primed reference 
planes. That is, 
n= Syete S{o = Syye7 +h) 
S31 = Syyeh Or) S22 = Sooei? 


In general, it can be shown that 
Shy = Sei +00 (5-19) 


where positive § represents shifting the reference plane toward the 
junction. 
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5-5. THE TRANSMISSION MATRIX REPRESENTATION 


The last matrix representation we will consider is the transmission 
matrix. The transmission matrix is defined as shown in Fig. 5-15. 


Cpa Su RGse 
of ass [7] aeScut 
@ @ 


Fig. 5-15. Model for transmission matrix. 


Here the variables are C7*, Cr, Cf, Cz, which are defined as follows: 


i C{* = time-averaged power flow toward port 1 
C; Cy * = time-averaged power flow away from port 1 
2 Cy* = time-averaged power flow away from port 2 i 
Cz Cz* = time-averaged power flow toward port 2 


The variables are related by the transmission coefficients: 


| 
Ci = TuCy + TeCr ea * Es 4 J (5-20) ! 
Cr = TuCe = TC 2 Ce To T22 Cz i 


It is clear from the definition of the variables that C7? = a, Cr = hy, I 
Cy = be, and Cy = a. The advantage of the transmission matrix is the 
ease with which cascaded devices or structures can be characterized. For 
example, the transmission matrix of a pair of two-ports connected in series 
(Fig. 5-16) is simply the matrix product of the transmission matrices of 
the constituent two-ports. 


pli lad adele Cabs 
Fig. 5-16. Transmission matrix for cascaded Ere port 


Since the transmission matrix variables are related to the scattering 
matrix variables, we should expect some relationship between the ele- 
ments of the scattering matrix representation of a two-port and its 
transmission matrix representation. This relationship can easily be 
shown to be 
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i Sa 
Ite el = Sa So (5-21) 
Tn To Su es SirSoe 

Saat ne canssi 


Remember that the elements of the scattering matrix are relatively 
easy to measure experimentally or to deduce on the basis of the properties 
of the scattering matrix. Knowledge of the scattering matrix elements 
enables us to formulate the transmission matrix, which is useful when 
connecting devices together. 


5-6. MICROWAVE DEVICES 


In this article we will consider the application of matrix techniques 
to the analysis of several structures that are commonly encountered by 
the microwave engineer. 

We will first consider two related 3-dB directional couplers. These are 
the branch-line hybrid and the ring hybrid or TEM transmission- 
line magic tee. The structures are shown in Fig. 5-17. 


Branch-line Hybrid 


Ring Hybrid 


Fig. 5-17. Two 3-dB directional couplers. 


These structures will be analyzed by the useful technique of consider- 
ing models for even and odd excitation independently and then applying 
the principle of linear superposition to deduce the behavior of the com- 
posite structure. The branch-line hybrid will serve as an illustrative 
example. 
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Let us begin by applying a source of 2 volts with source impedance Zp 
to port 1. Ports 2, 3, and 4 will be terminated in reference impedances 
(Zo). The circuit being analyzed now looks like that shown in Fig. 5-18. 


Fig. 5-18. Terminated branch-line hybrid coupler. 


This can be represented as the superposition of two excitation situa- 
tions: an even excitation model, as shown in Fig. 5-19(a), and an odd 
excitation model, as shown in Fig. 5-19(b). 


(a) Even Excitation (b) Odd Excitation 


Fig. 5-19. Even-odd excitation models for the branch-line hybrid coupler. 


We recognize that planes of electrical symmetry exist in the models 
of Fig. 5-19(a) and (b) that will allow us to reduce the four-port problem 
to equivalent two-port problems (Fig. 5-20). 

These circuits can be solved for Vie, Vio, Lie, Lio, Vaey Vo0, Lee, and I2o by 
determining the ABCD matrix representation of the two-ports for each 
excitation. After these voltages and currents have been determined, the 
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Fig. 5-20. Modified even-odd excitation models. 


voltages and currents of the original four-port can be determined from 
the following relationships: 


Vi= 
V2= 
va 
a 


VetVio L=het+ Tw 
Voe + V2.0 Ip = Ine + Too 
Vee V2.0 I3 = Toasts, 
Vigil t0 Is = Tre — Tio 


The ABCD matrix representations for the even and odd excitation 
two-ports can be written as follows: 


guiwlZe. 
E 4 -| 55 4 /2 Be i= 
C Disen Yo 1 Agios! 
0 
Apia 
ie Ke 


—jV, 1 


Soy as 
V2 V2 
; eh 1 
iv 2% I Vi 
Z = ES aan 
0 j= V1 Ne 
1 i IT; | 1 1c ee 
ro fs Yo) 4 Yo. ee 
jV 2Y, 0 In PE 


where we have recognized the ABCD matrix relationships shown in Fig. 


oie 


>) 


Fig. 5-21 


1 0 
/% tan = 1 


{ O | O 
—/¥o cotta. 1 SA: 


4s es 
sing| |O 


Epes 1a) 
| 
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Se 
oe 


. Zo 
te 
iJ Cig 


B\* cos > lee 


D| |//2% sin F cos > 


. Useful ABCD matrix relationships. 
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Now we can write 


1 
Vi. = — he = I, Vio = V2.0 
1 V2 wtict 2 1 V2 tice le 


Z To 


Ty Tio =igh log 75 


alae 1 
GE i a 
1 J V/2 2 /2 
Port 2 is terminated in an impedance Zp and port 1 is driven by a 
source of 1 volt with an internal impedance Z). Thus, we can apply the 
terminal conditions: V2 = J2,Z) and V; + MZ) = 1. This results in the 
voltage and current relationships 


The voltages and currents for the two-port models can now be written, 
with the result 


i=! a! 
— past 
Tagan Mage 


These in turn can be used to determine the voltages and currents at 


the ports of the original four-port structure, as demonstrated in Eq. 5-21: 


i hear pete ft 
(a) Vas>/ aiphray ind 
ae ae Lee sl 
me) PPG ay tesag Bay V2 
© fap ek (See be ee 


Van Oi ile V2 
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oi 

Pe ea ye (5-21) 
te) SGA WA 14 

1 1 = 

f pea ee eS eee 
@) : ViZdj—-) | V2Lj 1) V2Z, 
(g) ey 
: * cc n/D TaN OZ ae EAD) V2Z0 

i eal 


Thus it is seen that port 4 is isolated and energy is coupled in equal 
measure to ports 2 and 3 with a —90-degree phase shift between port 2 
and port 1 and a 180-degree phase shift between ports 3 and 1. We 
recognize from the physical symmetry of the structure that driving port 
2 would couple to ports 1 and 4; driving port 3 would couple to ports 4 
and 1; and driving port 4 would couple to ports 3 and 2. It should be 
recognized that the input impedance at port 1 is equal to Zo. We conclude 
that the structure is matched at the driven port when all other ports are 
match-terminated. 

We can deduce scattering matrix representation for the branch -line 
hybrid on the basis of the foregoing statements. Clearly itisa4xX 4 
matrix with Sy, = So = S33 = Sa = 0. In addition, Sx = —7/Ven S31 = 
4/V 2 Si 0; 59 = 09a Siva, and Syu3 = =ifv 2, These values 
plus the fact that the structure is reciprocal allow us to complete the 
scattering matrix representation of the 90-degree hybrid: 


0 Ve iN 2 0 
Shh See —j/V2 0 (mm 1/2 
branch-line hybrid ~1/V2 0 0 By A 

0 —ihi{V2 boii ve 0 


Now let us turn our attention to the ring hybrid. A little reflection 
shows us that the even and odd excitation two-port models for the case 
of the source applied to port 1 are as shown in Fig. 5-22. 

The ABCD matrix representations for even and odd excitation are 

1 | ¥O R804 Ziv 277 =A 0 
“ =1 jvaZ, 


A B 
= Y Y Y, = 
ie lhe je as eh S| iJ2V¥, 1 | 
IV IV IV} ; 
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Fig. 5-22. Modified even-odd excitation models for the ring hybrid. 
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The voltages and currents on the models must satisfy the relationships 


No Zole es aVies Von dei 2 Zola, 
Tie = JV DV Visa® Loe hn NANA IE, IB: 


Applying the terminal-condition equations V2 = [.Z) and V, + 1;Zo = 
1 results in the terminal voltage and current expressions 


V2 +7 Nie J 
ie = Vio = a 
Ww2 Ww 2 
The ve J je V2 Shel 
Py o7 ONO. 
= cal 
Ve = —* Vi, = — > 
Ww? ENS) 
=] = 
Pete ee lie 
* WZ, 922, 


Now the voltages and currents for the four-port when driven at port 1 
can be formulated with the result tabulated in Eq. (5-22): 
eer 9) a 
Vi = Vie + Vio = 
a Talees Ves oe Wve 
V2—j VIG 1 


b Phe = 
(b) anerk Se 222.8 2N2Z, * Zo 


=1 
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=I a a, 
Vo = Vee Vo. = —F ee 
o eae 2 W2 V2 
=] = = 
d ii IEP In, = —— + = 
(d) 2 2 or 2 WZ, W2Z, V 22, 
(5-22) 
= rou! 
Vs = Voe— Vo0 = —e=- =D 
3 j : tii? OV 2 
aah —j 
f Tp = Ine — Inno = —Z—- - — = 9 
s = lle ay aE 
V/2 ‘ i . 
(g) Vie =e V daa ade Bd eed 
Ww 2 WwW2 V2 


(h) Pee eee ee oe 2 
2V2Z, V2 = V2Z 

In this case port 3 is isolated and energy splits equally between ports 
2 and 4. Note that the energies out of ports 2 and 4 are 180 degrees out of 
phase. One (port 4) is leading the input by 90 degrees and the other (port 
2) is lagging the input by 90 degrees. Due to symmetry considerations, 
we would expect similar operation if we were to drive port 4; that is, 
energy would divide between ports 3 and 1 with port 2 isolated. 

To determine the output conditions when ports 2 or 3 are driven we 
must go back to our even and odd excitation models and connect the ~ 
source to port 2 and the load to port 1. If we think about this a little bit 
we recognize that a \/8 open stub looks like a 3/8 shorted stub and a 
\/8 shorted stub looks like a 3/8 open stub. Thus odd excitation at the 
port where the \/8 stub is connected produces the same voltages and 
currents as even excitation at the port where the 3/8 stub is connected, 
and vice versa. All we have to do then is to interchange Vi, and J, with 
Voe and Ip., and V2, and Jz, with Vie and J;,. The resultant equations 
applicable to driving port 2 are 


=e J 
Vo Veen 
«OW? BS 95/9 
=F i 
a die = pi SN SS 
* 7 W2Z5 Yongaoz, 
V2 j Vary 
Voe = = Vor= = 
Ww? Ww2 
I; NSE I I, ae Steet 
: (ROATaz,, ey 07, 
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The voltages and currents for the four-port when driven at port 2 can 
now be determined in a straightforward manner with the results tabulated 
in Eg. 5-23: 


(a) Vi = Vie + Vio Sites at 
b jy aa? itty aa ar AOE aon Macey 
(b) 1 let di Wz, 2V2z, ae 
_Vv2-j , V245 
(c) Vo = Voe+ Voo = Ww? ol. WwW? == 5| 
v2 — V2+j 19 
d Tp = Ine + Ing = 
(d) 2 2e + Ie W2Z, le G. HS 
(e) ae ee’ hg ok oP 
‘ 9x79 1/2. V9 
V2-j V24+j_ =i 
f dB ed bal yet ge oa aL 
(f) 3 = 1, pe ee eee 
ee ep 
(g) Vs Vie Vio WwW? /2 0 
(h) Tepe ET mea eeu Ls9 


ON TRON 27. 


Now we see the interesting result that driving port 2 results in isolation 
at port 4 and the input energy splits equally between ports 1 and 3. The 
outputs at ports 1 and 3 are in phase and lag the input by 90 degrees. 

Again, it will be instructive to deduce the scattering matrix representa- 
tion of the ring hybrid from the terminal voltage and current relationships 
of Eqs. (5-22) and (5-23). We can begin by recognizing that it will be a 
4 X 4 matrix with Sy = Sx = S33 = Su = 0. From Eq. (5-22) we can 
write Sy = —j/V2, Sy = 0, and Sy = 4/2. From Eq. (5-23) we can 
write S3. = TO) and Sy = 0. By symmetry, Sg = Sp = iV: 
These statements plus the reciprocal nature of the structure allow us to 
write 


[LS ] ring hybrid = 
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Some of these statements about the behavior of the voltages and 
currents at the ports make good physical sense and can be deduced with 
a little reasoning. For example, looking at the branch-line hybrid driven 
at port 1, we see that energy can get to port 3 via two paths, each \/2 
long. Energy from port 1 to port 4 or port 2 goes via two paths, one of 
which is \/2 longer than the other. Trying to explain how these two paths 
produce additive signals at port 2 and a canceling signal at port 4 breaks 
down our intuition. This behavior is due to the nature of the reflections 
at the transmission-line junctions. When considering the ring hybrid 
driven at port 1, it is seen that signals passing to port 4 traverse equal- 
length paths (34/4 in length), signals to port 3 traverse paths that differ 
in length by \/2, and signals to port 2 travel paths that differ in length 
by one wavelength. Thus port 3 is isolated and the net path length 
difference for signals at ports 2 and 4 is 4/2. If the source is switched to 
port 2, we see that the two paths via which energy can pass to port 4 
differ in length by /2, thus isolating the port. The two paths to port 1 
and the two paths to port 3 differ by one wavelength, so energy should 
add at these ports and the two ports should be in phase. It is difficult to 
know what line impedances to use to produce matched conditions and 
proper terminal conditions without a detailed analysis, however. 

An interesting application of the ring-type hybrid junction is in the 
realization of a balanced microwave mixer. This circuit is diagramed in 
Fig: 5-23. The signal input at port 4 splits equally between ports 1 and 3 


= LE 
: Output 


Local 
Oscillator 


DC Return 


Fig. 5-23. The balanced mixer using a ring hybrid. 
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with a 180-degree phase difference between the signals emerging from 
ports 1 and 3. The local oscillator signal is injected at port 2. This energy 
also splits between ports 1 and 3 but the local oscillator signals emerge 
from ports 1 and 3 in phase. These signals are rectified by the diodes but 
only the 180-degree out-of-phase component (that due to the signal) 
passes through the transformer to the IF amplifier. Oscillator noise 
appears in phase across the transformer and will not appear in the output. 
Another advantage of this circuit is the isolation between the signal line 
and the local oscillator line. If the signal is coming from a receiving an- 
tenna, this isolation prevents energy from the local oscillator getting to 
the antenna and possibly radiating into space. 

Another interesting device is the binary power divider. This is a three- 
port structure that presents a matched termination at the driven port 
when the other ports are match-terminated. When driven at one port 
(called the sum port) the input power splits equally between the remain- 
ing two ports. When driven at one of the other ports, with the sum port 
and the remaining port match terminated, power is delivered (with some 
loss) to the sum port but the other port is isolated. This structure is 
shown in Fig. 5-24. 


Fig. 5-24. The binary power divider. 


It is easy to see that if Z) terminations are placed at ports 2 and 3, 
input energy at port 1 splits equally and no power is dissipated in R,, 
called the difference resistor, since each end is at the same potential. We 
also can see that the input impedance at port 1 is Z). Now suppose that 
the source is placed on port 2 with matched loads (Zo) on ports 1 and 3. 
We can apply even and odd excitation analysis to this problem, as shown 
in Fig. 5-25. 

The even excitation—odd excitation models of Fig. 5-25 reduce to the 
two-port equivalent models shown in Fig. 5—26. 
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Fig. 5-25. Even-odd excitation models for the binary power divider. 
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Fig. 5-26. Modified even-odd excitation models for the binary two-port. 


We can write directly 


0 jv 22 
E | = . 
Cae ilever ay 0 
0 
yeas 1 0 0 jv2 Ze 0 jv 2Zo 
IRs /2Zo V2Zo Rz 
and 
Vie = iV 2Zolbe Vio = FV 2Z oT 20 
ten if , (ie | ll joe , J 2W2Zo t 
ese V2Z, V2c Tho = V2Z, V20 a Rz To 


Applying the terminal conditions V0 = 2ZoLde, Vie + Zolie = 1, Veo = 
0, and Vi, + Zoli. = 1 results in the following equations: 
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1 
/ = -— 
Vie = 2 
1 
Lape ee 
Iie = ee 
Vee 
2 /? 
Ih. = cee he 
VE: 
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When port 2 is driven and ports 1 and 3 terminated in Zp, 


Vi = Vie + Vin = —e 


V2 = Eten fee 


V3 = Vie— Vio= 5 


V2 


(+2) 


If we wish to isolate port 3, it is merely necessary to force V3 = 0, 


2Zy 
Tey 
currents at the terminals become 


which means that 1 + 


aoa 
(a) Vi a /? 
(b) V,=1 
(c) V3 = 0 


= 2or R, = 22Z. In this case, the voltages and 


Sages 
(d) I. bh /2 he 
() fies 7 (5-24) 
(f) I; =0 


Note that one-half of the input power is delivered to the load (port 1); 
the rest is dissipated in the difference resistor. This is the price you pay 
for isolating port 3. If signals are applied to ports 2 and 3, 1/ V2 times 
the input signal at each port will appear at port 1. That is why port 1 is 


known as the “sum port.” 
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5-7. COUPLED TRANSMISSION LINES 


One of the most useful structures in the realization of microwave 
directional couplers and filters is the four-port formed by physically 
locating two transmission lines close enough to each other so that they 
are coupled via the electric and magnetic fields associated with the 
voltages and currents on the lines. The type of structure that we are 
considering is shown diagrammatically in Fig. 5-27. The coupled pair of 


ee V, 
Port 3 | 1% Port 4 I 
—> ato 


Port 1 
Fig. 5-27. Coupled parallel transmission lines. 
transmission lines is easily analyzed by connecting reference impedances 


(Z, = Zo) at ports 2, 3, and 4 and driving the structure with a 2-volt 
source having a source impedance Zp (Fig. 5-28). 


io d an 
Zo Zo 
Zo @ @ 
@) @) 


Fig. 5-28. Terminated coupled transmission lines. 


We will analyze this circuit by using even excitation-odd excitation 
analysis, and begin by considering the two excitation conditions shown 
in Fig. 5-29. Here Zp, is the characteristic impedance of the coupled lines 
for even excitation, Zo, is the characteristic impedance of the coupled 
lines for odd excitation, and y is the propagation constant. It should be 
noted here that Zo. is not equal to Zo, because the partial capacitances 
between the lines are different for even and odd excitation. If losses in the 
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Fig. 5—29. Even-odd excitation models of parallel-coupled transmission lines. 


lines are ignored, the propagation constant y = j8. For TEM-mode lines, 
we know from field analysis that the velocity of propagation depends on 
the medium in which the lines are imbedded. This means that the 
propagation constant is independent of the excitation. 

The problem has now been reduced to solving the two transmission- 
line problems shown in Fig. 5-30. The voltages and currents on the origi- 
nal structure can then be written as a superposition of the even- and 
odd-mode solutions as follows: 

VY, = Vee Vio h= The + Lio 
Vo = Voe + Vo To = Ine + Io 
V3 = Vice Vio Iz = Keg Shy 
Va = Voe — V2.0 Ig = Ine — Ie 

We can use the ABCD matrix representation of the transmission-line 
section to write the following relationships between the voltages and 
currents on the models of Fig. 5-30: 


Pel in bas 6 Zoe sin 0 hes 
lv, IVoe sin@  cosé To 


es = ise 6 JZo0 sin "] ne 
ie 7Yoo sin@ cosé@ Io, 
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Fig. 5-30. Modified even-odd excitation models of parallel-coupled trans- 
mission lines. 


Applying the terminal conditions V2, = Zolee, Veo = Zoleo, Vie + tie 
1, and Vio + LioZo = 1 results in the voltage and current expressions 


ZoeLZy CoS 0 + jZie sin 8 


Vie = 97,20 cos 0 + (Ze + Zi) sin 6 
Toe Zoe cos 8+ 7Zo sin 6 
te QZoeLo cos 0 + j(Zee + Z3) sin 8 
V = ZoLoe 
2¢  WZoeLy cos 9 + j(Zee + ZG) sin 0 
Loe 
Tee Se Sil A Pe Le en 
WZoeZo cos 0+ j (Zoe + Zo) sin 8 
V.. = ZooLZo cos 9 + Zoo sin 8 
10 2ZooLo cos 0 + j(Zeo + ZG) sin 6 
ras Zoo cos 6 + 7Zo sin 8 
10 2ZooL0 cos 9 + j(Zeo + ZG) sin 8 
V = ZoLoo 
2° IZ ooLy cos 9 + j(Zeo + Zs) sin 6 
Ts == Loo 


WZooLo cos 9 + 7(Z%o + ZG) sin 4 
To simplify things, let us force the input impedance of the composite 
structure to be equal to Zo. That is, 


Vi <") Vier Vae 
I, We tire 
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or 
ies Zo(ZooDe + ZoeDo) cos 0+ j(Zoo.De + ZieDo) sin 8 
(ZooDe + ZoeDo) cos 0+ jZo(D. + D.) sin 0 
where 
Dz = 2Z Lo cos 6 + 7(Zee + Z8) sin 8 
and 


D, = 2ZooLZ0 cos 6 + j(Zso + Zé) sin 0 
The equality will be established if 
Z(De + Do) = ZioDe + ZieDo 
Substituting for D, and D, results in 
2Z0(Zoe + Zoo) cos 6 + j(ZoeZ6 + ZGoZ5 + 2Z6) sin 
= WLveLooLo(Zoe + Zoo) cos 8 + j(Z0eZ9 + ZioZ5 + 2ZoeZo) sin 8 
This equality will be satisfied if 
Ze = Zo.LZ0o (5-25) | 
Inserting this relationship into the expressions for the even and odd 1 


excitation voltages and currents results in 


| 

ae Zo cos 6 + jZo. sin 0 h 
%¢  2Zo cos 8-F j(Zoe + Zoo) sin 8 | 
- cos 6 + 7Zo0Vo sin 0 i 
~ 2Zo cos 6 + j(Zoe + Zoo) sin O 
le Zo | 
~ 2Zy cos 8 + j(Zoe + Zoo) sin 8 | 
eee ag eS Le tee Le Bee 
~ 2Zo cos 6 + j(Zoe + Zoo) sin 8 


+ Zo cos 6 + 7Zo, sin 6 

~ 2Z cos 0+ j(Zoe + Zoo) sin 8 
* cos 6 + jZoeYo sin 0 

~ 2Zo cos 6 + j(Zoe + Zoo) sin 0 
ae Zo 

~ 2Zo cos 6 + j(Zoe + Zoo) sin 0 
ia 1 

~ 2Z cos 8+ j(Zoe + Zoo) sin 8 


The 


Vr. 
Toe 
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Now we can write expressions for the voltages and currents of the 
composite structure as tabulated in Eq. (5-26): 


tt _ 2Z cos 6 + (Zoe + Zoo) sin O _ 
(a) AME Oa sil e 2Zy cos 6 + j(Zoe + Zoo) sind 
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2cosO+7Vo(Zoe + Zoo) sin@_ 1 


(b) = Te + io = 2Zo cos 0 + j(Zoe + Zoo) sin @ Zo 

(c) Va = Vie talae ES ee aE 

(d) Te = Ine + Teo = ES Ee fa 
(e) Vo=Vie ae aE 
(Bes ty Iie = py ein 

(g) Via Vue— Veo= a7 at an = 9 

(h) Tee - 


= Ta. 


These voltages and currents can be further simplified by defining a 
coupling parameter C such that 


(5-27) 


This definition plus the relationship Z3 = Zo.Zo. allows us to write 


jC sin 6 
a) Vi=1 V3 = ——— 
a3 ee V1i—C?*cos 6+] sin @ 
Vv1—C? 


Be ee eee) 
LOS Pippen ent Cane 


(5-28) 


If we pause now and reflect on the structure that we have analyzed, we 
see that one port is isolated and all ports are matched. This is clearly a 
directional coupler, but one that is significantly different from the other 
couplers we have considered. The primary difference lies in the fact that 
the coupling is continuous along the entire length of the lines. This is in © 
contrast to branch-line hybrid and hybrid ring couplers, where signals 
traveled different paths and summed in a constructive manner at the 
coupled port and in a destructive manner at the isolated port. Another 
feature of this structure is the nature of the wave on the coupled line. If 
we look at the original structure again, we see that a signal propagating 
in one direction on one transmission line produces a coupled signal 
propagating in the opposite direction on the other transmission line. For 
this reason, this structure is called a contradirectional coupler. The maxi- 
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mum coupling occurs when the length of the structure is \/4. For this 
case, 9 = w/2 and the terminal voltages are 


Vaal Ve =O 
V2= —-jv1-C Va= 


The coupling C in dB is: 
Cas = 10 logio io 


Specifying C and Z) establishes Zo. and Zoo, since 


Zoe wy Zoo 
C= Cen 
Zoe ata Zoo 
and 
Zs = ZoeL0o 


Nomograms which enable the engineer to specify the physical dimen- 
sions of shielded coupled strip lines, given values of Zo., Zoo, and €, (the 
relative dielectric constant of the medium in which the strip line con- 
ductors are located), have been prepared by Cohn and are presented in 
Figs. 5-31 and 5-32. 


Example 5-1 


Calculate the strip width, spacing between conductors, and length of the coupling 
region for a 10-dB directional coupler with a design center frequency of 1 GHz. This 
coupler is to be constructed of shielded strip line using a dielectric filling with e, = 2.25 
and a thickness between the ground planes of 0.25 inch. The reference impedance is 
to be 50 ohms. 


Solution: For a 10-dB coupler, 
10 dB = 10 logy ai dB 


Solving for the coupling coefficient C results in C = 0.316. The coupling coefficient 
can now be used to relate Zo. and Zo, since 


Loe * Loo 
0.316 = Zope 
or 
Zoe = 1.925Zo0 
Now, using 


Z6 = LoeL0o 
and the relationship between Zo, and Zo, results in 


2500 = 1.925 2%, 


Solving for Zo, yields 
_200 = 36.1 ohms 


SS ee ae 
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Zo 


Loo 


Solving for Zoe = results in 


Zoe = 69.5 ohms 


Now formulate V¢,Zo. = 54.15 ohms and V/€,Zoe = 104.25 ohms. Referring to the 
nomograms (Figs. 5-31 and 5-32), we see that 


WwW AY 
b = 0.66 and A — 05 


Substituting b = 0.25 to determine w and s results in 
w = (0.66)(0.25) = .165 in. 
s = (0.05)(0.25) = .0125 in. 
At the center or design frequency the coupling length should be /4 in length, thus 


3x 1081 2X 108 


=e V<(10%) 4 = >< 10° = 0.05 meter 


The length of the coupling region will be 5 centimeters. 


At this point it is interesting to see how the coupling changes with 
frequency. If we include the frequency dependence, the coupling in dB is 
1 
Cap = 10 logio [v3i 
where 
ve jC sin 6 
V1—C* cos @+ 7 sin 6 


In our example, C = 0.316. The frequency dependence is contained in 


the term 6 = = La A plot of the coupling versus f/fo is shown in Fig. 5-33. 


Note the wide band of frequencies over which the coupling stays rela- 
tively constant (less than 1 dB variation in the frequency range from 0.7 
to 1.3 GHz). This performance is much better than would be possible 
with the couplers considered up to this point. However, in defense of the 
others such as the 3-dB branch-line hybrid, it should be noted that a 
3-dB contradirectional coupler using the edge coupling described in the 
shielded strip line example would require an intolerably narrow gap 
between the conductors. One way to partially circumvent this problem is 
to couple via the broad sides. That is, locate one strip conductor a short 
distance above the other. 

The scattering matrix description of the coupled strip transmission 
line directional coupler can easily be deduced by consideration of the 
general definition of the scattering matrix of a directional coupler, Eq. 


Art. 5-7 MATRIX REPRESENTATION OF TRANSMISSION-LINE CIRCUITS 


25 


30 


40 


50 


60 


70 


80 


90 
100 


120 


140 


160 
{80 
200 


300 


JeZo6 


Zoe = Characteristic Impedance of One 
Strip to Ground with Equal 
Currents in Same Direction 


Zo. = Characteristic Impedance of One 
Strip to Ground with Equal 
Currents in Opposite Direction 


60 


5O 


40 


30 


25 


143 


Fig. 5-31. Nomogram, given s/b as a function of Zo. and Zoo, in coupled 
strip line. (After S. B. Cohn, “Shielded Coupled-Strip Transmission Line,” JRE 
Transactions on Microwave Theory and Techniques, vol. 3, p. 33, October 1955.) 
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Fig. 5-32. Nomogram, given w/b as a function of Zo. and Zoo, in coupled 
strip line. (After S. B. Cohn, “Shielded Coupled-Strip Transmission Line,’ IRE 
Transactions on Microwave Theory and Techniques, vol. 3, p. 32, October 1955.) 
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Fig. 5-33. Coupled wave amplitude versus frequency for the coupled strip 
line directional coupler of Example 5-1. 


(5-18), the terminal voltages of the coupled transmission-line directional 
coupler, Eq. (5-28), and the symmetry of the coupled strip lines. Exami- 
nation of Eq. (5-18) and Eq. (5-28) indicates that 
(Se Ee ECE 
V1—C* cos 6+ 7 sin 8 
and 


Cie C sin 6 
i V1—C*cos 6+ 7 sin 0 


Substitution of these values into Eq. 5-18 results in the scattering matrix 
description of the coupled strip transmission-line directional coupler. 


PROBLEMS 


5-1. Derive expressions for the elements of the general circuit parameter matrix 
representation of a two-port in terms of the elements of the admittance matrix 
representation. 

5-2. Given the measured value of the elements of the scattering-matrix representa- 
tion of a reciprocal two-port: 


1 ’ a2 1 ; 
Su = 3 (ft 92) oa SUE So = 3 (1 — 72) 


Determine the impedance matrix representation of the two-port. 
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5-3. 


5-7. 


5-8. 


5-9. 


5-10. 


5-11. 
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Confirm that the scattering matrix for a directional coupler will be unitary if 
the six equations on page 120 are satisfied. 

What would the values of C; and C2 be for: 

(a) a 3-dB directional coupler? 

(b) a 10-dB directional coupler? 

(c) a 20-dB directional coupler? 

Determine the transmission matrix representation for the reciprocal two-port 
of Problem 5-2. 


Using the terminal voltages of Eq. (5-24), deduce the scattering matrix for a 
binary power divider. 

Apply a signal of V, volts to port 1 and a signal of V, volts to port 4 of 
a branch-line hybrid. What are the voltages at ports 2 and 3? Assume 
matched conditions at all ports. 

Analyze the power divider for the case where there is no difference resistor and 
port 3 is driven while the other ports are terminated in Zp impedances. Spe- 
cifically, determine the reflection coefficient at the drive port and the power 
delivered to the terminations on port 1 and 2. 

A one-quarter wavelength section of transmission line is connected to port 3 
of a branch-line hybrid. Derive the scattering matrix of the composite 
structure by shifting the reference plane at port 3 of the branch-line 
hybrid 7/2 radians away from the junction. 

Show that a 3-dB directional coupler could be fabricated by a series connec- 
tion of two 8.34-dB directional couplers. Use the general directional coupler 
of Fig. 5-13 for your proof. 

Apply a signal of V, volts to port 4 and a signal of V, volts to port 2 of a ring 
hybrid. Determine the voltages at ports 1 and 3. Assume matched conditions 
at all ports. 


6 


The Transmission Line 
as a Circuit Element 


6—1. INTRODUCTION 


A transmission line has several properties in common with lumped- 
constant circuit elements, but at the same time it has several properties 
very different from them. For example, the transmission line may be used 
either singly or in combination with inductors and capacitors to produce 
the equivalent of a series- or parallel-tuned circuit. In this sense it is 
similar in behavior to lumped-constant circuits. However, contrary to 
lumped-constant circuit elements, the transmission line so used exhibits 
not just one or even several resonant frequencies but an infinite number of 
resonant frequencies. 


6-2. LOW-FREQUENCY OPERATION OF LINES 


Consider the operation of the transmission line in the circuit of Fig. 
6-1. Consider this as an application where audio signals are transferred 
from point A to point B by a coaxial, shielded lead. The length d is 
assumed to be a very small fraction of a wavelength at the highest 
frequency involved. It may be recalled that the input impedance of an 
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10,000 ohms 


vy Open- 

Y(t) A Aig = 50 ohms B~ Circuit 

is Load 
}~<_______—__——. ¢ >| 


Fig. 6—1. Low-frequency transmission-line operation. 


open-circuited section of lossless line of length d may be expressed as 


(6-1) 


In this expression Rp = VL/C and B = wV LC. For sufficiently low 
frequencies the quantity 8d will be so small that the tan Bd can be approx- 
imated sufficiently well by simply 8d, and in this case Eq. (6-1) reduces 
to 

DRE ON TCR A 

"Bd "ja ECa  jo(Cd) 
Equation (6-2), which holds approximately for all w below some value, 
clearly shows that at sufficiently low frequencies, the transmission line 
behaves as a lumped capacitance of Cd farads in an application such as 
shown in Fig. 6-1. If you had never studied transmission-line theory, you 
would expect this result, since from a lumped-constant viewpoint the 
capacitance per-unit length C, times the length d of the line, would give 
the shunting capacity at audio frequencies. Transmission-line theory 
gives us the same answer. At the same time, however, it warns us that it 
cannot be applied outside the assumption that Bd is small enough so that 
tan Bd can be approximated satisfactorily by Bd. This restriction can also 
be expressed by saying that the frequency must be sufficiently low that 
the line is only a small fraction of a wavelength long at the highest 
frequency. 

The fact that the line shown in Fig. 6-1 behaves much like a capacitor 
can also be shown by considering the voltage waveform at A (or B) for an 
input which is the unit-step function u(t). Assuming that the source 
resistance R is very much greater than the R) of the line, we may conclude 
that the incident voltage pulse down the line is about Ro/R volts. This is 
reflected by a factor of 1 at the open-circuited load and by a factor of 
slightly less than 1 back at the source. Consequently each voltage step at 
the source caused by a reflected pulse is nearly 2R)/R times the incident 
pulse step. Since, however, the reflection factor at source is less than 1, the 


(6-2) 
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composite voltage waveform at point A versus time will look somewhat as 
shown in Fig. 6-2. Actually, for the numbers given in Fig. 6-1, there 


Exponential 
ee aa 


Fig. 6—2. Voltage waveform at point A in Fig. 6—1 for unit step input. 


would be many more steps much more closely spaced than those shown in 
Fig. 6-2. The size of the steps in Fig. 6-2 has been purposely exaggerated 
for clarity. 

A curve drawn through each of the steps would obviously be expo- 
nential in form. We can find the time constant of the exponential by 
computing the length of time required for the steps of voltage to reach 1 
V, presuming that they continued at the initial rate. Clearly, the round- 
trip time is 2d/v seconds, and exclusive of the first step, the assumed steps 
would be 2R)/R volts high. Combining these results will show that the 
time constant T may be found to be 


Aime persieper 2d) Ades 7 
Volts per step — Dm i Paey al epee R(Cd) = RCo (6-3) 


Consequently the stepped curve in Fig. 6-2 could be approximated quite 
well by the exponential curve 


1— eT = 1 — e— W/RO) (6-4) 


which again verifies that the line behaves much like a capacitance of 
Cy = Cd farads. 


6-3. THE LINE AS A TUNED CIRCUIT 


Since the input impedance of a line terminated in a reactance (includ- 
ing the special cases of open and short circuits) is a reactance, we might 
expect that this reactance would behave much like that produced by a 
lumped-constant element. The only difference between the reactance 
produced by a line and that by lumped-constant elements is in the 
variation of that reactance versus frequency. The frequency variations 
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of the input reactance of a shorted line and an inductor are compared in 
Fig. 6-3(a). The frequency variation of the input reactance of an open 
line and a capacitor are compared in Fig. 6-3(b). Actually, Fig. 6-3(a) 


Z; = /Ro tan Ba 
aise ie -/Fo cot Bd 


(a) ivi 


Fig. 6-3. Reactance variations of lumped and distributed elements versus 
frequency. 


would have sufficed for both comparisons, providing the latter comparison 
was made on a susceptance scale. At sufficiently low frequencies the 
shorted line and the inductor behave essentially the same, and at suffh- 
ciently low frequencies the open line and the capacitor behave essentially 
the same. However, the reactances of the shorted line and the open line 
exhibit periodic repetition of the reactance curve versus frequency. 

By inspection of the reactance curves for the shorted and open lines 
shown in Fig. 6-3, it may be seen that they exhibit the properties of series 
and parallel circuits at certain frequencies. This can be shown analytically 
by considering the driving-point characteristics of the open-circuited and 
short-circuited lines in the neighborhood of Bd = 7/2. The input admit- 
tance of a short-circuited stub can be written as (w = wo + Aw) 

VY, = =jVo cot (w+ Aw) : = —jYy cot (5 it 5) ~+jVo5 (=) 

(6-5) 

Similarly, the input impedance of an open-circuited stub can be shown to 
be 


ae T ®@— Wo 
23% jn% (= ) . (6-6) 


The input admittance of a parallel-resonant circuit operating in the 
neighborhood of resonance is 
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mG 9 : (=) 
Vi =j,/f(2—*) wjaa/e (7 — 
ifS( Wap PNT a 


while the input impedance of a series-resonant circuit operating near 


resonance is 


hts tie tS w? — we ~ ine Ww — Wo 
= ie (2S) wine (2S) 


It is apparent that the frequency dependence near resonance of the trans- 
mission-line circuits is identical to that of the lumped-constant circuits. 

The basic reactance curves for both series and parallel circuits are 
shown in Fig. 6—4 for ready reference. In particular we note that a quarter- 
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Fig. 6—4. Comparison of reactance curves of series- and parallel-tuned 
circuits. 


wavelength shorted stub and a half-wavelength open stub both behave 
like parallel-resonant circuits, whereas a half-wavelength shorted stub 
and a quarter-wavelength open stub both behave like series resonant 
circuits. Of course, addition of a multiple of a half wavelength to any of 
these lengths will not materially affect the results. It should also be noted 
that the line may be made slightly less than or slightly more than the 
distance required to be resonant (either series or parallel) at a given 
frequency, and small variable inductors or capacitors, as the case re- 
quires, may be used to “fine tune” the resonant circuit to the correct 
frequency. 

Tuned transmission lines are frequently used at very high frequencies 
(say, above 300 MHz) in the construction of tunable oscillators because 
of the temperature stability and the extremely high Q which is possible 
with the method of construction. 
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6-4. EFFECTS OF LOSSES ON LINES USED AS 
CIRCUIT ELEMENTS 


The effect of losses on stubs used to obtain capacitive and inductive 
reactances is to add a small resistive or conductive component to the 
reactance or susceptance. Ordinarily the dissipative part of the impedance 
will be so small that it can be neglected. 

However, in the case of stubs used as tuned circuits, the dissipation 
becomes the sole determining element of the impedance at resonance and 
so cannot be neglected. Although the Q quality factor of a line can be 
determined by inspection of the input impedance curve near resonance, 
a more generally useful approach is to consider Q defined as 


maximum energy stored _ maximum energy stored 


Ciree energy dissipated per cycle ~ energy dissipated per radian fe 


This result is in agreement with the more common definitions. For ex- 
ample, the Q of a coil is known to be wL/R, and this value can be com- 
puted from the formula by supposing that the inductor is parallel with a 
lossless capacitor and that the combination tunes to w». If the maximum 
instantaneous current is Imax, then evidently 
(TI 2 Saray woL 
Oe Sarl) — R 1 
Another very useful and interesting way to look at the Q factor in- 
volves observation of the shock-excited response of the circuit. All tuned 
circuits exhibit a shock-excited response in the form of an exponentially 
damped oscillation, as given by 


e-*t sin wot (6-9) 


which is shown in Fig. 6-5. This sort of response is to be expected, since 
the energy extracted during each cycle is proportional to the amplitude 
of the oscillation, and this condition is characterized in an exponential 
form of decay (consider, for example, an RC circuit where the current 
discharging the capacitor is proportional to the voltage of the capacitor). 
Now it may be recognized that the maximum energy stored is propor- 
tional to the square of the maximum voltage or current, which is propor- 
tional to e?', while the energy dissipated per cycle is the negative 
derivative of the maximum energy stored with respect to time multiplied 
by the time of one cycle. Consequently, the value of Q as defined by Eq. 
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Amplitude 


Time 


Fig. 6—5. Shock-excited response of a tuned circuit. 


(6-8) may be expressed quite simply as 


Bey ee Uae eee ee gel 
Ces aimee | mi) eae 


Substitution of this relationship for Q back into Eq. (6-9) will yield an 
expression which can be manipulated to show that in a period of Q cycles, 
the amplitude of oscillation will decay to e-*, or about 4.32 per cent of its 
initial value. This permits us to readily estimate the Q of a system by 
observation of its shock-excited response. For example, a clock pendulum 
might be displaced and the motion observed. If 40 cycles were required 
before the amplitude of the swing decayed to 4.32 per cent of its initial 
value, then we would know that the Q was about 40. This Q-measurement 
technique is graphically illustrated in Fig. 6-6. 


Time 


Q Cycles 


Fig. 6-6. Shock-excited response related to circuit Q. 
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We are now in a position to easily determine the Q of transmission-line 
equivalents of tuned circuits. However, because of the multiplicity of 
modes of oscillation possible in the transmission-line tuned circuits, it is 
essential that care be taken to shock-excite only the desired mode. Con- 
sider a quarter-wavelength shorted line which behaves much as a parallel- 
tuned circuit. In this case we imagine a generator supplying a sinusoidal 
signal to the line, at a frequency corresponding to the line being electri- 
cally a quarter-wavelength long, until that signal has passed to the 
shorted end and just back to the input. After this half-cycle of signal has 
been supplied to the line, the generator is removed (leaving the input 
open-circuited) and the voltage at any point along the line is observed. 
The initial conditions that have been supplied to the line do a cat-chasing- 
its-tail routine and produce a voltage waveform (after removal of the 
source) at the input end of the line, which appears as shown in Fig. 6-7. 


Voltage 


Decays in Steps which 
Exhibit Exponential Envelope 


Time 


Fig. 6-7. Voltage waveform of shock-excited line. 


The value of w is already known for this problem, and the value of o 
can be found by observing that, because the signal propagates with a 
velocity v, the amplitude of signal at the input of the line will be propor- 
tional to e~*”*. The value of o is evidently just av, so the Q of the quarter- 
wavelength resonant line may be written as 


Qa = a. (6-11) 


When the losses are small (which is the only time that Q makes any 
particular sense), a may be expressed as (R/2Ro) + (G/2G») and the 
value of Q,;4 may be rewritten as 
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wyWV LC 


Cu RR) + C/G) NOH 


It is quite interesting to note that if the losses are either wholly in the 
series resistance or in the shunt conductance, the expression for Q reduces 
to the simple forms 


Or = oe (6-13) 
and ‘ 
Qe = we (6-14) 


These results strongly resemble those for lumped-constant circuits; the 
point of difference is that L, R, C, and G are the transmission-line param- 
eters, given in values per unit length of line. By returning to the definition 
of Q given in Eq. (6-8), the combination of an L and C having different 
Q’s may be made in the manner of paralleling resistors,’ so that 


1 1 1 

0” On" Oe 
By substitution and manipulation it may be shown that Eq. (6-15) does 
indeed correspond with Eq. (6-12). 


(6-15) 


6-5. THE LINE AS A DELAY NETWORK 


By special construction techniques which involve increasing both the 
series inductance and capacitance of the line, it is possible to produce 
substantial time delays in rather short physical lengths of line. Ordinary 
RG-—58A/U has a velocity of propagation of 200 m/us, and so 200 m 
would be required to produce 1-ys delay. However, the specially con- 
structed delay lines may have delays on the order of 1 us/ft. Almost 
invariably the band width of the cable decreases as the delay is increased. 
For example, RG-58A/U has a band width of several thousands of 
megahertz, whereas the special delay cables to produce delays of 1 ys/ft 
may have band widths of only several megahertz. We have in essence 
exchanged band width for time delay. 

The special construction techniques for high-delay cables include the 
following: 


1 Note carefully that the same maximum energy storage must be present in L and C if 
the formula is to hold. 
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1. Coiling the center conductor to increase the inductance. In this case the 
outer conductor must not be solid or it will act by transformer action to 
reduce the inductance of the coiled center conductor. The outer shield 
usually consists of many strands of insulated wire placed parallel with 
the length of the cable and connected together only at one end. 

2. Winding the center conductor on a high-permeability material such as 
one of the ferrites. 

3. Placing the outer conductor as close as possible to the coiled center 
conductor in an attempt to increase the capacitance. 

4. Taking corrective measures to improve the band width and pulse 
response of the cable. This involves aluminum foil strips in special 
geometries. 


The characteristic impedance of the high-delay cables is usually 
greater than for conventional coaxial cables because the predominant 
increase is made in the inductance parameter of the line. While 50 ohms 
is common for the ordinary coaxial cables, values as high as 10,000 ohms 
are not uncommon in high-delay, low-band-width cables. 

There is a very close tie between the construction of these delay cables 
and the construction of delay networks that use lumped-constant ele- 
ments. In fact the external appearance as well as the electrical circuits 
resemble each other. An electrical comparison of the two is shown in Fig. 
6-8. It is to be understood that distributed capacitance exists between the 
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(a) Distributed-Delay Network (b) Lumped-Delay Network 


Fig. 6-8. Electrical construction of distributed- and lumped-delay networks. 


coiled conductor and the solid conductor in the distributed delay network 
of Fig. 5-5(a). The physical construction of the two is often very similar 
because the coils required in the lumped-constant delay network may be 
wound on a common rod, with some spacing between coils and with taps 
brought out for connection to the various fixed capacitors. In the distrib- 
uted delay line with the coiled center conductor, one obtains the required 
capacitance by physical placement of another shielding-type conductor 
around the coiled center condutor, as noted earlier. 

We may think of making the mathematical transition between the 
distributed and lumped-constant delay line by merely making each sec- 
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tion of the tee network equivalent to a length of the distributed-constant 
system which is short with respect to a wavelength at the highest fre- 
quency component of interest. Or we may start by analysis of the ampli- 
tude and phase characteristics of the tee section. This latter viewpoint 
offers an interesting comparison between the distributed and lumped- 
constant delay networks, as is illustrated in Fig. 6-9. 


Amplitude Amplitude 


(a) Ideal Distributed-Delay (b) Ideal Lumped-Delay Network 
Network 


Fig. 6-9. Comparison of amplitude and phase curves for delay devices. 


The ideal distributed-constant delay network would exhibit a perfectly 
constant amplitude characteristic (assuming here that the network is 
between a voltage source and an Ry load) and a linear phase characteristic 
as shown in Fig. 6-9(a). This condition is approximated very well by con- 
ventional coaxial cables, but the amplitude characteristic is usually 
similar to that of the lumped-constant circuit for high-delay cables. The 
ideal lumped-constant delay network has an amplitude characteristic 
(again assuming a termination of Ro) which is essentially flat out to some 
frequency and then approaches zero rapidly for higher frequencies. The 
phase characteristic for the lumped-constant delay network is essentially 
linear out to the cutoff frequency and then levels off at some constant 
values for higher frequencies. The degree of perfection of the lumped- 
constant delay network is usually measured in terms of how linear the 
phase characteristic is within the pass band. 

A comparison of the responses of the lumped-constant and distributed- 
delay networks to a step function input is illustrated in Fig. 6-10. The 
relationship between the time delay 7a and the phase characteristic of the 
delay is a simple but very important one. Imagine for the moment that we 
have an input signal which is a low-frequency square wave rather than a 
step input. If the period of the square wave is sufficiently long (say, a day 
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Fig. 6-10. Ideal responses of delay devices for unit step input. 


or two), then the response of a circuit will be essentially the same during 
our period of measurement for either input signal. 

Suppose now that we decompose our square wave into its frequency 
components by conventional Fourier series analysis. A typical frequency 
component for a fundamental frequency of w; radians per second would be 


bn sin (nu) (6-16) 
The response of the time delay network to this component would be 
b, sin (nat — tnw,) = b, sin nai(t — 7) (6-17) 


In writing Eq. (6-17) we have assumed that the signal component is 
within the pass band of the delay network (which has been assumed to 
have a unity gain in the pass band) and that the linear phase charac- 
teristic of the delay network can be expressed by the equation @ = —wr. 
The quantity 6 represents the phase shift of the network, w represents the 
angular frequency, and T is a positive proportionality constant which has 
the dimensions of time and is, in fact, shown by Eq. (6-17) to be the time 
delay of the network. 

The result of Eq. (6-17) shows that every component in the output 
signal, regardless of frequency is just a duplicate of the input component 
except for the fixed time delay of 7 seconds. Hence, when the output 
signal components are added back together, the result will be a square 
wave differing from the input square wave only by the time delay r. If the 
pass band of the filter is finite, as shown in Fig. 6-9(b) for the ideal 
lumped-constant time-delay network, then the response will appear much 
as shown in Fig. 6-10(b). The response will have a finite “‘rise time,” and 
depending on the actual shape of the amplitude and phase curves, may or 
may not have “overshoot” and “ringing” as shown in Fig. 6-10(b). The 
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time delay 7 for the network is simply found as the negative of the slope 
of the phase angle versus angular frequency; that is, simply —0/w for any 
6 and the corresponding w. 

The delay per section of a lumped-constant delay network is about the 
same as the rise time of the system. Since the rise time of the system can 
be shown to be inversely proportional to the band width, we must con- 
clude that long delays, for a given number of sections, may be had only at 
the expense of band width. Essentially the same statement may be made 
for the high-delay distributed constant lines. 

The delays provided by transmission lines may be used very advan- 
tageously in electronic circuit design. A common application is for pro- 
ducing short delays of pulses. For pulse delays longer than about 10 us, 
it is generally found more economical to generate the delays with elec- 
tronic circuits, such as with a one-shot multivibrator or a phantastron. 
These electronic circuits can only produce an output pulse delayed with 
respect to the input pulse, and the size and shape of the input pulse is 
entirely lost in the delay circuitry. We shall concern ourselves with delays 
of less than 10 us, where the transmission line plays a very important 
role in the circuit design. 

Suppose, for example, that you had a series of pulses separated by at. 
least 10 ws with most of them 1 us and a certain few 2 us wide. How 
would you design an electronic circuit that would give an output only 
after passage of the 2-us pulses? With a delay line the problem almost 
becomes trivial, as may be seen from inspection of Fig. 6-11. The coinci- 


Output 
Pulses 


Matched 
Load 


Input 
Pulses 


A Coincidence | 8 
e Gate v 


1.5us 
Delay 


Fig. 6-11. A scheme for selection of 2-us pulses from a train of pulses both 
1 and 2 us. 


dence gate shown in the figure is simply a device which gives an output 
when signals appear at both A and B but at no other time. It may be 
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made from a single multigrid vacuum tube, a pair of transistors, or even 
a couple of diodes. It can be seen that the only time voltages will appear 
simultaneously at points A and B will be for pulses greater than 1.5 us. 
Hence the device will give an output for 2-us pulses but not for 1-ys 
pulses. One can think of the circuit in Fig. 6-11 as being a filter that 
separates with regard to time in much the same way as LC filters are used 
to separate with regard to frequency. 

The effect of losses on a transmission line used as a delay network is 
almost self-evident. If a generator U,(¢) supplied a characteristic imped- 
ance load through a length d of lossy line, then the load voltage will simply 
be 

te d 
Paid Oe (: _ *) (6-18) 


v 


6-6. TEE AND PI AC EQUIVALENT CIRCUITS OF THE 
TRANSMISSION LINE 


At any given frequency it is possible to make either a tee or pi equiva- 
lent circuit for a section of transmission line. We can apply the results of 
the matrix representations discussed in the last chapter to determine the 
elements of the tee and pi equivalent circuits of a section of transmission 
line (Fig. 6-12). 


Tee Equivalent Pi Equivalent 


Fig. 6-12. Tee and pi equivalent circuits for a transmission line. 


In the last chapter it was shown that the impedance matrix for a 
section of transmission line of length d, characteristic impedance Zo, and 
propagation constant y is 


Zo 
oa E Sg lyf. 1 a Paco iam vd (6-19) 
Y al cy fae 
+ Zo Zo coth yd 


sinh yd 
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for a tee equivalent circuit and 


Va 
so EE ce Veen V's 1 Q ENTE eee vd EG. 
— VY, Y2+ V3 —YVpo Veceend ) 

Sitihiua/d detnecoaaaals 


for the pi equivalent circuit. From this point it is easy to solve for the 
elements of the equivalent circuit representations. Doing so results in 


Z, = Zy = Zy tanh " (6-21) 
Ze = Zo csch yd (6-22) 
and 
d 
Y, = Y, = Yo tanh = (6-23) 
VY; = Yocsch yd (6-24) 


Now we consider the specific situation where the transmission line is 
lossless. In this case the tee and pi equivalent circuits become those 
shown in Fig. 6-13. 


y fo tan Bg 2 


—/% csc Bd 


-/Zy csc Bd 


Tee Equivalent Pi Equivalent 


Fig. 6-13. Equivalent circuits. 


If the length of the section is a very small fraction of a wavelength for 
the highest frequency of interest, then approximate equivalent circuits 
may be made for all frequencies up to the highest frequency of interest by 
replacing tangents and sines of angles by the angles themselves, with the 
results shown in Fig. 6-14. These results are as one might have intuitively 
expected, since for differential lengths of lines the results are exact. A 
typical result, such as the series inductor in the tee circuit, may be 
mathematically obtained from the results given in Fig. 6-13 by the steps 

Bd 


ime d 
+7Ro tan oy mu jay = = 7] (z 4 (6-25) 
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Tee Equivalent Pi Equivalent 


Fig. 6-14. Approximate equivalent circuits for an electrically short line. 


By comparison of the result given in Eq. (6-25) with the reactance of an 
inductor, we conclude that an inductor of Ld/2 would produce exactly the 
same results. 

The results given in Figs. 6-13 and 6-14 point out the similarities 
between distributed-constant and lumped-constant circuits, but at the 
same time they warn that an all-frequency exact equivalent circuit for a 
section of transmission line can never be obtained with lumped-constant 
elements because we cannot, with a finite number of elements, generate a 
reactance that is a transcendental function of w, as required of all the 
elements in the circuit of Fig. 6-13. 


6-7. CIRCUIT APPLICATIONS OF TRANSMISSION-LINE 
SECTIONS 


The equivalent circuits of Fig. 6-14 can be used in designing low-pass 
filters to operate at microwave frequencies. A short section of high- 
impedance transmission line is used to approximate a series inductor and 
a short section of low-impedance line is used to approximate a shunt 
capacitor. 


Example 6-1 


We will construct a low-pass filter which exhibits a maximally flat or Butterworth 
response with cutoff frequency of 500 MHz. The cutoff frequency, or the edge of the 
pass band as it is often referred to, is the frequency where the insertion loss is 3 dB. 
Insertion loss is defined as the ratio of the actual power delivered to a load to the 
available power (the power delivered to a load matched to the source). This is readily 
shown to be 

Paelivered _ 4 _ | x12 
Payailable : IKI 


so the insertion loss in decibels is written as 


Insertion loss = —10 logio (1 — |K|?) 
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The filter will be designed for a reference or matched termination impedance of 
50 ohms and will be fabricated from transmission-line sections of 10-ohm charac- 
teristic impedance and 150-ohm characteristic impedance. The lumped-constant 
prototype filter configuration and element values are as shown in Fig. 6-15. 


341.8 nH 


ean PAE pte 


Fig. 6-15. Lumped-constant prototype filter. 


We will begin by using a pi equivalent circuit for the section of 150-ohm line that 
will approximate the series inductor. By forcing the series inductance of the pi 
equivalent of a section of 150-ohm line to be 31.8 nH, we find that sin Bd = 0.667 
or Bd = 41.9°. This leads to a line length of 0.1163\. The other elements of the pi 
equivalent, the two shunt capacitors, have values of 0.76 pF, as determined by solving 
wC = (1/150) tan Bd/2 at w = (27)(5 X 108) rad/sec. Thus, a 0.1163 length of 
150-ohm line has a pi equivalent circuit, as shown in Fig. 6-16. 


31.8 nH 


mag ters | 


Fig. 6-16. Pi equivalent of 0.1163, length of 150-ohm transmission line. 


To realize the low-pass filter design, we need to add capacitance at each end of the 
section of 150-ohm line. We can use sections of 10-ohm line to do this. We will con- 
sider the tee equivalent of a 10-ohm section and force the length to be such that the 
shunt capacitance of the tee equivalent is equal to (6.36 — 0.76) or 5.6 pF at 500 
MHz. Thus, we write: (5.6 X 1071%)(2m)(5 X 108) = 0.1 sin Gd or sin Bd = 0.176 
and §d = 10.1°. This means the length of 10-ohm line required is 0.028\. The series 
inductors of the tee equivalent are readily calculated to be L = .283 nH. Thus we 
see that the tee equivalent circuit for a 0.028\ length of 10 ohm is as shown in Fig. 
6-17. Note that the wavelength referred to is the wavelength at 500 MHz. Now we 
can examine the structure formed by connecting two 0.028d sections of 10-ohm line 
at each end of a 0.1163, section of 150-ohm line. This structure (Fig. 6-18) can be 
considered to be a close approximation to the original lumped-element low-pass pro- 
totype that we were trying to realize. Plots of the reflection coefficient versus fre- 
quency for the transmission-line structure and the prototype circuit are shown in 
Fig. 6-19. 
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Fig. 6-17. Tee equivalent of 0.028) length of 10-ohm transmission line. 


0.283 nH 0.283 nH 
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Fig. 6-18. Transmission-line equivalent circuit. 
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Fig. 6-19. Frequency response of low-pass filter. 


We will now consider situations where power is dissipated within the 
line, as would be the case with a lossy transmission line, although the 
formulas given in Eqs. (6-21) through (6-24) may also be used to 
calculate circuit constants for devices not ordinarily considered trans- 
mission lines. For example, consider the design of a pad to give 20 dB of 
attenuation in a matched 50-ohm transmission line. By taking Z) = Ko = 
50 ohms and noting that 20 dB corresponds to ad = 2.30 nepers, the 
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results of Eqs. (6-23) and (6-24) (using 8 = 0) may be applied to show 
that a pi section would have constants as given in Fig. 6-20. 


247 ohms 


61 ohms 61 ohms 


Fig. 6-20. A 20-dB, 50-ohm pi-section attenuator. 


Example 6—2 


Consider the case of a dissipative line connecting a voltage source and various loads. 
Suppose that the constants of the line, similar to a telephone line, are given as 
L = 4.6mH/mile 
R = 14 ohms/mile 
C = 0.01 wF/mile 
G = 0.3 umho/mile 


The characteristic impedance and propagation constants are given by the formulas 
L = AP and y=vVZY 
where the values of Z and Y are given by the relations 
Z=R+joL and Y=G+ Jw 


Note carefully that both the characteristic impedance and propagation constants 
are functions of frequency. Suppose for the sake of definiteness that the analysis is 
made at a frequency of 2000 Hz. The values of Zp) and ¥ are then found quite simply 


as 
30.5 76.4° 
=; = 086 / =0.7° ohms 
° 126 x 10-8 /89.9° 


vy = (59.5 / 76.4°)(126 X 10-* / 89.9°) = 0.0868 / 83.2° mile 
From the value of the propagation constant it is possible to determine the attenua- 
tion constant a and the phase constant 6 as 
a = 0.0102 neper/mile 
B = 0.0861 radian/mile 
If the load is the characteristic impedance 686 / —6.7°, then the signal propagates 
from the source to the load, obeying the law 
E= Ee“ 
Then for a line of, say, 5-mile length, the signal attenuation will be 5(0.0102) neper = 


0.051 neper. This value, expressed on a decibel scale, is (0.051)(8.686) = 0.443 dB. 
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For a 45-mile length of line, the attenuation under the matched-load condition is 
easily found as 4.0 dB. 

The velocity of propagation of the line at this frequency may be determined by 
noting from the value of 6 that 27 radians of phase shift occurs over the distance of 
72.7 miles. This therefore corresponds to one wavelength, and by using v.= fa, it is 
found that the velocity equals 145,400 mi/s, which compares with that of light in 
free space as 186,000 mi/s. The velocity is therefore about 0.78c, which is somewhat 
typical of practical telephone lines. 


307/4+48° 307/+48° 
1320/29° 


Fig. 6-21. Constants for Example 6-2. 


The tee section equivalent of a 45-mile length of the line is shown in Fig. 6-21. 
From this equivalent circuit it is possible to determine the behavior of the system 
“siewed from the terminals” for any combination of source and load conditions. 


As a final example of the use of the transmission line as a circuit 
element, we will reconsider the relationship between a section of trans- 
mission line and an equivalent lumped-constant element. In Art. 6-2 it 
was shown that at low frequencies a short length of transmission line 
terminated in a short circuit exhibits driving point properties equivalent 
to an inductor while a short length of open-circuited transmission has 
the driving point characteristics of a capacitor. Of course we recall that 
the lines must be less than one-quarter wave length long for the equiva- 
lence to hold. 

This equivalence serves as the basis for defining a new frequency 
transformation, S = j tan Bd, called Richards transformation.” In the 
transformed plane (S-plane) the short-circuited section of transmission 
line becomes an inductor of Zp henrys while an open-circuited section of 
transmission line becomes a capacitor of Yo farads. These relationships 
are summarized in Fig. 6-22. 

The S-plane elements can be used in the realization of a prototype 
filter as though they were lumped-constant elements. There are some 
fundamental differences, however, due to the nature of the transforma- 
tion. For example, we see that S is a periodic function of Bd which ranges 
from —jxo to +jo as Bd ranges from —71/2 to +77/2. Since Bd = tf/2fo, 
where fy is the frequency for which d = )/4, it is apparent that S varies 


2P. I. Richards, “Resistor Transmission-Line Circuits,” Proc. IRE, vol. 36, pp. 217-220, 
February 1948. 
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Fig. 6-22. Frequency-domain-S-domain equivalences. 


with frequency such that S ranges from 0 to jo as f ranges from 0 
to ho. 

Now suppose we wish to design a filter based on conventional low-pass 
prototype design techniques. The filter is to be fabricated using open- 
circuited and short-circuited sections of transmission line of equal length. 
For example, a three-element low-pass prototype having a maximally 
flat frequency response will have S-plane elements substituted for the 
lumped-constant elements and the actual filter will be constructed from 
transmission-line sections as shown in Fig. 6-23. 


Zo=2 p.u. ohms 
A 


loan et hie $1 ohn 


S-Plane Prototype 


All Lines + at f=f, 


Yor! 
p.u. mhos 


Transmission—Line Equivalent 
Fig. 6-23. Filter design using S-plane concepts. 


Note that a 2-henry S-plane inductor represents a short-circuited stub 
of normalized characteristic impedance of 2 per-unit ohms, while a 1-farad 
S-plane capacitor represents an open-circuited stub of normalized charac- 
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teristic admittance of 1 per-unit mho. The transmission-line elements are 
of commensurate length; that is, all S-plane elements are \/4 in length at 
the center frequency fo. The frequency response of the structure in the S- 
plane has been defined to be maximally flat with a 3-dB insertion loss at 
S = ji. The frequency response in the f-plane can be deduced from the 
definition of the Richards transformation. A portion of the real frequency 
response and the corresponding S-plane response is depicted in Fig. 6-24. 


Insertion 
Loss 


3 dB 


——— 
S-Plane Response 


tol 


Insertion 
Loss 


3 dB 


Frequency—Plane Response 


Fig. 6-24. S-plane vs. frequency relationships. 


Note that the response is an even function with period 2fo, and the S- 
plane response from S = 0 to S = jo is compressed into the frequency 
range f = 0 to f = fo. For the frequency range fo <f < 2fo, the input 
impedance of the shorted section looks capacitive and the input imped- 
ance of the open section looks inductive. Thus, the response in this fre- 
quency range is the same as an S-plane high-pass prototype. 

The band edge in most prototype designs is set at S = j, which forces 
the band edge to occur at f = fo/2 in the frequency domain. To shift the 
band edge it is merely necessary to define a new frequency variable 
S' = aS such that S’ = j when f = fi. That is: 


whi 
1=atan-=> 
2 fo 
or 
a= : ’ 
“seeiall 
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Thus, we can write 


Sie jp (6-26) 


The coefficient a is usually incorporated into the values of the S-plane 
capacitors and inductors, as indicated in Fig. 6-25. 


eae oe = > 
Shift Band Edge 
to f, 
L Zo Ties 2o 
4 why 
tan g 
2fo | 


> if 
Shift Band Edge | 
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Fig. 6—25. Frequency scaling. 


For example, shifting the band edge of the three-element prototype 
from 0.5f) to 0.9f) results in the transmission-line circuit shown in Fig. 
6-26. 


BheZ4A 
~0 = Fan Bie 0-316 Pu. ohms 


1 
Vo * Fan oie 0.158 p.u. mhos 


Fig. 6-26. Modified transmission-line filter. 


170 LINES, WAVES, AND ANTENNAS Ch. 6 


Insertion 
Loss 
3 dB 
t 3f, 
cy 09% f 11% ae 2% ia 


Fig. 6-27. Frequency response of modified filter. 


The frequency-domain response of this structure is shown in Fig. 6-27. 

An unwieldy aspect of the realization of this filter design is the series- 
connected stub. In most practical transmission lines it is difficult to 
connect stubs in series. This problem can be circumvented by employing 
the equivalences known as Kuroda’s identities. These identities are 
summarized in Fig. 6-28.? 


Original Circuit Equivalent Circuit n 


4 
rests Element}——o 
oO TSI.-—§ free 
L 2 L 
Unit SZ 
o——__ 1 Element je 
Fig. 6-28. Kuroda’s identities. 
Zo 


The circuit element designated by the symbol : 
unit element 


called a unit element and is defined by the ABCD matrix: 
1 Z 

ie al ym 1 a 

Cc DY Vi=S4|2 1 

0 


Substitution of S = j tan rf/2 fo shows that a unit element is just a 


3 Figure 6-28 depicts two of the four equivalences known as Kuroda’s identities. A more 
complete table can be found in H. Ozaki and J. Ishii, “Synthesis of a Class of Stripline Filters,” 
IRE Trans. on Circuit Theory, vol. CT-5, pp. 104-109, June 1958. 
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transmission line of characteristic impedance Z) which is one quarter- 
wavelength long at fy. 

In applying Kuroda’s identities to a filter design such as that shown in 
Fig. 6-23, one must recognize that the insertion loss of an S-plane 
prototype filter as shown in Fig. 6-29 will be unaffected by the addition 


1 ohm 


S—Plane 
Prototype 
Filter 


{ohm 


Fig. 6-29. Matched filter. 


of an arbitrary number of sections of transmission line of normalized 
characteristic impedance equal to unity inserted between the load and 
the filter and/or between the source and the filter. Of course, the phase of 
the transfer function would be affected, but the insertion loss would not 
be affected. To see how the foregoing can be applied to the realization of 
the S-plane prototype, consider the steps shown in Fig. 6-30(a) and F ig. 


(b) Modified S-Plane Prototype 


Fig. 6-30. Insertion of unit elements in an S-plane prototype filter. 


6-30(b), where a unit element of Z) = 1 is added at each end of the 
prototype. 

The end sections can be changed by means of the Kuroda identity 
shown in Fig. 6-31. 


Fig. 6-31. Kuroda’s identity, replacing series L with shunt C. 
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Applying this identity to the end sections results in an S-plane 
prototype as shown in Fig. 6-32. 


1 ohm 1 ohm 


Fig. 6-32. Modified S-plane prototype after the application of Kuroda’s 
identity. 


This can be realized in transmission line with open-circuited stubs 
separated by \o/4 lengths of transmission line, as shown in Fig. 6-33. 


{ ohm =2 pu. ohms /2Z=2 Pp.u. ohms { ohm 


ors pu.mhos ‘fo=2 p.u. mhos Yor p.u. mhos 


Fig. 6-33. Transmission-line circuit. 


All line lengths are one quarter-wavelength long at fo. Notice that the 
series-connected stub has been eliminated. This filter design could be 
easily realized in coaxial line, balanced strip line, microstrip, or twin-lead 
transmission line. 

Many filters designed for use at microwave frequencies are constructed 
using sections of coupled-strip transmission line. The basic elements for 
such filters are shown in the equivalences of Fig. 6-34.* 

The first equivalence is used in the realization of a low-pass filter, 
while the other two are frequently used in realizing band-pass filters using 
coupled lines. Sketches depicting typical filters, their S-plane equivalence, 
and frequency-domain response are shown in Fig. 6-35. 

The behavior of these S-plane circuits is readily deduced when one 
realizes that an S-plane inductor represents a parallel-resonant circuit at 
the frequency where the coupling region is \/4 in length, while an S-plane 


4See E. M. T. Jones and J. T. Bolljahn, “Coupled-Strip-Transmission Line Filters and 
Directional Couplers,” JRE Transactions on Microwave Theory and Techniques, vol. 19, pp. 
75-81, April 1956. 
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Fig. 6-34. Coupled transmission lines and their S-plane equivalences. 
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Fig. 6-35. Coupled-transmission-line relationships. 
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capacitor represents a series-resonant circuit under those conditions. A 
more detailed treatment of the application of the Richards transformation 
to filter design at microwave frequencies is presented by Wenzel.° 


5 R. J. Wenzel, “Exact Design of TEM Microwave Networks Using Quarter-Wave Lines,” 
IEEE Transactions on Microwave Theory and Techniques, vol. MTT-12, pp. 88-111, January 
1964. 


PROBLEMS 


6-1. Compute the length of 300-ohm twin lead required to form a series-resonant 
circuit at 60 MHz. Assume that the velocity of propagation on such a line is 
0.82 times the velocity of light and that the stub is to be open-circuited because 
dc current as well as the high-frequency signal is to be passed down the same 
line. The series-resonant circuit is to be paralleled with the signal transmission 
line to eliminate an undesired 60-MHz signal. 


6-2. Suppose the desired signal in Problem 6-1 is at 70 MHz. Explain how another 
stub can be used so that the system will be correctly matched for the desired 
signal if it was correctly matched before the addition of the stub to eliminate 
the undesired signal at 60 MHz. Consider only the addition of another open 
stub in parallel with the signal line. 


6-3. Show how two antennas, one for 60 MHz and the other for 70 MHz, can be 
coupled to a common transmission line of 300 ohms by means of tuned lines so 
that each antenna works into the required load of 300 ohms at the respective 
frequencies. Explain how the system can be extended to a multiplicity of 
antennas, with each operating at a different frequency. Hint: Consider the 
basic form shown in the accompanying illustration. Also, see Problem 6-4. 


70 MHz 60 MHz 
Antenna Antenna 


aa ae 
60 MHz 7O MHz 


All Lines Are 300 ohms 


Prob. 6-3. 


6-5. 


6-7. 


6-9. 


6-10. 


THE TRANSMISSION LINE AS A CIRCUIT ELEMENT 175 


Show that the input impedance of a quarter-wavelength shorted stub is infinite 
even though the impedance is measured across the line at any point between 
the open and shorted ends but exclusive of the shorted end. Repeat for a three- 
quarter wavelength shorted stub. 


Suppose that in the construction of a parallel-tuned circuit from a quarter 
wavelength of transmission line the line is deliberately made only 0.120A at 
the desired center frequency of 100 MHz. If the characteristic impedance of 
the line is 300 ohms, determine the type and size of reactance (in picofarads 
for a capacitor and in microhenries for an inductor) needed to tune the line to 
parallel resonance. 

Find the type and size of the reactance necessary to tune the system of Problem 
6-5 if it is connected at the shorted end of the line (in series with the short). If 
two solutions are possible, give both of them. 


A coaxial transmission line used at 200 MHz might have an attenuation of 
1 dB/100 ft. Assume the line to be insulated with polyethylene, with e, = 2.26. 
Find the Q of 0.25 m of this line used as a quarter-wavelength resonant circuit. 


Show that the Q of a three-quarter wavelength circuit resonant at 200 MHz, 
using the same line as in Problem 6-7, will also have exactly the same Q. 
Explain this result qualitatively. 

Suppose that ten sections of the tee network shown in the accompanying 
illustration are cascaded and terminated in characteristic resistance. Determine 
the time delay of such a lumped-constant delay line and express the result in 
microseconds. 


[I~ 
|~ 


£=1000uH 
C=1000 pF 


Prob. 6-9. 


The frequency response of one section of such a network terminated in its 
characteristic resistance is known to be given approximately by the expression 


1 
[1 — w*(LC/2)] + jwV LC 
The angular cutoff frequency of the low-pass tee circuit used as a delay circuit 
in Problem 6-9 is known to be given by 


aren 
0 VIC 
Show that the time delay per section of the network may then be expressed as 
2/w or 1/mfo seconds. The cutoff frequency of the tee network of Problem 6-9 
is 1/m MHz, which equals 318,000 Hz, and hence the delay per section is 1 ys, 
as predicted before. 


GQGw) = 


— 
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6-11. 


6-12. 


6-13. 


6-14. 


6-15. 


6-16. 


6-17. 


6-18. 


6-19. 


6-20. 
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Check by conventional circuit theory to see that the pad given in Fig. 6-20 
has a characteristic impedance of 50 ohms and produces a loss in a matched 
system of 20 dB. 
Determine the values of a pi section for a 300-ohm system required to produce 
a loss of 10 dB in a matched circuit. 
Given a 60-hertz power line with constants of Z = 0.260 + 70.920 ohm/mile 
and Y =0+75 X 10 mho/mile. These values correspond to a 250,000- 
circular-mil power line with a spacing of 35 ft. Find Zp and y. Determine the 
tee section for a 300-mile length. Find the velocity of propagation, as a per- 
centage of that of light. Determine the load voltage at the end of the 300-mile 
section if the input voltage is 100 kV and the input power flow equals 50 + 
j50-MVA. Also determine the load power and thus the line loss. 
Explain how you would construct a circuit that would produce an output 
when the input pulses were 1 ps wide but would not produce an output for 
pulses 2 us wide. 
By general network theory the characteristic impedance of a network is related 
to the open- and short-circuit input impedances by the formula 

Z3 = Zi(0C)Zi(SC) 
Check the tee and pi equivalent circuits to see that the characteristic impedance 
is Ro. 
Find the tee and pi equivalent circuits for a half-wavelength of transmission 
line. Draw a transformer equivalent of the tee network. 
Find the tee and pi equivalent circuits for a full wavelength of transmission 
line. 
Determine the Bd for which the approximation of Eq. (6-25) is in error by 
10 per cent. 
Prove either of Kuroda’s identities shown in Fig. 6-28. Hint: Determine the 
ABCD matrix representations of the equivalences. 
Redesign the filter of Fig. 6-33 so that the band edge occurs at f = 0.25fo 
instead of at f = 0.5/0. 
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The Field Equations 


7-1. INTRODUCTION 


The problem of transmitting energy from one point to another by 
means of a pair of wires was discussed in some detail in the preceding 
chapters. This is an important problem in its own right but is by no 
means the complete story with regard to energy transmission. As men- 
tioned in Chapter 1, there are many other ways of propagating energy. 
The purpose of the subsequent chapters is to discuss some of these other 
modes of energy transmission. A thorough understanding of transmission- 
line phenomena is essential before proceeding, however, because many of 
the basic concepts such as reflection coefficient, characteristic impedance, 
and propagation constant carry over directly to the more sophisticated 
forms of energy transmission. 

As a starting point for generalization, let us look at the classical 
transmission-line problem from a field rather than a circuit viewpoint. 
From elementary field theory it is known that there will be electric and 
magnetic fields associated with the line voltage and current, as shown in 
Fig. 7-1. Just as the voltage and current appear to travel down the line 
in the direction of propagation, so do the associated fields, much as a 
shadow travels along with its object. Furthermore, since it is strictly a 
matter of viewpoint, we may think of the fields as inducing the currents 
in the wires, rather than vice versa. Thus, from this viewpoint, we see 
electric and magnetic fields which appear to travel together at the same 
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Direction of 
Propagation gt 


— — — Magnetic Lines 
Electric Lines 


Fig. 7-1. Traveling waves on open-wire transmission line. 


velocity in space, with the wires merely serving to “guide” the wave in a 
particular direction. 

We may go one step further now and consider the energy as residing in 
the field and energy propagation as taking place in space surrounding the 
conductors rather than within the wires themselves. Again this is just a 
matter of viewpoint, but the field viewpoint is enlightening in that other 
possible modes of energy transmission are immediately suggested. For 
example, if an electromagnetic wave can be guided in a particular direc- 
tion with a pair of wires, can this be done with a single wire? Or with 
parallel planes? Or with a hollow pipe? T he answer to these questions is an 
emphatic “yes.” Waves can be guided by most any sort of metallic 
structure and even by dielectric boundaries under certain conditions. 
The field configurations involved differ for different conductor geometries, 
but all are electromagnetic waves nevertheless. 

This short introduction has been qualitative so far, and as such it 
cannot be satisfying to the engineer, who must have a quantitative 
picture as well as a qualitative one. 

The quantitative answers to these questions must come from field 
theory, since they are conceptually outside the realm of circuit theory. 
The remainder of this chapter will therefore be devoted to the basic 
principles of electromagnetic field theory. Subsequent chapters will deal 
with some of the simpler and more important modes of wave propagation. 


7-2. MAXWELL’S EQUATIONS 


The fundamental differential equations relating time-varying electric 
and magnetic fields are known as Maxwell’s equations. They are appro- 
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priately named for the British physicist James Clerk Maxwell (1831-79), 
who was to a large extent responsible for the mathematical formulation of 
electromagnetic field theory as it is known today. Strictly speaking, these 
equations are postulates and cannot be derived from any laws that are 
more basic. However, one can show that Maxwell’s equations are simply 
extensions of Faraday’s and Ampere’s laws, and while this tie to more 
elementary concepts is not rigorous in the strict sense of the word, it is 
helpful in gaining an understanding of Maxwell’s equations. 

Maxwell’s First Equation. Maxwell’s first equation evolves from a gen- 
eralization of Faraday’s law—from the realm of circuit theory to field 
theory. Faraday’s law states that the voltage induced in a circuit is equal 
to the time rate of change of the magnetic flux linkage in the circuit; or 
put mathematically, 


d 
2 (7-1) 


ée= 
where ¢ is the magnetic flux linking the circuit. When this concept is 
extended to a three-dimensional space situation, the resultant equation is 


d 
fs-a=-2 [fads (7-2) 


where C is an arbitrary closed curve in space and SS is any surface bounded 
by C. The term on the left is simply a mathematical way of expressing the 
“total voltage’’ around curve C, and the one on the right is the time 
derivative of the flux enclosed by C. It is at this point that the “deriva- 
tion” of Maxwell’s first equation from Faraday’s law is not rigorous, since 
it must be assumed that this generalization is valid. Of course, this leads 
to results that may be verified experimentally, and since this is the 
ultimate goal of any theory, it may be assumed that the generalization is 
valid. It should be noted that Faraday’s law, as applied to circuits, is a 
special case of Eq. (7-2), where the path of integration C is restricted 
along a closed conducting path of the circuit. 

The connection between circuit and field theories is often confusing to 


the beginning student. An example of this point will help clarify the 
situation. 


Example 7-1 


Consider the circuit shown in the accompanying figure to be laid out physically 
in a plane with dimensions as shown. Then consider the circuit subjected to a uniform 


hentia 
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Example 7-1. 


magnetic field directed out of the paper and varying linearly with time according to 
@ = t weber/m? 

The wires connecting the various elements will be assumed to be perfect conductors 

and the elements to be of negligible size physically. The voltmeter, labeled V in the 

diagram, is also of negligible size and has relatively high internal resistance. Three 

questions will be posed in connection with this circuit: (1) What are the currents? 

(2) What does the voltmeter read? (3) What is the voltage from a to 6? 

The answers to questions 1 and 2 may be found by applying Faraday’s law (Eq. 
7-2) to the closed loops labeled 1 and 2 and following rectangular paths within the 
conductors. Since the current in the voltmeter branch is negligible, the currents in 
the resistors will be the same. They will be denoted by J and will be positive in the 
direction of integration. Then, remembering that & is zero within a perfect conductor 


and that if & - dl through an element is simply the voltage drop across the element, 


the following equations result: 


d 
et V1) 


d 
2I+V—-2= —q 
Solving these equations for V and J yields 


V=1Vv 
1 

| ip), ald 
= 


Now one might immediately jump to the conclusion that the answer to (3) is 1 V, 
since the voltmeter reads 1 V. However, in checking, it will be noticed that summing 
voltages around the 1-V battery branch gives zero for an answer; doing likewise for 
the 2-V battery branch yields 3 V. Which is correct? The answer is that all three are 
correct, in a sense, because the line integral of € - dl is dependent on the path of 
integration in time-varying magnetic field situations. Thus the term “voltage 
between two points” is ambiguous and has no meaning unless the path is specified, 
or at least implied. It may seem that this is in direct contradiction with ac circuit 
theory, where we speak of the voltage across an inductance with no qualms what- 
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soever. In this case, though, the path of integration is implied to be in the dielectric 
medium between the two terminals, rather than within the conductor, as this would 
lead to zero for the voltage between the two terminals. Basically it is just a matter 
of viewpoint as to whether the voltage-inducing effect of the magnetic field is taken 
into account on the left side of the equation as a voltage drop or on the right side as 
a driving function. Both viewpoints give the correct answer when properly applied. 


Equation (7-2) is an integral equation relating & and ®, and while it is 
correct enough, it is often more convenient to have this relation in the 
form of a differential equation instead of an integral equation. It may be 
converted to differential form by moving the time-derivative sign inside 
the integral sign and then converting the integral on the left to a surface 
integral by means of Stokes’ theorem. This leads to the equation 


[[vxe-aa= ff [-]- aa (7-3) 


It can be argued now that if this is to be true for all S, it must be true 
for an arbitrarily oriented, infinitesimal surface element. This can be true 
only if 


Vxé= -— (7-4) 


This is known as Maxwell’s first equation. It relates the space rate of 
change of the electric field to the time rate of change of the magnetic flux 
density. It is a vector equation, and thus three scalar equations may be 
obtained from it by equating the respective components on both sides of 
the equation. Writing both sides in terms of rectangular components and 
equating the respective x, y, and z components lead to’ 


Oe, Ges ee 


oy Oz ot 

dSey 40cm nO Gy - 
Ey) ee) a 
d8y 08, _ _ 9s 

dx «(OytéOE 


At this point one can see the beauty of vector notation. It enables one 
to write three scalar equations, Eqs. (7-5), in the form of one concise 
vector equation. 

Maxwell’s Second Equation. Maxwell’s second equation evolves from 
Ampere’s law, just as the first equation evolved from Faraday’s law. 

1 Maxwell’s first equation in the form of Eqs. (7-5) may also be obtained by direct applica- 


tion of Eq. (7-2) to differential rectangles in each of the xy, yz, and 2x planes. See Problem 
7-1 at the end of this chapter. 
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Ampere’s law states that the scalar magnetic potential around a closed 
curve C is equal to the current enclosed; or, mathematically, 


fxe-di= ffi g- da (7-6) 


where g indicates current density. Now, when this basic law of statics is - 
extended to the time-varying situation, the concept of current must be 
modified to include displacement current as well as conduction current. 
Visualization of displacement current is somewhat elusive, as witnessed 
by the fact that this concept eluded investigators prior to Maxwell. A 
crude way of looking at it is this: A changing electric field produces a 
magnetic field in the same sort of way as does a flow of electric charges. 
Thus a time-varying electric flux constitutes displacement current. This 
is illustrated in Fig. 7-2, which shows the flow of both conduction and 


af Displacement Current 


— 
Conduction Current Conduction Current 
-P- 


Fig. 7-2. Displacement current in parallel-plate capacitor. 


displacement currents in a parallel-plate capacitor. The dimensions of the 
conducting regions are purposely exaggerated in order to show the 
conduction-current flow lines within the conductors. Solid lines indicate 
conduction current, and dotted lines indicate displacement current. 
There is a one-to-one correspondence between them because the charge 
must equal the electric flux in the rationalized MKS system of units. 
The concept of displacement current is an important one, and the 
student should make every effort to understand its significance. Prior to 
Maxwell’s work, electric and magnetic theory consisted of detached 
theories of electrostatics, magnetostatics, magnetic induction, and 
electrokinetics, all of which were only loosely connected at best. The 
missing link in all this theory was displacement current, and Maxwell 
provided this along with the unified electromagnetic theory we know 
today. The theory as presented here differs in notation from Maxwell’s 
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and has been stripped of some of its less essential features, as far as 
electromagnetic waves are concerned, but it is nevertheless Maxwell’s 
theory. 

Maxwell deduced that current must be continuous, in the same sense 
that magnetic flux is continuous, if electromagnetic theory is to be 
consistent. Thus he postulated in his theory that true current was the sum 
of conduction and displacement currents. This, then, gave meaning to 
what is now known as Ampere’s law when applied in a time-varying 
situation. After all, in a circuit containing capacitance, what meaning 
could one give to “current enclosed” if current were not continuous? It 
would depend on the particular surface area chosen to be bounded by the 
curve along which & - dl is to be integrated. Where one area could be 
chosen to go between the capacitor plates, another could be so chosen as 
to be pierced by the current—thus an irreconcilable inconsistency. 

Returning now to Eq. (7-6), g must include both conduction and 
displacement-current densities. Stated mathematically, 


Spal a OA? tite (7-7) 


The first term of this equation represents conduction-current density. 
The second term represents displacement-current density. This can be 
seen to be consistent with the picture of displacement current given in 
Fig. 7—2, if it is remembered that electric flux density is €& in a simple 
dielectric. 


Example 7-2 


The correctness of the displacement-current-density term ¢(0&/0t) can be easily 
checked for the case of a parallel-plate capacitor. Consider such a capacitor with 
area A and a separation distance d. The capacitance is then 


C=. 


If an ac voltage of the form V;, cos wt is applied to the capacitor, the input current 
will be 

wVmeA 
i td 


The total displacement current in the region between the two plates can be computed 
as 


Sinput = —wCV, sin wt = sin wt 


0& 
Idisplacement = (« *) x (area) 


T Sy 0 (Vm cos “*) : _oVmeA inten 


Ot d 
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Thus it can be seen that when one considers both conduction and displacement 
current as making up the total current picture, the current lines are continuous in 
a simple capacitive circuit. 


When Eq. (7-7) is substituted into Eq. (7-6), Ampere’s law becomes 


hae ar- [| (a+ 5p) 48 (7-8) 


Note the similarity between this and Faraday’s law. Again we have a line 
integral on the left side and a surface integral on the right side; and as 
before this integral equation may be converted to differential form by 
applying Stokes’ theorem. The result is 

0D 


VXK= J+ a (7-9) 
which is known as Maxwell’s second equation. Since it is a vector equa- 
tion, three scalar equations relating the rectangular components may be 
derived from it. They are 


axe, dy, , ADs 
By 1 Wake da mil 
aC, 05, , | AD, 
ee ey (7-10) 
B5Cy _ a5; aD, 


Ox oy = 5 “Ot 
Again note the beauty and conciseness of the vector notation. 
Continuity Equations. In addition to Maxwell’s first and second 
equations, which relate space and time rates of change of the electric and 
magnetic fields, two other equations relate to the continuity of the 
respective fields.2 The concept of continuous magnetic lines of flux from 
magnetostatics carries over to the time-varying case; L.e., 
Gh - da = 0 (7-11) 
This is merely a mathematical way of stating that magnetic lines of flux 
are continuous and always close on themselves. Or, the net magnetic flux 
leaving a closed volume is zero. Electric lines of flux, however, may or 
may not close on themselves, depending on the situation. It will be re- 
membered from static field theory that if charges are present, electric 
lines of flux originate with positive charges and terminate on negative 
ones. Thus the lines can be discontinuous if charges are present. In other 


2 Strictly speaking, the two continuity equations given in this article are redundant in 
that they can be derived from Maxwell’s first and second equations and the principle of 
conservation of charge. See J. A. Stratton, Electromagnetic Theory (New York: McGraw-Hill 
Book Co., Inc., 1941), p. 6. 
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words, the net electric flux emanating from a closed volume is equal to 
the positive charge enclosed. The formal mathematical statement of 


this is 
dha - da = fff od (7-12) 


where ® is electric flux density and p is the volume charge density. 

The differential forms of Eqs. (7-11) and (7-12) can be found by 
application of Gauss’ theorem to the surface integrals of Eqs. (7-11) 
and (7-12). The results are 


V-@=0 (7-13) 
and 


Thus, we arrive at a set of four equations which we can use as a basis 
for explaining electromagnetic phenomena. The dependent variables are 
the electric and magnetic field intensities and flux densities (8, D, 3C, 8). 
The sources or independent variables are impressed current density g’ and 
impressed charge density p*. Maxwell’s equations are enumerated below 
in differential form: 


08 
(a) NES Saal poor 
(b) Vxe= gt ots (7-15) 
(c) V:-6= 
(d) V:-D=pt+p?' 


Note that the impressed current density g* and the impressed charge 
density p‘ have been separated out from the g° and p of Eqs. (7-9) and 
(7-14). These source terms have been included in order to present a 
complete picture of Maxwell’s equations. We will not actually consider 
situations where impressed sources are present until Chapter 12. The 
number of dependent variables can be reduced by means of the consti- 
tutive parameters which relate the flux densities and the field intensities. 


7-3. THE CONSTITUTIVE EQUATIONS 


The constitutive equations characterize the media in which the electric 
and magnetic fields are established. For example, one can relate electric 
flux density D to the electric field intensity & by a constitutive equation: 


D= & (7-16) 
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In a similar manner we can write 


®@ = wH (7-17) 
and 
SJ = c& (7-18) 


The terms e, uw, and a are the constitutive parameters, called permittivity, 
permeability, and conductivity, respectively. The properties of the consti- 
tutive parameters are described by use of the following terms: 


1. Time dependent or time independent 
2. Linear or nonlinear 

3. Isotropic or anisotropic 

4. Homogeneous or inhomogeneous 


All material media are characterized by some combination of descriptive 
terms from this list. For example, simple loss-free dielectrics are charac- 
terized by a permittivity (€) which is time-independent, independent of 
electric field intensity, isotropic, and independent of space coordinates. 
The meanings of the descriptive terms are given below. 

Time Dependence. We seldom encounter a situation where a material 
parameter is varying with time at a rate high enough to warrant con- 
sidering the time dependence. However, one can visualize situations 
where such behavior could occur. In these cases, the product of two 
sinusoidal signals, for example, would produce new frequency compo- 
nents. 

Linearity. A medium is termed linear or nonlinear depending upon the 
applicability of the principle of superposition to the fields within the 
medium. For example, in an iron-core transformer, operating below 
the saturation region of the B-H curve, increasing the magnetic field 
intensity does not produce a proportionate increase in the magnetic flux 
density. Consequently, in this region, the principle of superposition does 
not apply, the medium is nonlinear, and the permeability is a function of 
the magnetic field intensity. 

Anisotropy. A medium is termed isotropic or anisotropic depending on 
whether or not the relationship between the flux density and the field 
intensity is dependent upon the orientation of the field in the medium. 
For example, the permeability of a ferrite medium subjected to a 2- 
directed magnetic bias field® has the general matrix form 


3 See Appendix G for details on the permeability tensor of a ferrite medium. 
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Mer Bay O 
B= bye by O 
0 0 Mo 
where Mz, zy, Myz, and fy, are scalars and po is the permeability of free 
space. If the applied magnetic field intensity is y-directed, that is, Happ = 
a,3C,, the magnetic flux density is related to the magnetic field intensity 
by the matrix equation 


Be Mer Mey 0 0 
By |=] Myz by 0 Hy 
RB, 0 0 Ho 0 


The magnetic flux density vector is 
B= ary + Ayby IH, 


However, if a z-directed magnetic field intensity vector were applied, one 
could easily show that 
B = aud, 


Thus, we see that the magnetic flux density bears a different relationship 
to the magnetic field intensity for a z-directed magnetic field than for a 
y-directed magnetic field. The ferrite medium is said to be anisotropic. 

Homogeneity. This term reflects the degree to which the spatial vari- 
ation of the flux density or current density differs from the spatial 
variation of the associated field intensity. For example, the permittivity 
of the earth’s atmosphere is a function of the pressure, temperature, and 
water vapor content of the atmosphere. One finds these quantities in 
varying amounts as one moves around in the atmosphere. As a result, the 
permittivity of the earth’s atmosphere is a function of the spatial coordi- 
nates and the medium is said to be inhomogeneous. 

Using the constitutive parameters, one can express Maxwell’s equa- 
tions in terms of the field intensities as shown below. 


(a) Vx 8 = —5 (ui) 

(b) VxXKR= 08 + © (é) + gi (7-19) 
(c) V- vse = 0 

(d) V:-&=pt+p 


7-4. BOUNDARY CONDITIONS 


Maxwell’s two equations and the two continuity equations constitute 
the basic equations which describe all electromagnetic wave phenomena. 
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Since the equations are in the form of differential equations rather than 
algebraic equations, boundary conditions must be applied if a specific 
solution for a given problem is to be obtained. The boundary conditions 
will be discussed in general at this point and more specifically later on 
when particular geometric situations are considered. 

Consider the electric field first. Two basic rules apply at the surface 
between two different materials: 


1. The tangential component of the electric field intensity € must be 
continuous at the boundary. 

2. The normal component of electric flux density D will be discontinuous 
at the boundary by an amount equal to the surface-charge density on 
the boundary. 


The first statement is justified by applying Faraday’s law to a differential 
rectangular loop as shown in Fig. 7-3(a), and the second statement is 
substantiated by applying Gauss’ law to the differential volume shown 


in Fig. 7-3(b). 
Boundary Between 
J e, and e, 


(a) Differential Loop (b) Differential Volume 


Fig. 7-3. Boundaries between two dielectric regions. 


If the boundary is formed by the surface of a perfect conductor 
(¢ >), the tangential electric field must be zero. This can be seen by 
considering the current density expression g° = o&. Since J’ must be finite 
even though o >, & must approach zero. This problem will be con- 
sidered in more detail in the next chapter, where we will find it useful to 
represent the current flow on the surface of a perfect conductor as a sheet 
of surface current which would represent an infinite current density. This 
is a useful model and will not mean that the tangential electric field is 
non-zero on a perfect conductor. 

Similar rules apply to the magnetic field except that the magnetic 
flux lines are never discontinuous in that isolated magnetic poles do not 
exist. The two rules are: 
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1. The tangential component of magnetic field intensity H is continuous at 
the boundary (providing the current density is finite at the boundary). 


2. The normal component of magnetic flux density @ is continuous at the 
boundary. 


These statements may be justified in a manner analogous to that used in 


the electric field case, using in this case Ampere’s law and J / @-: da= 0. 


7-5. ENERGY CONSIDERATIONS 


The same concept of energy storage used in static field theory carries 
over to the dynamic case. That is, the energy densities associated with 
the electric and magnetic fields, in simple media, respectively, are 


ite Nees se (7-20) 
toy = Fuse « 3 = 5 Se? (7-21) 


where & and % denote the magnitudes of the respective field intensities. 
Thus the total energy stored in a given volume V is given by 


We if / [Gee + use?) do (7-22) 


Since this chapter will be dealing with dynamic situations, it is of interest 
to derive a formula for the time rate of change of energy within a volume 
V. Differentiating both sides of Eq. (7-22) with respect to time (and 
noting that &(0&8/0#) is equivalent to & - (0&/0#) in vector notation) 


leads to 
a [fffe- (+= (Jeo 


The quantities within Uhl may be replaced with their equivalents 
V x HR — o& — gi and —V x & from Maxwell’s equations. The result is 


W [ff e-vxs-s-vxe— 8-8-9 8] (7-24) 


Taking advantage of the vector identity (see Appendix D), 
v-(AxB)=B-VxA—A-VXB 

and converting the volume integral to a surface integral by the divergence 

theorem leads to 
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The first two terms on the right-hand side of the equality sign can be 
identified as 


= i) \ if yd édv= instantaneous power supplied by the source J’ 


[[fpos- a 


It can be seen that the quantity & x # might be interpreted as power 
density, since integration of this quantity over the surface S gives the 
total power (rate of energy flow) flowing out of the closed surface. This 
concept is quite useful, and the quantity & x 3 will be denoted as ® and 
referred to as the Poynting vector; i.e., 
P=EXHR (7-26) 

Note that ® is a vector quantity and gives the direction of power density 
flow as well as its magnitude. 

Equation (7-26) is then interpreted as an instantaneous expression of 
conservation of energy, as can be seen if it is rewritten as 


: dw 
“fffia-eom | so |fce-ee fea 


time rate of energy time rate of energy time rate of energy time rate of energy 
supplied to the vol- = stored within the + dissipated within -+ flow out of the 
ume by the source volume the volume volume 


instantaneous power dissipated within the volume 


due to conduction currents 


A word of caution is in order at this point. Care must be used when 
applying this concept of power density to a surface which is not closed, 
since Eq. (7-27) is valid only for a closed surface. As an example of one 
of the paradoxes resulting from improper application of Poynting’s 
theorem, consider the situation shown in Fig. 7-4. A casual integration of 


Permanent Magnet 


Fig. 7-4. Permanent magnet and charged parallel-plate capacitor. 
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& X 5 over a rectangular area in the plane of the paper and between the 
two capacitor plates leads to the conclusion that there is continuous flow 
of power into the paper. This is an obvious falsehood and results because 
the surface area considered is not closed. 


7-6. MAXWELL’S EQUATIONS IN PHASOR FORM 


Since the fields considered in this text are characterized by a sinusoidal 
time dependence, it is most convenient to express Maxwell’s equations in 
phasor notation. This is easily accomplished by applying the phasor 
transformation discussed in Chapter 1 as it applies to time-dependent 
vectors. An example of this follows. Consider the electric field intensity 
vector 

& = a,|E,| cos (wt + 6.) + a,|F,| cos (wt + 6,) + a,|E,| cos (wt + 6,) 
where |£,|, |E,|, and |E,| are scalars which are functions of the spatial 
coordinates only. 

& = Re {a,|E,|e7 t+) ob a,|E, |e @t+%) -+ a,|E,|e? t+ &)} 
= Re {(a,|Ez|e% + a,| Eye + a,|E,|e) ei} 
= Re {(a,H, + a,E, + a,E,)e/**} 
= Re {Ee‘} 
Using this notation, the phasor E is a peak quantity. Applying this 
identity to Maxwell’s first equation results in 


V x Re {Ee*} = —ns Re {He*} 


or 
Re {(V x E)e#*} = —Re {uHjwe*} 


which reduces to 


VxE= —jopH (7-28) 
The rest of Maxwell’s equations are written in complex phasor form as 
VxH=cE+ joE+ Ji (7-29) 
V-»wH = 0 (7-30) 
NB oie 4 eli (7-31) 
The constitutive parameters become 
J‘ = cE (7-32) 
D=c€E (7-33) 


B = ».H (7-34) 
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In the case of lossy materials, the constitutive parameter becomes 
complex. For example, a lossy dielectric would be characterized as: € = 
e’ — je’. The boundary condition statements are unaffected for the fields 
in phasor form. 

Now consider the instantaneous Poynting vector P = & x &. It can 
be shown that the time-averaged power density is 


ae 
a pdt=1RefExH} =! Re P} (7-35) 
FG 2 2 


where 
P=Ex H* (7-36) 
is called the complex Poynting vector. 
Equation (1-12) is used in the proof of Eq. (7-35). A conservation 


of complex power expression can now be developed by integrating the 
complex Poynting vector over a closed surface: 


P-da= qbEx H*.- da= V-ExH*d 
PES Gy Whe 


The vector identity V- (Ax B) = B- Vx A— A: V x Bcan be used 
to write 


dbp -da= //f [H*.vxE-E-vxH*] d 


Substituting Maxwell’s equations results in 


~fff¥ Nee [ff,oB? a [ff cua ela GhP- ge 


complex power supplied power dissipated net reactive power stored in complex power 
by the source within the = within the + the volume + flow out of the 
volume volume volume 


7-7. THE COAXIAL TRANSMISSION LINE 


The coaxial transmission line can now be analyzed from the viewpoint 
of electromagnetic field theory as an example of the application of 
Maxwell’s equations. The coordinate system is shown in Fig. 7-5. The 
guiding structure is characterized by perfectly conducting surfaces at 
p= a and p= 0. We will apply Maxwell’s equations to the region 
between the conductors; that is, a < p < 0. In this region Maxwell’s 
equations become 


—V XE = jopH 
V XH = jweE 
v-uH=0 (7-38) 


V:-E=0 
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Fig. 7-5. Coaxial-transmission-line coordinate system. 


Expanding Maxwell’s first two equations in cylindrical coordinates 


(Appendix D) results in 


1 
pa 


(a) a 


(b) 


| @ 
| 


d |= —jou(a,H, + asHy + a,H,) 


(7-39) 


= jwe(a,H, + agEy + aE) 


H, 


The first problem is to look for a solution to these equations in the region 
a<p<_b. The static field solution is EF, = E, = H, = H, = 0. Sub- 
stituting these values into Maxwell’s equations results in four equations: 


(a) 


(d) 


From Eq. (7-40d), it is apparent that 


aoa = —jupls 
od _ (7-40) 
9+ = juck, 
= 5 He = 0 
He = <1, 9) (7-41) 
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Combining Eqs. (7-40a) and (7—40c) results in 


Oty ee sO Ky tee 
Os = jue = joe(—jonHl) 

or 

0°H 

He = — pH, (7-42) 
where 8? = w*ue. 

Equation (7-42) has the solution 
H, = Acie + Betibe (7-43) 


which represents waves traveling in the +2-direction and — z-direction. 
Substituting the p-dependence from Eq. (7-41) results in 
+e — 
Hae —e) ) ite 4 —ie (D) prise (7-44) 
Using Eq. (7-40c): 
jue p p 
Now, the ¢-dependence can be evaluated by means of Eq. (7-40b) : 


5s mal be= ae a($) _ 5 


ry joe p p dg 


The only general solution is for are = 0; therefore, g(@) = const. and 
+ p—7Bz — pt 7Bz 
+oe= (7-45) 


Now consider just the wave traveling in the +2-direction (assume that 
we are considering a transmission line of infinite length). At p = a, the 
integral form of Maxwell’s second equation states that 


fH - dl = current flowing on the center conductor 


Say that the current is J at z = 0; then 


+ 
by — aw f 
a 


or 


and 
Tiga 2 e- ibe (7-46) 
%  Ixp 
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The associated electric field is 


E, at AE ok —78z2 — (oe —7Bz (7-47) 


At this point one should substitute E, and H, back into the equations 
derived from Maxwell’s equations, Eqs. (7-40), to be certain that they 
are indeed solutions of Maxwell’s equations. One should also be sure that 
the boundary conditions are met. In this case, the boundary conditions 
require that there be no tangential electric field at p = a and p = b. It 
is easy to show that the solution developed here satisfies both Maxwell’s 
equations and the boundary conditions. This is all one needs to be assured 
that this is a realizable set of fields for this structure. 

The voltage between the inner and outer conductor is 


b 
v= fz-a= tiem | do fet ew in d/o 
¢ 27 a Pp e 2n (7-48) 


= pL, In b/a 
Now, consider Eq. (7-40a) again. Using the results of Eqs. (7-48) and 
(7-46), we can write (letting V and J now include e~’6) 
al 5 cea Rig tl 
pinbjadz Oe 


which, since L = / in b/a, reduces to 


27 
— Sarl (7-49) 
In a similar fashion, Eq. (7-40c) can be rewritten as 
pete ef 
dz 2rp ase pin b/a 
which, since C = Ee aee reduces to 
In b/a 
aa = jwCV (7-50) 


These are the familiar differential equations of transmission-line theory. 
It is interesting to note also that 


which says that LC = ye; this turns out to be true regardless of the 
nature of the transmission line, providing that there are no longitudinal 
components of £ or H. 
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Now consider the time-averaged power flow on the line: 


Qa by 
- | [ pRe@ xm «aa 
0 Se! 


1 2 b 
p= tRe | Lettie 
P= pre | [ lye Pe — erie dp do 
2 
p= [Hl in ayo 
e 4 


moh ae ness oe " 
Since L Se In b/a and C eae one can recall that 


Za Aone In b/a (7-53) 


Thus, the integral of the real part of the complex Poynting vector over 
the cross-section of the coaxial transmission line results in 
P = 3{I/*Zo 

which is the same expression that one would get by application of the 
transmission-line theory developed in the preceding chapters. This 
example merely emphasizes the statements made in the introduction to 
this chapter, where it was asserted that the only distinction between the 
circuit theory approach to this problem and the field theory approach is 
one of viewpoint. We will soon encounter situations where circuit theory 
simply will not be applicable because one cannot define a voltage in an 
unambiguous manner. In such cases, field theory is the only method by 
which the problem can be solved. 


(52) 


PROBLEMS 


7-1. Show that the first of Eqs. (7-5) may be derived by applying Faraday’s law 
directly to a differential rectangle in the yz-plane. It should be clear that the 
other two equations may be obtained by cyclic permutation of the subscripts. 


7-2. A square loop of side d is oriented in the xy-plane with its center at (%o, yo). The 
magnetic field in this region is given by 
KH, = KH, = 0 
3, = A sin By cos wt 
and the region has zero conductivity. (a) Find the electric field in the region. 


(b) Find the induced voltage in the loop, i.e., f & - dl. (c) Show that 6 must equal 


7-3 


7-4. 


7-5 
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wV ye if Maxwell’s equations are to be satisfied. (d) Write the expression for the 
instantaneous Poynting vector at the point (xo, yo). 

Consider a voltage U = |V| coswt applied to a simple parallel-plate capacitor 
with plates that are circular in shape. Let the radius of the plates be R and the 
separation d; it may be assumed that R>>d. Also assume the capacitor is fed 
symmetrically at the center points. (a) Find the total displacement current 
within the region between the two capacitor plates. (b) Write the expression for 
the magnetic field in the region between the plates as a function of the cylindrical 
coordinate p. It may be assumed that the wavelength is long with respect to the 
physical dimensions of the problem, and thus the charge distribution on the 
capacitor plates will be approximately uniform. 

Consider a thin sheet of surface current of infinitesimal thickness, having a 
density of J amperes per unit width. Show that the normal component of B is 
continuous at such a surface and that the tangential component of H is discon- 
tinuous by an amount J. (Hint: Apply Ampere’s law to a differential rectangular 
path which encloses and is normal to a portion of the surface current.) 


Half of the rectangular box shown by dotted lines in the accompanying figure 
lies between the capacitor plates; the other half lies outside the plates. A casual 
application of Poynting’s theorem would seem to indicate that there is continuous 
power flowing in one end of the box but none coming out the opposite end. Thus it 
would appear that there is a net flow of power into the box—and obvious false- 
hood. Give a rational explanation of why this is not so. 


Prob. 7-5. 


6 


Propagation 
of Plane Waves 


8-1. DESCRIPTION OF A UNIFORM PLANE WAVE 


The fundamental differential equations describing electromagnetic 
wave phenomena were established in the preceding chapter. These equa- 
tions are partial differential equations rather than ordinary ones, and 
thus one cannot write down a simple explicit solution which will apply to 
all possible situations. Therefore we must be content to examine a few 
special cases, and in particular we wish to look at those of immediate 
practical importance. The first of these special cases to be investigated in 
detail will be the uniform plane wave. 

The plane wave is probably the most common of all the different forms 
of wave propagation. Light waves and ordinary radio waves are examples 
of this phenomenon. As a matter of fact, electromagnetic waves from any 
source become essentially plane waves as the distance from the source 
becomes large. The simplest type of plane wave is called a uniform plane 
wave. It is characterized by uniformity in a plane normal to the direction 
of propagation and by electric and magnetic fields which are mutually 
perpendicular to each other and the direction of propagation. A non- 
uniform plane wave is similar except that the amplitude (and not phase) 
may vary within a plane normal to the direction of propagation. For the 
time being we shall focus our attention on the uniform plane wave and 
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defer discussion of the nonuniform one to later. In particular we shall be 
concerned with the propagation of a uniform plane wave in a lossless 
dielectric region. 

The simplest approach to a mathematical description of such a wave is 
to postulate its existence and then proceed to show that the resulting wave 
will satisfy Maxwell’s equations. With this in mind we arbitrarily let 


E).= £, =.0 A= H, = 0 
OE, _ OE, _  9Hy _ OH _ 4 (8-1) 
ax Oy dx Oy 


This assures uniformity (i.e., no variation) in the xy-plane and dictates 
an electric field in the x-direction only and a magnetic field in the y- 
direction only, as shown in Fig. 8-1. If the conditions of Eqs. (8-1) are 


x 


Direction of 
Propagation 


Ey 


A 


Fig. 8-1. Coordinate system for plane wave. 


substituted into Maxwell’s equations for nonconducting space (a = 0), 
the following equations result: 


dH . 
= —jouH, St = —jueEs (8-2) 


dz 


Note the similarity between these and the lossless transmission-line 
equations: 


dV OT pr he 
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In fact, they are identical in form. Thus all the theory built up around 
the lossless transmission line will carry over to the plane-wave problem 
by direct analogy. 

Before discussing this similarity in detail, the matter of boundary 
conditions must be investigated. Consider the analogous discontinuities 
shown in Fig. 8-2. In the transmission-line case, V and J must be con- 


4 
Ey 7 
Incident <%|We, Zo, V Zo, 
Plane Wave / | 
------ -> 
Hy 


Fig. 8-2. Analogous plane-wave and transmission-line discontinuities. 


tinuous at the discontinuity in characteristic impedance. In the plane- 
wave case, E, and H, must be continuous at the boundary because they 
are tangent to the boundary. Thus both differential equations and 
boundary conditions are analogous, and the analogy is now complete. 


8-2. SUMMARY OF PLANE-WAVE-TRANSMISSION-LINE 
ANALOGY 


A summary of the plane-wave-transmission-line analogy is given in 
Table 8-1. A few comments about this analogy are in order before pro- 
ceeding with an example. First note that the plane-wave coordinate 
system was chosen such that the direction of propagation is in the 
positive z-direction. This is, of course, arbitrary but is the custom in most 
present-day literature. The use of z as a distance coordinate was avoided 
in transmission lines because of possible confusion with impedance. This 
problem does not exist in wave theory, since “‘impedance”’ is denoted by 
the Greek letter 7. Note that the quantity in wave theory which is 
analogous to characteristic impedance is referred to as intrinsic imped- 
ance, and it is defined basically as the ratio of the incident E and H waves. 
It is called impedance simply because it has the dimensions of impedance; 
it is not the ratio of voltage to current. 


Art. 8-2 PROPAGATION OF PLANE WAVES 201 


TABLE 8-1 


Transmission—Line—Plane-Wave Analogy 


Transmission-Line Symbol or Plane-W ave Symbol or 
Quantity Equation Quantity Equation 
Voltage V Electric field intensity Ez 
Current I Magnetic field intensity Hy, 
Inductance per unit length L Permeability Be 
Capacitance per unit length Cc Permittivity f 
iis % L Riess 
Characteristic impedance Zo) = Cc Intrinsic impedance n= Ne 
€ 
Phase-shift constant B= wV/LC| Phase-shift constant B = wV pe 
1 1 
Velocity of propagation v= — Velocity of propagation v= — 
VLC Me 
Reflection coefficient (at 
Reflection coefficient peas boundary between ea 
(at load Z Kee ) ae K= ) 
z) UB Zi Ze ) ne + m 
\v+|2 Incident wave power |E,*|? 
Incident wave power Pt= density Pt = ——— 
2Zo 2n 
Example 8—1 


Consider a plane wave in air impinging normally on a relatively large, thick slab of 
polyethylene, as shown in Fig. 8-2. Let the peak value of the incident electric field 
intensity be 10 V/m. It is desired to find the transmitted and reflected power densities. 
First the intrinsic impedances for air and polyethylene are found to be 


Mo _ Ae KX 10-7 ea Lhe UE 107-7 
Nair = Ja- (1/36) X 107 x 10-9 = 377 ohms 


a arate the in acti 
Npolyethylene Eee ae nS ‘ome 


These intrinsic impedances correspond to the characteristic impedances Zo and Zo: in 
the transmission-line analogy shown in Fig. 8-2. The reflection coefficient at the 
boundary is then 

Npolyethylene —~ Nair _ 377/1.5 seal? ae 1 


‘Kim pay SAUER ad one 
“polyethylene + Yair 377/ 1.5 + 377 5 


The minus sign indicates 180-degree phase difference between incident and reflected 
waves at the boundary. The reflected wave then has a peak amplitude of 
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|E-| = |K\|E*| = (0.2)(10) = 2 V/m 


10)? 
Pincident = aaTh = 0.133 W/m? 


eee 
Prefiected = (2) (377) 


Ptransmitted = Pincident — Prefiected = 0.128 W/m? 


= 0.0053 W/m? 


8-3. PLANE WAVE PROPAGATION IN A LOSSY DIELECTRIC 


We shall now consider a plane wave propagating in a lossy dielectric 
region. Maxwell’s equations for a lossy region are 


V XE = —jouwH 
V xX H = jweE + cE 


It will be noticed that the second equation may be written in the form 


(8-3) 


VxXH=jo(e+Z)E (8-4) 
jw 


which tells us immediately what we must do to our lossless solution in 
order to generalize it to the lossy case. It is simply necessary to replace 
e by e+ (c/jw) in the lossless formulas, and the result will be the 
appropriate formulas for the lossy case. The quantity e+ (o/jw) is 
referred to as the complex permittivity. Similarly, when € + (¢/jw) is 
written in the form - 
tina(.-%) (8-5) 

jw Weg 
the quantity in parentheses is called the complex dielectric constant. Also, 
the ratio 

a/wen 6 
Ee 


=~ =9 (8-6) 
is the loss tangent, which will be denoted by @. It can be seen that this is 
the ratio of conduction to displacement current and thus is a measure of 
the quality of the dielectric. 

The preceding remarks are general and apply to any lossy region, 
providing wu is real, which is normally the case. We now wish to look at 
the slightly lossy case, and the loss tangent is the mathematical criterion 
for determining whether a material is “slightly” lossy or not. If this 
factor is much less than unity, then the displacement current is large with 
respect to the conduction current, and by definition we say the material 
is slightly lossy. Just how small this quantity must be is, of course, a 
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question of desired accuracy. Usually, 0.01 is small enough to give good 
results, the error being of the order of a fraction of a per cent. The 
expressions for intrinsic impedance and propagation constant may now 


be written as 
= pe SE ee B — 3 , 9 
Va 70) ae | (1 8 ) md 2 | eo 


Y= a+ 78 = jwV pe(1 — 70) (8-8) 
or 

a (wV pe) ( ”) = : Jt (8-9) 

BR (wpe) (1 +5 o) (8-10) 


A number of things are evident from these equations. To begin with, 
the addition of small losses affects the intrinsic impedance and phase-shift 
constant only in a second-order way. The magnitude of 7 is not changed 
appreciably, but its phase angle goes slightly positive. The phase-shift 
constant is increased slightly, and as a result, the velocity of propagation 
is reduced by a corresponding amount. For most calculations these small 
changes in 7 and 6 may be neglected, and only the change in @ need be 
taken into account. As could be expected, this is consistent with trans- 
mission-line theory. 

A word of caution is in order at this point. From Eq. (8-9) it may 
appear at first glance that the attenuation factor a@ for a given dielectric 
is independent of frequency. However, this is not the case, since most 
dielectrics become increasingly lossy with an increase in frequency. The 
precise cause of this is a complex matter, but experimentally it is a known 
fact which can be readily verified in the laboratory. From a macroscopic 
viewpoint it is usually accounted for by saying the conductivity is a 
function of frequency. Therefore one should be careful not to use a 
conductivity figure which was obtained by dc measurements for anything 
other than very low frequency situations. For high-frequency applications 
the loss tangent rather than the conductivity is usually given in tables of 
physical constants, and it is normally specified for a number of frequencies 
within the useful range of the dielectric material.1 For example, the loss 
tangent of polystyrene is approximately 0.7 X 10-* at 1 MHz, 1 x 10~4 
at 100 MHz, and 4.3 X 10~* at 10 GHz. Its relative dielectric constant 

1 Loss tangents for a few common dielectric materials are given in Appendix F. For a more 


elaborate table of loss tangents see A. R. von Hippel (ed.), Dielectric Materials and A pplica- 
tions (New York: John Wiley & Sons, Inc., 1954), pp. 291-425. 


= 2S Se : 
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is approximately 2.5 throughout this frequency range. It can be verified 
directly from Eq. (8-9) that the corresponding attenuation factors for 
these three frequencies are 0.46 X 107*, 0.66 X 1074, and 2.85 X 10 
Np/m, respectively. Thus, even for polystyrene (which is considered to 
be a high-quality dielectric), the attenuation constant is very much de- 
pendent on frequency. 


8-4. PLANE WAVE PROPAGATION IN A GOOD CONDUCTOR 


A slightly lossy or “good” dielectric has just been defined as one in 
which the displacement current is large with respect to the conduction 
current. A good conductor is defined to be just the reverse of this; Le., the 
conduction current term is large with respect to the displacement one, or 
in mathematical language, ¢/we >> 1. This is an important special case, 
since most of the commonly used conductors such as copper, brass, and 
aluminum fall into this category even at very high frequencies. For 
example, consider copper at 10 MHz: 


o = 58 X 10° mhos/m 
we = (2m)(107)(8.85 X 107!) = 55.5 X 10-5 mhos/m 


Thus, at 10 MHz it is a very good approximation to say that o > we for 
copper. It will be seen presently that this approximation is useful in that! 
it leads to considerable simplification of the pertinent equations. 

As mentioned in Art. 8-3, all we have to do to obtain the appropriate 
lossy formulas from the lossless ones is to replace € with € + (o/jw), and 
in the good-conductor case we shall neglect € with respect to o/jw. When 
this is done, the equations for yy and 7 become 


y = jo a) (<) - ue 5 |e a + ip (8-11) 


Wo 


2 


or 


a.= p= (Np/m, rad/m) (8-12) 


and 


_ fe 8 fom fo JOH 7 a50 4 
nets SN -E / 45° ohms (8-13) 


Notice that the propagation constant has both a real and imaginary part. 
Thus there is attenuation as well as phase shift as the wave proceeds 
through the conducting region. In order to get some feel for the magnitude 
of those quantities, consider again the example of copper at 10 MHz: 
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__ |[G2e X 10)(4n X 107) E 
Lor 58 X 10° = 0.00117 / 45° ohms 


7 —7 6 
rae Rc X 10") (4m X 107) (58 X 109) _ 47 909 Np/m 


Z 
6B = 47,800 rad/m 


It can be seen that metals are characterized by very low intrinsic imped- 
ance and very high attenuation. 

The following example will illustrate the usefulness of the transmission- 
line analogy in handling plane wave problems involving losses. 


Example 8-2 


Consider a plane wave in air impinging normally on a large, thick sheet of copper. 
The frequency is 10 MHz and the rms value of the electric field intensity is 1 V/m. 
Find (a) the rms value of the electric field intensity at the surface of the copper, 
(b) the distance from the surface (within the copper) at which the field is only 1 per 
cent of its value at the surface, and (c) the fraction of the incident power which is 
absorbed by the copper. 


Give ditieky) wilds Phe carat ow ts ap nat do 


Lossy line 
Lossless line 2Z= 0.00117 245° ohms 
Zo= 377 ohms a = 47,800 Np/m 


Fig. 8-3. Transmission-line analogy for wave impinging on copper at | O MHz. 


The transmission-line analogy for this problem is shown in Fig. 8-3. The reflection 
coefficient at the boundary may be computed from transmission-line theory as 
_— 2Cu — Mair 
Cu 1 Nair 
Since you is small, this is approximately —1. However, we dare not say it is exactly 
—1 or we shall lose the very thing we are looking for. This is the problem. The expres- 
sion for the total electric field intensity at the discontinuity is 
— Nair 2nCu 
(RAT x =E(1 Tou st) = pt 
( sl ) v NCu + Nair NCu + Nair 
or, to a high degree of approximation, 
2 X 0.00117 
mah) ( 377 


In order to find the distance within the copper required for the wave to be attenu- 
ated by a factor of 100, we need only look at the attenuation factor in the lossy line 


|E| = 6.2 X 10-8 V/m 


Et 2nCu 
Nair 
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part of the analogy. Since @ is 47,800 Np/m, we must find a distance d such that 


1 
—47,800d — _—_ 
f 100 
or 
d = 0.098 mm 


It can be seen that the penetration of the wave into the copper is quite small even at 
this modest frequency. It is essentially dissipated in just a fraction of a millimeter. 
The power absorbed by the copper can also be found readily from the analogy. If 
we think of the total voltage at the boundary as the driving voltage on the lossy 
portion of the line, the input power would be (assuming the line is relatively “long” 

so there will be no reflected wave) 
|E 


2 
[Reig = IE cos Te = 
Incu| 


(6.2, x 107%)? 


= —9 2 
0.00117 (0.707) = 23.2 X 10°? W/m 


The incident power density is 


(1)? _ 


Pincident = 377 2.65 X 10°? W/m? 


and therefore 


—Peu_ _ 9.75 x 40-8 


P. incident 


or only about 0.001 per cent of the incident power is absorbed by the copper. 


8-5. WAVE PROPAGATION IN POOR CONDUCTORS 


There are some conducting materials having low conductivity which 
normally cannot be considered as either good conductors or good die- 
lectrics. Seawater is an example. It has a conductivity of 4 mhos/m and 
a relative dielectric constant of 81. At relatively low frequencies the 
conduction current will be greater than the displacement current, whereas 
at reasonably high frequencies just the reverse will be true. About all that 
can be said for such problems is that the transmission-line analogy is 
valid in any event, but one may not be able to make simplifying assump- 
tions. In general, one can always write the general equations for 7 and y 
as 


t= ero - Vt aoe 
Y = jw le (< +2) = Vieu(o + joe) (8-15) 


and then resort to lossy transmission-line theory to work the problem. 
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8—6. SKIN EFFECT, DEPTH OF PENETRATION, 
SURFACE RESISTANCE 


It was shown in Art. 8-4 that a wave is attenuated very rapidly within 
a good conductor. The distance required for the wave to reach a value of 


Current 
Flow 


_ 
fy eae irene a 


Fig. 8-4. Surface resistance. 


1/e of that at the surface is called the depth of penetration and will be 
denoted by 6. It can be easily verified that 


a wo 


Also, as the current density within the conductor is equal to cE, it must 
taper off exponentially at the same rate as E. The concept of depth of 
penetration is very useful, as one can think of the current as being 
uniformly distributed within the conductor down to a depth 6 and zero 
from there on, and this will lead to the correct result for total power loss 
within the conductor. Proof of this is a straightforward problem of 
integral calculus and is left as an exercise (Problem 8-5). One word of 
caution, though—one must remember in summing differential currents 
within the conductor that they will differ in phase because there is phase 
shift as well as attenuation within the conductor. 

The resistance of the layer of conducting material through which the 
equivalent uniform current is flowing is known as the surface resistance 
and is useful in determining the power dissipated in the conductor. The 
surface resistance R, is defined as the resistance of a square of the conduct- 
ing material of thickness 6, as shown in Fig. 8-4. It is, of course, dependent 
on frequency as 6 varies with frequency. It is not dependent on the 
dimensions of the square, though, as can be seen when the expression for 
R, is written out explicitly as 


wh ea LRA LNG eo . 
i ay — @ N22 Cao 
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The dimension for R, is ohms, but it is common to say ohms per square 
rather than just ohms, thus indicating that this is the resistance of a 
square of material of thickness 6. The power dissipated per unit area is 
now given by the equation 


P (per unit area) = 3/|J,|?R; (8-18) 


where J, indicates the peak surface current per unit width and R, is the 
surface resistance.” 

The problem just considered, that of a plane wave impinging normally 
on a flat metallic surface, is not quite the same as that encountered in 
guided wave problems because the conducting surfaces may be curved. 
However, the two are similar and the depth-of-penetration formula, Eq. 
(8-16), may be used with reasonable accuracy as long as 6 is small with 
respect to the radius of curvature of the surface being considered. Also, 
it should be pointed out that whether one considers this “crowding of the 
current toward the surface’ as depth of penetration or skin effect is just 
a question of viewpoint. That is, from one viewpoint we think of the 
current inducing the field, and from the other, the field inducing the 
current. Actually we have no right to associate cause and effect with 
either field or current; we can only say that the two must be associated in 
such a way as to be compatible with Maxwell’s equations. 


Example 8-3 


As an example of just how small the depth of penetration actually is for a good con- 
ductor, consider its value for copper at 1, 100, and 10,000 MHz. From Eq. (8-16) 


2 
~ NV (2m X 108)(4r X 10-7)(58 X 108) 


6 (at 100 MHz) = 0.0066 mm 
6 (at 10 GHz) = 0.00066 mm 


6 (at 1 MHz) = 0.066 mm 


It can be seen from these calculations that the depth of penetration is indeed a very 
small distance. In microwave work it is a common practice to silver-plate the inner 
surfaces of waveguides in order to reduce the losses. It can be seen that the thickness 
of the plating need be only a few ten-thousandths of an inch to achieve effective 
reduction of the losses. 


* Actually the value of J, is the total current per unit width to an infinite depth in the 
conductor, but it is commonly called surface current because most of it flows within a small 
region near the surface. One should always keep in the back of his mind, though, that the 
current is actually distributed exponentially within the conductor. 


Art. 8-7 PROPAGATION OF PLANE WAVES 209 


8-7. NORMAL INCIDENCE ON A PERFECT CONDUCTOR 


When a plane wave impinges normally on a perfectly conducting 
surface, complete reflection takes place. This can be justified easily in 
terms of the transmission-line analogy, since a perfectly conducting 
surface is analogous to a perfect short on a transmission line. In the 
respective cases the voltage or voltage gradient is constrained to be zero 
at the boundary. Thus 100 per cent reflection with 180-degree phase 
reversal must take place at the boundary. 

We shall digress for a moment and look at an example of wave reflec- 
tion which illustrates the usefulness of attacking a problem from two 
different viewpoints. When making measurements in an open-wire 
transmission system, there is often occasion to place a perfect (or as near 
perfect as possible) short on the end of the line connecting to the load. If 
one conductor is merely connected to the other by means of a single wire, 
as shown in Fig. 8-5(a), the ‘‘short”’ may be far from perfect, since this 


LZ HL 


(a) Single- Wire Short (b) Reflecting - Plane Short 


Fig. 8—5. Shorts for open-wire transmission line. 


segment of wire looks like an inductive reactance. This is particularly true 
at relatively high frequencies where the length of the shorting segment is 
appreciable with respect to the wavelength. The solution to this problem 
is obvious when viewed in terms of field theory. The wave propagation 
that takes place in an open-wire transmission system is actually a plane- 
wave phenomenon,’ and thus a noninductive short may be obtained by 
terminating the line with a conducting plane surface, as shown in Fig. 


8-5(b). 


’ A rigorous justification of this is given in Chapter 9. 
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An interesting way to look at the effect of a normally incident uniform 
plane wave incident on a perfectly conducting plane surface is to visualize 
the surface as being sliced into an array of thin strips electrically insulated 
from one another. If the incident wave is such that the electric field is 
parallel to the long axis of the strips, currents will flow in the strips just 
as though the surface were an infinite perfectly conducting plane. If the 
incident electric field is at right angles to the long axis of the strips, 
current cannot flow because of the insulation between the strips. This 
surface is an excellent example of an anisotropic material; the current 
density depends on the orientation of the electric field. 


The question of the effect of such a surface on the incident plane wave 
leads to some insights which will prove useful in later chapters. We began 
by stating that one could cut a perfectly conducting surface into an array 
of strips without affecting the fields as long as the cuts were parallel to the 
electric field, and the resultant current flow. We could separate the fields 
into the incident field and a field produced by the interaction of the inci- 
dent field with the strips. This field is said to be scattered by the strips and 
is termed the scattered field. Thus, we can consider the resultant fields to 
be the superposition of an incident uniform plane wave and a scattered 
field due to the currents in the strips. The boundary conditions are such 
that the net tangential electric field must be zero on the strips. We know 
how the fields should behave when the incident electric field is parallel to 
the long axis of the strip; all of the energy should be reflected with a 
reflection coefficient of —1. From a scattered-wave viewpoint we would 
say that scattered waves would propagate outward on both sides of the 
array of strips. On the incident side the scattered wave would be identical 
to the reflected wave from an infinite perfectly conducting plane. On the 
other side we would say that the incident wave is transmitted through 
the gaps, where it combines with the scattered field to produce zero net 
field; which is consistent with the absence of fields inside a perfectly 
conducting plane surface. 


For the case of an incident plane wave with its electric field vector at 
right angles to the long axis of the strips, currents will not be able to flow, 
a scattered field will not be generated, and the wave will be transmitted 
through the array of strips with little attenuation. 


This view of reflection from a perfectly conducting surface seems 
somewhat artificial at this point but will become a valuable concept in the 
understanding of radiation from wire antennas. 


\ 
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8-8. OBLIQUE INCIDENCE OF PLANE WAVES 


In all that has been said to this point regarding reflection of plane 
waves, normal incidence on the boundary was assumed. It was shown that 
this gives rise to a straightforward transmission-line analogy, and prob- 
lems of this nature (including those involving multiple layers of die- 
lectrics) can be solved readily by using this technique. We now wish to 
consider the case of oblique incidence at the boundary between two 
different dielectric materials. First of all, it can be seen from Fig. 8-6 that 
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Fig. 8-6. Plane wave impinging obliquely on dielectric boundary. 


the E and H fields of the impinging wave will not necessarily be tangent to 
the boundary. This immediately destroys the previous analogy, since the 
boundary conditions are no longer similar. In the oblique incidence case 
only the tangential components of E and H have to be continuous at the 
boundary, whereas in the normal incidence situation the tangential 
components and total values are one and the same thing. Also, in the 
normal incidence case the orientation of the E vector within a plane 
normal to the direction of propagation is not critical because it is tangent 
to boundary regardless of its direction within this plane. Thus there was 
no loss in generality by assuming E always in the x-direction for the 
normal incidence case. However, when a wave impinges obliquely on a 
plane boundary, the orientation of the E field is important and very much 
affects the solution of the problem. As a matter of terminology the 
direction of the E vector of a plane wave is known as the direction of 
polarization. Also, the simple type of plane wave considered thus far is 
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said to be linearly polarized because the E vector is always directed along 
the same line. More complicated forms of polarization will be considered 
in Art. 8-11. 

The general procedure for solving the problem of oblique incidence 
will be to resolve the incident wave into two component waves, one of 
which is polarized in the plane of incidence (which is defined by the 
direction of propagation and a line normal to the boundary) and the other 
normal to the plane of incidence. It should be evident from Fig. 8-6 that 
any linearly polarized wave can be considered as a superposition of these 
two types of waves, and thus the general problem is solved if we can solve 
these two special cases of polarization. The next step in the general 
solution is to exploit a wave analogy involving only the tangential 
components of E and H, since these are the components that must be 
continuous at the boundary. And finally, after the tangential components 
of the incident, reflected, and transmitted waves have been determined 
by the analogy, the total waves can be reconstructed from the geometry 
of the problem. We shall now consider the two special cases of polariza- 
tion. 


8-9. OBLIQUE INCIDENCE; E IN THE PLANE OF INCIDENCE 


Consider a linearly polarized plane wave impinging obliquely on a 
boundary between two dielectric materials, as shown in Fig. 8-7. The E 
field lies in the plane of incidence and the associated H field is normal to 
plane and directed outward for the direction of propagation shown. First 
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Fig. 8-7. Plane wave with electric field in plane of incidence. 
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we look for a valid analogy involving only the tangential components of 
E and H. From Fig. 8-7 it can be seen that these quantities vary si- 
nusoidally in the z-direction and that the wavelength, when referred to 
the z-axis, is greater than that seen in the direction of propagation by a 
factor of sec 6. This means that the velocity of wave propagation seen 
along the z-axis is also greater, by the same factor, than that along the 
axis of propagation. 

The fact that the apparent velocity along the z-axis is greater than 
the “free velocity” of the wave often troubles the beginning student, who 
asks, ‘How can anything move faster than the speed of light?’ The 
answer is that only the apparent motion of an arbitrarily defined mathe- 
matical quantity is being considered, and not the motion of particles. 
When approached from a particle viewpoint, the photons are moving with 
the speed of light in the direction of propagation of the incident wave. An 
analogy that is often cited is that of an ocean wave impinging obliquely 
on the beach. The point of the wave contact with the beach moves along 
the beach faster than the original wave motion in the water. 

The fact that the tangential components exhibit apparent wave 
properties in the z-direction immediately suggests a transmission-line 
analogy. That such an analogy exists can be justified formally by noting 
that, for 

H, = H, = FE, =0 
and no field variation in the y-direction, Maxwell’s equations (Eqs. 7-28 
and 7-29) reduce to 


OH, oii: - 
ear jue, (8-19) 
oH : 
Ox: = jJuek, (8 20) 

Gp ao Lae oF : 

ee ep eee ey 


Next, from the geometry of Fig. 8-6 and remembering that there is no 
field variation in a plane normal to the direction of propagation, 


les — —FH, tan 6 
F) F) (8-22) 
ae = tané a2 


where @ could be either 0; or 62, depending on the region being considered. 
If Eqs. 8-22 are now substituted into Eqs. (8-19) and (8-21), these 
equations reduce to 
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se = —(jwp cos? 6)H, 

oH. Sate 
ey 

a5 (jwe) Ex 


These equations are identical in form to those for the lossless transmission 
line, with E, being analogous to voltage and H, analogous to current. 
The analogy is now complete, since both the differential equations and 
boundary conditions are similar for the two situations. The expressions 
for characteristic impedance, propagation constant, and velocity of 
propagation may now be written as 


= 2 
ee se mein rey Vash (8-24) 
Jue 
y= V (jou cos? 6) ( jwe) =: jo ue cos 6 (8-25) 


v= 3 = Tn sec 0 (8-26) 
Note that these parameters are similar in form to those obtained in the 
normal incidence case except for a factor of cos 8. 

One more item must be discussed before looking at an example. It 
is necessary to know the direction of propagation of the reflected and 
transmitted waves if we are to be able to reconstruct the complete wave 
picture. The appropriate relationships can be found by observing the 
wave phenomenon which takes place in the x-direction at the boundary. 
If we are to match boundary conditions for all values of «, the phase-shift 
constants with respect to the x-direction of all three component waves 
(incident, reflected, and transmitted) must be the same. Otherwise a 
“shearing” effect would take place, and the continuity requirement could 
not possibly be met at all points along the boundary. If the phase-shift 
constants are the same for all three component waves, then so are the 
apparent velocities in the x-direction along the boundary. Since the 
transmission medium is the same for both incident and reflected waves, 
it is immediately obvious that the incident and reflected angles are equal. 
Also, equating appropriate apparent velocities in the two media gives 


1 1 1 1 
V bia sin 0; % V M2€2 sin 02 


or 


sinO; [zee 
sin®2 Name Cont# 
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This is Snell’s law of optics, which relates the incident and refracted 
angles. The fact that this law carries over to electromagnetic theory 
should not be surprising, since light waves are simply electromagnetic 
radiation with an extremely short wavelength. Also, it can be seen from 
Eq. (8-27) that the index of refraction of a dielectric material should be 
equal to the square root of its relative dielectric constant. A casual check 
in a table of physical constants will not always verify this for materials 
which are transparent to both radio frequency and visible light waves. 
However, one should remember that the relative dielectric constant usu- 
ally cited in tables is measured over a range of frequencies which are many 
orders of magnitude less than those involved in the visible light range. 
This accounts for the discrepancy, since the relative dielectric constant 
is not independent of frequency when extremely wide frequency ranges 
are considered. 


Example 8-4 


Consider a plane wave in air impinging obliquely on a large, thick slab of poly- 
ethylene. The polarization of the wave is in the plane of incidence, as shown in Fig. 
8-7. It is desired to determine the reflected and transmitted waves as a function of the 
angle of incidence, 6;. First construct the transmission-line analogy shown in the (a) 
portion of the accompanying figure. It can be seen now that the reflection coefficient 
will vary as shown in the (b) portion as the incident angle is varied from 0 to 90 de- 
grees. This figure will be recognized as a Smith chart with the impedance contours 


pt Crn wi Le ee 
£o2,=7,C08 & Zoz,= 72 COS 8 


- Sas eros 


@,=90° 


(a) (b) 
Example 8-4. 


suppressed. When the incident angle is zero, we have just the normal incidence case 
previously analyzed and K = —1/5. As 6, is increased, K moves to the right along 
the real axis and ends up at unity for 6, = 90 degrees. Note that there will be a value 
of 0, for which the reflection coefficient is zero. No reflection will occur for this value 
of 6, which is known as the “polarizing angle.”’ The reason for this name will become 
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apparent in Example 8-5 in the following article. The polarizing angle is found by 
equating Zoa to Zoz. For the case of E in the plane of incidence and ji = se, 


6, = tan“ Ae (8-28) 

€1 
Now, for any given incident angle 6;, the refracted angle 6. may be computed from 
Snell’s law. Then the resultant component waves may be evaluated. For example, if 
the incident wave has a peak value of 10 V/m and the incident angle is 60 degrees, 


6. = sin7! an sin co) = o5.6° 


and 

Zoa = (377)(cos 60°) = 188.5 ohms 

Zon = (FS 53s 205 o 

22 V225 (cos 35.3°) = 205 ohms 
Therefore 
205 — 188.5 
K= 305 4 188.5 ~ 0.042 

and 


|E*+| = (10)(cos 60°) = 5 V/m 
|E5| = |K| |Ei| = 0.21 V/m 
|Et| = |1 + K||EA| = 5.21 V/m 
The complete wave picture may now be reconstructed from the tangential components 
and the known directions of propagation. That is, 
|E;*| = (5)(sec 60°) = 10 V/m 
|E7| = (0.21)(sec 60°) = 0.42 V/m 
|E+| = (5.21)(sec 35.3°) = 6.38 V/m 


The phase relationships may also be computed from the transmission- 
line analogy. In this case it is fairly obvious that the incident, reflected, 
and transmitted waves are all in phase at any given point on the bound- 
ary. Also, the magnetic field intensities associated with the above electric 
field intensities can be obtained from the intrinsic impedance relationship. 
In the example just considered, the angle for which total reflection 
occurred was the limiting case of tangential incidence. An interesting 
situation leading to total reflection is found by consideration of Eq. 
(8-27). Suppose that pee: is smaller than 141, resulting in V preé2/me < 1. 
This means that for all angles of incidence greater than 


0 = 6 = sin a (8-29) 
1€1 


sin 6, will be forced to take on values greater than unity. Let us say that 
sin 6. = a, where a > 1. Then, using the relationship sin? 6 + cos? = 1, 
we see that 
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cos? # = 1 — a? 
which is a negative number. Let us call the negative number — 0? (b being 
a positive real number), so that cos 6: = +7b. Now let us see what this 


does to the transmission-line analogy Eqs. (8-24), (8-25), and (8-26). 
These become 


Zoz, = 12 COS % = No2(+7b) (8-30) 
Yo = joV p2e2( jb) (8-31) 
1 


OV nee 70) AY 


Note that the z-directed wave impedance has become imaginary, the 
propagation constant is now completely real, and the z-directed phase 
velocity is imaginary. If we look at the propagation constant and choose 
the wave that corresponds to a decaying exponential in region 2 (we do 
this because there is no source in region 2 and the fields should be zero at 
infinitely large z), it is apparent that the proper sign in Eqs. (8-30) 
through (8-32) is the negative one. This leads to the equations 


Zoz, = —Jjnb (8-33) 
V2 = wh pre (8-34) 


Since the wave impedance in region 2 is imaginary, it is evident that the 
reflection coefficient is unity because this impedance serves as the load on 
the transmission-line analog of region 1. 

It is interesting to examine the complex Poynting vector at the inter- 
face. The power density flowing into region 2 is 


P2,= 7(EeH7) 
Say that E, = Eye~”™; then substituting into Eq. (8-23b) results in 


H, = TIMED py yas 
2 


Using y2 = whV poe and evaluating Pe, at z = 0, 
pis | Z|? Eis 2 
Ea ae ae watts/meter 
The power flow is completely imaginary at the interface, and if the z- 
dependence had been retained, would be decreasing exponentially as the 
wave penetrated into region 2. Actually, we should have anticipated the 
imaginary Poynting vector when we saw that the z-directed wave 
impedance was imaginary. A wave that has the characteristics described 
in the preceding paragraphs, that is, imaginary wave impedance and a real 
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propagation constant, is called an evanescent wave. The angle of incidence 
at which this behavior becomes evident is called the critical angle, 0. It 
is very important to remember the condition p22 < 11, which must be 
satisfied in order to realize total reflection for angles of incidence less than 
90 degrees. 


8-10. OBLIQUE INCIDENCE; E NORMAL TO THE PLANE 
OF INCIDENCE 


A plane wave with its polarization normal to the plane of incidence is 
shown in Fig. 8-8. The analysis of this case is similar to the preceding 
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Fig. 8-8. Plane wave with electric field normal to plane of incidence. 


case, and the expressions for velocity of propagation and propagation 
constant are the same as before, i.e., Eqs. (8-25) and (8-26). However, 
the formula for characteristic impedance differs from that of the previous 
case and is 

Zoe = nsec O (8-35) 
This can be seen intuitively in Fig. 8-8: the tangential component of 
H is obtained by multiplying the magnitude of H by cos @. Since the 
characteristic impedance is basically the ratio of E? to H}, it can be 
seen that the cos 6 factor shows up in the denominator rather than in the 
numerator as before. This can also be shown formally, but because the 
derivation is so similar to that of the other case, it will not be repeated. 
An example will illustrate how this one dissimilarity between the two 
transmission-line analogies makes a vast difference in the solutions for 
the two respective cases of polarization. 
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Again consider Example 8-4, but with the polarization normal to the plane of 
incidence rather in the plane of incidence. The resulting transmission-line analogy and 
reflection coefficient locus are shown in the (a) and (b) portions, respectively, of the 
accompanying illustration. The reflection coefficient K is —% as before for 6, = 0. 


ST Ta Ga meee oe 
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(a) 


(b) 


Example 8-5. 


This time, though, K moves to the left on the real axis as 6; is increased and ends up 
at —1 for 0 = 90 degrees. Note that it never goes through the K = 0 point, and thus 
there is no incident angle for which total absorption takes place. The reason in Exam- 
ple 8-4 for distinguishing the incident angle which gives rise to total absorption by 
calling it the polarizing angle should now be clear. If the incoming wave consists of a 
superposition of both types of polarization, only one type will be reflected for this 
angle of incidence, and the resulting reflected wave will be polarized with a known 
direction of polarization. 

The analysis for a specific angle of incidence is similar to that of Art. 8-9. For the 
same numerical values used before (i.e., |Ej*| = 10 V/m and 6, = 60 degrees), the 
numerical solution is as follows: 


sin-} (Jats an ©) = 35,3° 


(377) (sec 60°) = 754 ohms 


92 


Z Oz 


377 
hon = () (sec 35.3°) = 307 ohms 


Therefore 
307 — 754 


K = 307 + 754 


= —0.42 


Since the E fields of all three (incident, reflected, and transmitted) component waves 
are tangent to the boundary, they may be computed directly as 
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|E+| = 10 V/m 

|E;| = (10)(0.42) = 4.2 V/m 

|EF| = (10)|1 + K| = 5.8 V/m 
Note that these are different from the values obtained for the other type of polariza- 
tion. As before, the associated magnetic field intensities may be obtained from the 
intrinsic impedance relationship. 

The critical angle discussion included in the last section is also applicable to the 

situation described in this section. The only difference is in the characteristic im- 
pedance. In this case 


Viv Ne (8-36) 


The propagation constant is given by Eq. (8-34) and the critical angle by Eq. (8-29). 


8-11. POLARIZATION 


The simple uniform plane waves considered so far in this chapter have 
been linearly polarized. This means that an observer at some point in 
space would see the electric field vector oriented parallel to some line in 
space. We can assure ourselves that this is indeed true by considering the 
electric field E = a,Eye~* in real time. The time-dependent electric field 
is & = a,E) cos (wt — Bz). At z = 0, the electric field is 


& = a,F) cos wt 


which is parallel to the x-axis. 

A more complex wave is formed by the superposition of two uniform 
linearly polarized plane waves with electric field vectors at right angles 
to each other in space and differing in time phase by @ degrees. The 
electric field expression in complex phasor form is 


E = a,Lye—* + a, Foe e—ibe 
E, and £; are considered to be real positive numbers. The time-dependent 
electric field is 
& = aE, cos (wt — Bz) + a,F, cos (wt + 0 — Bz) 
At z = 0, the electric field expression becomes 
& = a, cos wt + a,F, cos (wt + 8). 

The tip of the electric field vector traces an ellipse in the x-y-plane. Such 
a wave is said to be elliptically polarized. As an example of the foregoing, 
consider the case where 0 = 7/4 and E, = 2&. Looking in the direction 
of the +2z-axis, one sees that the electric field is as shown in Fig. 8-9 for 
the values of wt indicated. As time increases, the tip of the electric field 
vector rotates in a counterclockwise direction when looking in the direc- 
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Fig. 8-9. Elliptical polarization. 


tion of propagation. For this reason the wave is referred to as an ellipti- 
cally polarized uniform plane wave with a counterclockwise sense of 
rotation. A special case of elliptical polarization occurs when F, = E, and 
6 = +7/2. For this situation, the electric field at z = 0 is 

& = a, cos wt + a,F; cos (. = = 5) 
or 

& = a,F, cos wt F a,F; sin wt. 


(b) @=-F 


Fig. 8-10. Circular polarization. 


The electric field vector at z = O is plotted for values of w# in Figs. 8-10(a) 
and 8-10(b). Consideration of the plots shows that, in either case, the tip 
of the electric field vector traces a circle in the x-y-plane. In one case 
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(9 = —7/2), the sense of the rotation of the electric field vector is clock- 
wise. This field is referred to as a circularly polarized uniform plane wave 
with a clockwise sense of rotation. The electric field vector of the second 
case (9 = +77/2) is referred to as a circularly polarized uniform plane 
wave with a counterclockwise sense of rotation. 

It is interesting to note that the superposition of two counterrotating 
circularly polarized uniform plane waves results in a linearly polarized 
uniform plane wave. Another interesting facet of circular polarization 
becomes evident if we consider the instantaneous Poynting vector ® for 
a circularly polarized wave: 


P=EXK 
= [a,E) cos (wt — Bz) + a,Ey sin (wt — B2)] 


x | a. sin (wt — Bz) +a, cos (wt — Bs) | 


2 2 
a, |= cos? (wt — Bz) + = sin? (wt — Bs) | 


EG 
” 


a, 


The instantaneous power density flow is constant at any point in space. 
This is in marked contrast to a linearly polarized wave, which exhibits a 
cos? (wt — Bz) or sin? (wt — Bz) dependence in its instantaneous Poynting 
vector. 

Since the elliptically polarized waves can be considered to be the 
superposition of two linearly polarized waves of the appropriate ampli- 
tude and phase which are oriented at right angles in space, the trans- 
mitted and reflected waves arising from an elliptically polarized wave 
incident upon a material interface can be determined by considering the 
reflected and transmitted waves due to the constituent linearly polarized 
waves. The reflected and transmitted waves due to these components are 
then combined with appropriate amplitude and phase relationships to get 
the composite reflected and transmitted waves. 


8-12. PLANE WAVE PROPAGATION IN AN 
ANISOTROPIC MEDIUM 


Knowledge of the propagation characteristics of a uniform plane wave 
in an anisotropic medium is essential in understanding many microwave 
and radio-wave propagation phenomena. As pointed out in Chapter 7, 
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anisotropic media are characterized by tensor constitutive parameters. 
Plasmas and ferrites are two frequently encountered examples of aniso- 
tropic media. The tensor constitutive parameters for plasmas and ferrites 
are developed in Appendix G. We will study the propagation characteris- 
tics of an anisotropic media by considering the specific case of a linearly 
polarized uniform plane wave in a ferrite medium. A ferrite medium is 
characterized by a scalar permittivity e, zero conductivity, and a tensor 
permeability “. The tensor permeability is defined by the matrix 


B jK 0 
H=uol jK uw 0 (8-37) 
0 Om et 


for a z-directed magnetic bias field. The elements of the permeability 
matrix, » and K, are, at most, complex scalars which involve the physical 
properties of the ferrite. Maxwell’s equations are immediately written as 


—V XE = jopH 
Vx H = jwcE 
vV-zH=0 
V:-«=0 
We will look for a solution representing waves propagating along the z- 
: : ) 6) 
axis and having E, = H, = 0 and Schon © 0 


Expanding the first two of Maxwell’s equations and applying the 
constraints results in 


OF. : 
(a) ee = jeuuolls — omoK Hy 
OL, ; 
(b) Meas = wuoK A, + joupol, 
att (8-38) 
(c) migaa = jweH, 
OH, e 
(d) Paz tae jock, 


There are four equations and four unknowns. If we assume that the waves 
propagate as e~%, we can further reduce the set of equations to 


—vE, = jouw, — ouokK HA, 
vE, = wuoKH,z + joumoly 
yH, = jweEz 

—yH, = jweE, 
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Substituting and reducing result in two equations: 

(a) (y? + wupoe)Hz + jw*u0KeH, = 0 
(b) (—jw*uoKe)Hz + (7? + wupoe) Hy = 0 
There will be a solution (nontrivial H, and H,) if the following charac- 
teristic equation is satisfied: 


(8-39) 


yt + 2y?w*upoe + wie2u2, (u? = K?)=0 (8-40) 

The roots are 

y? = —wupoe + wreuokK (8-41) 
or 

y = + jw wen + K (8-42) 
Thus, there are four roots to the characteristic equation: 
(a) 11 = joV wen + K 
(b) y= joV woeV u —K (8-43) 
(c) vs = —joVuceWu + K 
(d) Ce —joV peV —K 


We see that 7; and 2 indicate waves traveling in the +2-direction while 
3 and 4 indicate two waves traveling in the —z-direction. Now consider 
just the waves traveling in the +2-direction and examine the form of the 
waves. Using 71, substitute back into Maxwell’s equations to get 


(a) —joV meV u + KE, = joupoH: — ouoKH, 
(b) joV wen + KE, = wuoKHz + joupoll, (8-44) 
(c) joV we un + KH, = jweEz 
(d) —joV eV u + KHz = jweEy 
These reduce to 
5 jd Wi REL jul oe 
These equations are satisfied if 

H, = jH, (8-46) 
Substituting back into Maxwell’s equations results in 

Ey = —jEz (8-47) 


Looking back to Art. 8-11, we see that this is a circularly polarized wave 
with a clockwise sense of rotation. It appears to be propagating in a 
medium characterized by a relative permeability of u + K. 

Now consider the other root, y2 = jaVv bo€(u — K). In this case, sub- 
stituting into Maxwell’s equations results in 
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(a) —joV ueV n — KE, = jousoHl, — omoK H, 
(b) joV woeV w — KE, = owKA,z + joumoly, 
. a? (8-48) 
(c) joV wen — KH, = jueEs 
(d) —jJwoV woe’ np — KH, = juek, 
which reduce to 
(b) jiu — K)H, = KH, + jul, 
In this case, 
H, = —jH, (8-50) 
and 
E, = jE: (8-51) 


This wave is seen to be a circularly polarized wave with a counterclock- 
wise sense of rotation which appears to be propagating in a medium 
characterized by a relative permeability of u — K. 

A physical picture of what we have just developed mathematically can 
be attained by considering the expression for the torque on a magnetic 
dipole m subjected to a dc magnetic field ®. This is Eq. (G—3) of Ap- 
pendix G: 

J=m XBo 


The origin of the magnetic dipole is a spinning bound electron which, 
possessing mass, has an angular momentum vector Jm. As stated in 
Appendix G, the angular momentum vector is antiparallel to the magnetic 
dipole vector. The torque causes the dipole to precess about the magnetic 
field with a precessional frequency , defined by 


F = a X Im 


Consideration of the foregoing statements shows that the vector a is 
parallel to ®o. Thus the tip of the magnetic dipole moves in a clockwise 
sense about @» when looking in the direction of ®o, and traces a circle in a 
plane normal to ®o. 

When a circularly polarized RF magnetic field interacts with an 
assemblage of dipoles, the field will be most strongly coupled to the 
dipoles when the sense of rotation of the RF field is the same as the sense 
of the precession of dipoles. For this case the effective relative perme- 
ability Mr = “+ = « + K. When the sense of rotation of the RF field is 
opposite to the sense of precession of the dipoles, the coupling is weaker 
and eae = be 

Now we can consider the propagation of a linearly polarized uniform 
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plane wave in this medium. We will consider an electric field at z = 0 to 
be 
E = a,X 


Further, we will consider this linearly polarized wave to be made up of two 


rae mate waves designated as E, = a, = — ay = and E, = 


aoe jy 5 — at z= 0. These are circularly polarized waves with 


ieee ie counterclockwise sense, respectively, so they propagate in 
the +-z-direction with y describing the z-dependence of E; and ‘v2 describ- 
ing the z-dependence of E2. Thus, the field in the ferrite medium is 


E= a: 2 (e-n# te e— 72?) —_ jay = (e-n* — e— 72") (8-52) 


Since 7; and ‘2 are not equal, it is evident that a y-directed component of 
the electric field will result. Let us consider this field at some point z = 1. 
It will simplify matters if we make the following definitions: 


(a) 70: = vil = joV woeV un + K 1 = j (6+ A) (8-53) 
(b) j02 = al = joV eV un — K 1 =j (6 — A) 
The electric field expression becomes 

E = a,Eye~ cos A — a, Eoe—™™ sin A (8-54) 


It is apparent that the electric field vector is still linearly polarized 
but it is physically reoriented in space, making an angle of —A with 
respect to the x-axis. This phenomenon is known as Faraday ro‘ation. The 
rotation angle is A, where 


wV woe(Vu + K -~Vu— Kl _ _ (ti — &) 
karate eR GIER ae (8-55) 
This is a sensible answer, for we recognize that, in the case of circular po- 
larization, the time required for the electric field vector to rotate through 
360 degrees is exactly equal to the time required for the wave to travel 
one wavelength. That is, if you, as an observer at some point in space, 
could flag a particular wave front as the reference, then in the time that 
it takes for the field vector to rotate 360 degrees, the reference phase 
front would have traveled one wavelength. Since the propagation con- 
stants are different for the two senses of rotation, the wavelengths will 
be different. Thus, the distance / is a different fraction of a wavelength 
for the two senses of rotation and the net E will rotate in space as it 
propagates. 
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It is interesting to consider the waves traveling in the —z-direction 
also, because one sees that the Faraday rotation phenomenon is non- 
reciprocal. That is, if the electric field vector rotates counterclockwise 
with respect to the direction of propagation when traveling in the +2- 
direction, then it will rotate clockwise with respect to the direction of 
propagation when traveling in the —z-direction. (The proof of this is left 
as an exercise.) These results are summarized in Fig. 8-11. 


(a) (b) 


Propagation in +Z Direction Propagation in -Z Direction 


Fig. 8-11. Faraday rotation. 


PROBLEMS 


8-1. It was tacitly assumed in Art. 8-1 that a uniform plane wave of the form 


i Eye #8 be 
Hy, = (Eo/n)e7## 


represents a solution of Maxwell’s equation. Show by actual substitution in 
Maxwell’s equations that this is so if 8B = wV pe. 


8-2. A uniform plane wave is traveling in the z-direction in free space. The electric 
field of this wave is polarized in the x-direction and has an rms value of 10 V/m. 
The frequency is 300 MHz. Find (a) the magnitude and direction of the mag- 
netic field intensity of this wave; (b) the average power density associated with 
this wave; and (c) the wavelength and velocity of propagation. 


8-3. A square loop 10 cm on a side is oriented so that the plane wave of Problem 8-2 
impinges on it with the magnetic field normal to the plane of the loop. Find the 
induced voltage in the loop. 


8-4. Let us arbitrarily say that a ratio of 100:1 between o and we is the criterion 
Pa for determining whether a dielectric or a conductor is “good.” Find the fre- 
quency range for which seawater may be classed as a good conductor and the 

range for which it may be considered to be a good dielectric. Assume o = 4 


wet mhos/m and e, = 81. Cvwt f é J mar 


8-7. 


Ket. 


8-12. 


8-13. 
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Show that the power dissipated per unit area as given by 3|J,|2R, is the same as 
that obtained by using the actual current distribution and summing the effect 
of this throughout the volume involved. 


Find the surface resistance and depth of penetration for copper at 60 Hz, 60 
MHz, and 6000 MHz. On the basis of these calculations would you expect the 
current distribution to be uniform in large 60-Hz power cables which may be of 
the order of 1 in. in diameter? 


In Example 8-2 the power density transmitted into the copper was computed 
by using the transmission-line analogy. If our theory is correct, we should 
obtain the same result from the 3|J,|?R, formula. Show that this is the case. 


Consider the case of a uniform plane wave obliquely incident upon a perfectly 
conducting surface (with H in the plane of incidence) at angle 9. Show that if 
an electric field null occurs at a distance d = 4/2 cos 8 back from the surface 
this means that one could place a second conducting surface at = —d without 
violating any boundary conditions. This forms a structure which will guide 
energy in the x-direction. Consider @ to be variable and determine the lowest 
frequency for which this parallel plate structure will guide energy in the x- 
direction. What is the phase velocity for the component of the waves traveling 
in the x-direction? 


A uniform plane wave impinges normally on a plane polyethylene-copper 
boundary from the polyethylene side. The incident wave has a peak electric 
field of 1 V/m and the frequency is 300 MHz. Assuming the copper to be a 
perfect conductor, (a) find the electric and magnetic field intensities at the 
surface of the copper, and (b) describe the current flow in the copper, giving 
both density and direction of flow. 


Consider a uniform plane wave in air impinging normally on a large slab of 
polyethylene which is 10 cm thick. The frequency of the incident wave is 300 
MHz and the peak value of the electric field is 10 V/m. (a) Find the electric 
field intensity at the incident surface. It may be assumed that the air space is 
infinite in extent on either side of the polyethylene slab. (b) Find the fraction 
of incident power density which is transmitted through the slab. (c) Show that 
energy is conserved (i.e., incident power — reflected power = transmitted 
power). 


A dielectric coating is to be applied at an air-pyrex glass (€, = 4.5) boundary 
in order to eliminate reflections at the boundary. The frequency is 3000 MHz. 
By using the quarter-wave transformer analogy, determine the thickness and 
dielectric constant of the matching coating. 

Consider a uniform plane wave impinging obliquely on an air-to-glass (€, = 4.0) 
boundary from the air side of the boundary. The boundary is flat and the di- 
electrics may be considered to be infinite in extent on both sides of the boundary. 
The incident wave is polarized in the plane of incidence. Find the incident angle 
for which total absorption takes place. Would this also apply for a wave which 
is polarized normal to the plane of incidence? 


Consider the incident wave in Problem 8-12 impinging on the boundary from 
the glass side rather than vice versa. (a) Sketch the reflection coefficient locus 


8-14. 


8-15. 
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as the incident angle (in glass) varies from 0 to 90 degrees and (b) find the 
range of incident angles for which total reflection takes place. 


Consider the air-glass interface of Problem 8-12 with a circularly polarized 
(clockwise sense of rotation) normally incident upon it. Write explicit expres- 
sions for the reflected and transmitted waves. Assume that the amplitude of the 
incident wave is Ey volts/meter. 

Show that a linearly polarized uniform plane wave propagating in the negative 
z-direction in the ferrite medium of Art. 8-12 exhibits Faraday rotation in the 
same sense as the Faraday rotation exhibited by a similar wave propagating 
in the +2z-direction. 


i. 


Guided Waves 


9-1. GENERAL REMARKS 


We shall now look at a general class of waves loosely referred to as 
guided waves. They derive their name from the metallic structures which 
serve to “guide” the waves in a particular direction. A few examples of 
such structures are shown in Fig. 9-1. Note that conventional transmis- 
sion lines fall into this general category. 


a al 


(a) Parallel Plates b) Rectangular Pipe (c) Open-Wire Line 
(d) Coaxial Line (e) Circular Pipe (f) Single Wire 


Fig. 9-1. Guided wave systems. 
230 
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9-2. BASIC EQUATIONS 


All guided wave systems have one thing in common: they exhibit 
propagation properties in one direction. As a matter of convention this 
will be denoted as the z-direction. Thus, before discussing specific 
examples, some general equations may be derived which will apply to all 
waveguide systems irrespective of the cross-sectional geometry. As was 
the case in transmission-line theory, we shall begin with the study of 
lossless systems. All conductors and dielectrics will be considered perfect, 
and the effect of losses will be considered later. The starting point for this 
discussion will be Maxwell’s equations, since they are the equations which 
govern the behavior of the electric and magnetic fields within the region of 
wave propagation. When written in rectangular form for a perfect die- 
lectric, they are 


DEM aE use LaLOse: ax, dS, 08, 
May Tag TOTP Lo d) By ahaa ho POE 
Boer oe: anc, GR Os ee OS, 
Cs a (e) ae lag rerege MARL) 
Sem oot OC, Bee ote td 
We ay a (f) Eye aE 


At this point & and 3¢ are functions of x, y, 2, and #, and following the 
previous notation, are denoted by boldface script letters. 


Inside Wall 
of Pipe 


Fig. 9-2. Waveguide coordinate system. 
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As mentioned before, one cannot write a simple explicit solution for 
these equations because there are an infinite number of them. However, 
in the problem at hand we are looking for a particular class of solutions, 
namely, those which have a sinusoidal variation with time and propaga- 
tion properties in the z-direction. This enables us to narrow the possible 
solutions to the point where we can enumerate them and attach physical 
significance to them. The first step then will be to assume sinusoidal form 
timewise and switch to the complex phasor notation of ac circuit theory. 
Equations (9-1) may be written in terms of phasors by merely replacing 
the 0/0t operator with jw. The equations then become 


JE OF ais & dH ols ae 

(a) ay ae jopH, (d) ay a juckz 
OF (OL ae 0H.) Widha ae 
OE, OF, Ege es dH, as OH, plore 

(c) ae ay = —jopH, (f) a = = jueE, 


The capital letters E and H are used here to denote complex phasor 
quantities. They are functions of x, y, and z (and not time).} 

Now we shall restrict the field components further by assuming propa- 
gation in the longitudinal direction of the pipe. This is the +-z-direction, 
as shown in Fig. 9-2. If there is to be propagation in the z-direction, the 
field quantities must all be of the form 

Ea 2 Een 
E,(x, y, 2) = E,(%, y)e~™ (9-3) 


Hx, y, 2) = Hix, ye 


where y is the propagation constant. When Eqs. (9-3) are substituted 
into Eqs. (9-2), they reduce to 


dE; : 0H; . 
(a) a + yE;, = —jopH: (d) ay + yHy = jweEz 
OE; : 0b 
(b) —vEz— ae —jouH, (e) Bee ree = jweEy, (9-4) 
ORO VEL ee aH. aH. ae 
(c) a Pe jopH; (f) ia = jweEz 


1 It will be recalled that the relationship between the phasor and time-domain quantities is 


Sz = Re (Eze?) 
& = Re (E,e“*) 


5Cz = Re (H,eivt) 
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At this point it is possible to solve these six equations for the transverse 
components (x- and y-directions) in terms of the longitudinal ones 
(z-direction). The result is 


ee eel (i OE, | oH: 
(a) as vy? + wue Joe oy " Ox 
paneer ee (i dE: om) 
2 1G vy? + wue Ie Ox aa oy 
() ime! ( oR: a) ae? 
7 v2 + we ay: ue oy 
rea py 


Proof of these equations is a routine matter of algebraic substitution. For 
example, (a) of Eq. (9-5) is obtained by combining (a) and (e) of Eq. 
(9-4). These equations are an important link in the solution of the wave- 
guide problem, since they determine uniquely the four transverse compo- 
nents, once the longitudinal ones have been obtained. Thus the problem 
has been reduced to solving for just two of the six components, namely, 
HAand -H.. 

The general procedure now is to consider three separate cases as 
follows: 

1. TM Mode (Tranverse Magnetic): As the name implies, the mag- 
netic field for this mode is transverse to the direction of propagation, i.e., 
H, = 0. This mode can exist in either a hollow pipe or open-wire system. 

2. TE Mode (Tranverse Electric): This mode has its electric field 
transverse to the direction of propagation, i.e., H? = 0. It also can exist in 
either a hollow pipe or open-wire system. 

3. TEM Mode (Transverse Electric and Magnetic): This mode is 
characterized by no electric or magnetic field in the direction of propaga- 
tion and is the mode generally encountered in transmission-line work. 
This mode cannot exist within a hollow pipe with no center conductor, 
since there would be no current (either conduction or displacement) for 
transverse magnetic lines to link, as required by Ampere’s law. Thus this 
mode is possible only in an open-wire system where there are two or more 
separate conductors or in a hollow pipe with a center conductor or 
conductors. 

Now any general wave propagating in a single direction (the z-direction 
for our coordinate system) may be considered as a superposition of the 
above three cases. 
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9-3. DIFFERENTIAL EQUATIONS FOR £’. AND Hz 


The problem has been reduced to that of finding E; and H;. Once these 
have been found, the four transverse components may be obtained by 
direct substitution into Eqs. (9-5).? The differential equations for E; and 
H’, are obtained directly from Maxwell’s equations as follows: 

VXxE = —jwuH 


V x H = jweE a) 


Now taking the curl of both sides and substituting one into the other leads 
to 


VXVXE = wyek 
VxVxH= wueH (-1) 
The vector identity 
VxvVxA=V(V-A)-—V'A (9-8) 
along with the fact that the divergence of both E and H is zero for a charge- 
free region, makes it possible to write Eqs. (9-7) in the form 
WE + wueE = 0 
V-H + wveH = 0 
Since the preceding equations are vector equations, similar equations 
apply to each of the separate rectangular components. In particular, the 
equations for F, and H, are 
V2E, + wyek, = 0 
V?H, + w*veH, = 0 
Finally, as E, = Eje-” and H, = He“, Eqs. (9-10) reduce to 
ViEt + REL = 0 
Vii + kHz = 0 


(9-9) 


(9-10) 


(9-11) 
where 
ke = y? + wpe (9-12) 
and V? indicates the two-dimensional Laplacian operator; i.e., 
oe 0? 
2 eet aS 
hire Ox? “0 oy? 
Equations (9-11) are the basic differential equations which EZ; and H : 
must satisfy. It will be noted that the differential equations are the same 


2 This is, of course, not true in case of the TEM mode, where both E‘and H? arezero. In 
this case the transverse fields are obtained by the usual static methods. More will be said of 
this in Art. 9-14. 
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for both FE; and H;. However, the resulting solutions are not identical, 
since different boundary conditions must be satisfied in each case. If 
perfectly conducting walls are assumed, it should be apparent that E; 
must be zero along the boundary. Thus 


VIEL + REL = 0 


FL=0 onC a3) 


comprise the differential equation and boundary condition which must be 
satisfied in the TM case. 

The boundary condition for H? is not quite so obvious as that for Ez, as 
H, automatically satisfies the requirement that it be parallel to the 
boundary. Figure 9-3 is helpful at this point. The differential rectangular 


SOIT rrrr red FIVITTTPSTTTTOOFISTOTIT TTT (pe 


Fig. 9-3. Side view of waveguide wall. 


path shown is in a plane normal to the wall of the guide and directed along 
the z-axis. The electric field at the conducting surface will be normal, and 
thus no electric flux (and thus no displacement current) will link the 
rectangle. Therefore, according to Ampere’s law, the H along cd must be 
the same as that along ab. This implies that the rate of change of H, in the 
normal direction must be zero at the surface of the wall. Thus the 
differential equation and boundary condition for the TE mode become 


Vill; + ktHz = 0 


/ (9-14) 
=Q0 onC 
On 


9-4. RECTANGULAR WAVEGUIDE: TM MODE 


The rectangular waveguide is of considerable practical importance, 
being perhaps the most common of all of the different types of wave- 
guides. Its solution is relatively simple, and thus it will be considered first. 
Figure 9-4 shows the coordinate system which will be used for this 
problem. The TM mode will be dealt with first, and thus a solution of 
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a O 


Fig. 9-4. Coordinate system for rectangular waveguide. 


Eq. (9-13) is desired. When the V/ operator is written out explicitly, this 
equation becomes 
OE, , °F: 
Ox? T oy? 


+ REL = 0 (9-15) 


where 
B= 72+ wpe (9-16) 


The usual procedure for solving this type of differential equation is to 
assume a product-type solution in x and y and then make this solution fit 
the differential equation and the boundary condition. Proceeding along 
this line, let 


HS ayy) (9-17) 
Then, substituting into Eq. (9-15) yields 
dagen diVh it settee 
ie Ad ae 0 
or 
beg 5 Os EN > 
Sepps hae aE (9-18) 


Note that the first term of Eq. (9-18) is a function of x alone and the 
second one of y alone. Thus, in order for the two to sum to a constant, 
each must be a constant. Letting the first term equal — k? and the second 
equal — kj, we have 


2 

“= + 2X =0 (9-19) 
2 

F + BY =0 (9-20) 


where 
B+ke= k (9-21) 
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We now have reduced the problem to two simple, ordinary differential 
equations, and their solutions may be written by inspection as 

X = Asink,x + Boos k,x (9-22) 

Y = Csin k,y + Dos kyy (9-23) 


where A, B, C, and D are constants. The boundary conditions may now be 
used to evaluate the constants. As E; must be zero along the boundary, 
the following four constraints must be placed on the solution: 


(a) i, = 0 alongixn=0 
(b) a= 0° along ai— 0 
(c) Ene 0 along 2 — a ns 
(d) EL = 0 along y= 


The first of these constraints forces B to be zero and the second requires D 
to equal zero. Thus the solution reduces to 


he XV = Fosin kx sin kh, (9-25) 


where Fy is an arbitrary amplitude constant. Now, along « = a, E, must 
be zero for all values of y within the interval of interest. The only way this 
can happen without having a trivial solution is for 


sin k,a = 0 
or 
k,a = mr (9-26) 
where m = 1, 2,3, ---. 
A similar argument applies along the y = b boundary, leading to the 
conclusion 
kyb = nr (9-27) 
where » = 1, 2,3,---. 
The final solution for E; may now be written as 


Pie iieine cin (9-28) 
a b 

where m and » are arbitrary integers (excluding zero) and may be chosen 
independently. Notice that the solution to the problem is not one simple 
unique solution. Rather there are an infinite number of solutions which 
will satisfy the differential equation and boundary conditions. That is, 
for each different set of integers chosen for m and n, there will be a 
completely different solution. This is characteristic of waveguide solutions 
in general, and each different solution is referred to as a mode. The ones 
described by Eq. (9-28) will be referred to as TM, modes. 


238 LINES, WAVES, AND ANTENNAS Ch. 9 


Now the complete solution for all six components may be obtained by 
substituting H, = 0 and Eq. (9-28) into Eqs. (9-5). The results are 
summarized as follows: 

Rectangular Waveguide: TMmn Mode 


Ei = Eysin . sin a 
i) 
—_ juentmEy . marx ny 
H: oe sin a cos 7 
a jwemm Eo mae. nmy (9-29) 
ee ake cos — sin = 
jp) CELLED LLRs 
he ak? oe rah eae 
Ey = maT hE ae Al 
4 bk? a b 
where 
2 2 
B= 7? + wwe = (=) ae (*) (9-30) 


9-5. WAVELENGTH, VELOCITY OF PROPAGATION, WAVE 
IMPEDANCE, CUTOFF PROPERTIES 


From a strictly mathematical viewpoint the problem at hand has been 
completely solved. However, there is still much to be said about the 
TMinn mode from a physical viewpoint. First of all, the solution exhibits 
propagation properties in the z-direction, and thus y deserves closer 
scrutiny. Referring to Eq. (9-30), 


AEA os 


Notice that for a given m and » there will exist a frequency for which ¥ is 
zero. For frequencies above this critical value, y will be imaginary, and 
wave propagation will take place without attenuation. If the frequency is 
less than the critical value, y is real and attenuation takes place. This 
critical frequency is referred to as the cutoff frequency and is given by 


1 ma \? nn\? 
w= geV(F) + (7) a 
It can be seen that a close analogy exists between a waveguide and an 
ideal high-pass filter. 
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The “pass band” (w > w,) is of primary concern in waveguide work, 
since the system frequency must be above cutoff if propagation is to take 
place in the ordinary sense of the word. If w > w,, then 


y¥=je= jV.oue — wipe (9-33) 


B= wpe s/t — (2) 


and the velocity of propagation is 


or 


v 


8 Vi= (@,/0)? 


Vp = 


(9-34) 


where v denotes the free-wave velocity within the guide (ie, y= z=) 

Me 
More specifically, v, is the phase velocity, since it represents the velocity at 
which the whole field picture appears to move in the z-direction. The 
wavelength within the guide can now be written as 


ae 1 
N= F=) ET (9-35) 
where \, denotes the wavelength within the guide, and A represents the 
“free” wavelength, or that which would exist for plane wave propagation 
at this frequency. Note that they are not equal. 

The wave impedance concept is useful in waveguide work, just as it is 
in the study of plane waves. It can be verified from Eqs. (9-29) that the 
transverse electric and magnetic field components are always at right 
angles and that their ratio is constant throughout the cross-section of the 
guide. Thus a characteristic wave impedance may be defined as 


transverse electric field 
transverse magnetic field 


ene) 1- (*) 
mya w 


This impedance has the same significance in waveguide theory as the 
characteristic impedance Z) has in transmission-line theory, and many of 
the concepts from transmission lines carry over directly to waveguides. 

The physical distribution of the field for the TM,,, mode is, of course, 
different for each of the different modes within the group. Figure 9-5 


Zo(T™) == 
(9-36) 


3 See Appendix E for a discussion of the distinction between phase and group velocity. 
Also included in Appendix E is a brief discussion of an alternate approach to the rectangular 
waveguide problem, in which the concept of group velocity plays an important part. 
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(a) End View (b) Side View 


Fig. 9-5. Field distribution for TMi mode. 


shows the field distribution for the simplest possible TM mode, the TMu 
mode. 


Example 9-1 


Consider a rectangular waveguide which is 2 cm by 1 cm (a and b dimensions, 
respectively) and is air-filled. Find (a) the mode with the lowest cutoff frequency; 
(b) the phase velocity, phase-shift constant, wavelength within the guide, and charac- 
teristic wave impedance; (c) the explicit expressions in phasor form for the six field 
components. 

The cutoff frequency for any particular mode is given by Eq. (9-32). Note that 
we cannot let either m or be zero without having a trivial situation for which all 
components of E and H are zero. Therefore, the lowest possible value for w, is obtained 
when both m and n are unity. This corresponds to the TMu mode, and its cutoff 
frequency is 


1 Ta ™\? 
w, (for TMn mode) = Tn () + (3) = 1055/10" rad/s 
je 


We - 
fo = 52 = 16.8 GHz 


Or 


For a system operating in the TMu mode at a frequency of 1.5 w,, the phase velocity, 
phase-shift constant, wavelength within the guide, and characteristic wave impedance 
can be found from Eqs. (9-33 through 9-36). They are 


1 
v» = (3 X 108) == = 4.03 X 108 m/s 
am ) A) teeny es) ; 
ees 105.5 107) 
Le aera ceva sei mae rad/m 
8 
‘ ERG OU ee 


~ (1.5)(16.8 X 10°) 
ZoctMu) = 377V 1 — (1/1.5)? = 280 ohms 


Finally, the explicit expressions (in phasor form) for all six field components are 
obtained by directly substituting into Eqs. (9-29) and multiplying by e~i8* in order 
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to reinsert the z-dependence. Assuming the peak value of EF, to be Eo, the result is 
E, = Egsin (50rx) sin (100y)e—#8* 


H, =0 

H, = j(3.57 X 107%) Eo sin (50x) cos (1007) ez 
H, = —j(1.79 X 107%) Ep cos (50rx) sin (100zy)e~#z 
E, = —Jj0.50Ep cos (50rx) sin (100ay)e—#z 

Ey = —j1.0Eo sin (50mx) cos (100y)e~i#z 


9-6. RECTANGULAR WAVEGUIDE: TE MODE 


The solution of the TE mode problem differs from the TM one only in 
the boundary conditions, since the differential equation which must be 
satisfied is the same for both cases. Thus the general solution for H; may 
be written immediately as 


H, = (A’ sin k,« + B’ cos kzx)(C’ sin kyy + D’ cos kyy) (9-37) 
Now the constants A’, B’, C’, D’, kz, and k, must be chosen such that the 


normal derivative of H? will be zero along the boundary. Then, referring 
to Fig. 9-4, 


oH; 
(a) es 0 along « = 0 
(b) oa =0 # alongy=0 
4 (9-38) 
OH. _ it 
(c) cpa OQ” ‘alongx =a 
OH; bs 
(d) aya 0 along y = b 


Applying the above constraints and using the same line of reasoning used 
in the TM case lead to 


INES ON) 
B’'D’ = arbitrary amplitude constant = Hp 


mar : 
Re = | where m and » are arbitrary 
integers, except both are not 
hy = a equal to zero. 
Thus the final solution for H; is 
Hi, ="Hy cos aS cos = (9-39) 


This, along with E; = 0, may now be substituted into Eq. (9-6) in order 
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to obtain the four transverse components. The resultant six field compo- 
nents are summarized as follows: 
Rectangular Waveguide: TEmn Mode 


HIE ep igo eos 
a b 

Ei =0 

hme ymrHy . Max ny 
H, = rs rae 

,__ ynwHy)  mrx . nry (9-40) 
mere a ar 

, _ jounnHy marx . nmy 
Ez = OR pk Me 

, joummy . mrx ny 
E, = D sitgphe ae Bae 

where 
2 2 

ke =? + wpe = =) en = (9-41) 


It can be seen at this point that the expressions for cutoff frequency, 
phase-shift constant, phase velocity, and wavelength are identical to 
those derived for the TM case. For convenience these are repeated here: 


2126) an 


B= wV ue A l= (2) (9-33) 
ab aoa: (9-34) 
1 


Ss ot ea 9-35 
0 (IT. (9-35) 
The expression for characteristic impedance, however, is different 
from that of the TM case. Referring to Eqs. (9-40) and remembering that 
Z, is the ratio of the transverse electric and magnetic fields, the Zocrm is 


derived as 
1 


jou 
Z = — ee 
ea 7 V1 — (w/w)? 


A sketch of Zocrm along with Zo:rm) versus frequency is shown in Fig. 9-6. 
Note that one is always above the intrinsic impedance of the dielectric 7, 
that the other is below y, and that they both approach 7 asw >. 


(9-42) 
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2, 
vd O(TE) 


O me 


Fig. 9-6. Characteristic wave impedance of TE and TM modes versus 
frequency. 


9-7. NOTE 


It is easy for the beginning student to become completely lost in the 
maze of equations which seem to be unavoidable in waveguide theory. 
The key to keeping things straight in this analysis is to “‘stand back” and 
look at groups of equations rather than individual ones, to see the overall 
picture rather than the details. As a help in doing this, a summary of the 
solution of the rectangular waveguide problem is shown in Fig. 9-7 along 
with references to appropriate equations. 


9-8. RECTANGULAR WAVEGUIDE: TE:1c MODE 


The simplest and most frequently used mode in rectangular waveguide 
work is the TE; mode. Thus it warrants special attention. The field 
expressions for this mode are obtained by letting m = 1 and m = 0 in 
Eqs. (9-40). The result is 


- TX 
Ej = Eq sin 


> Base Eo c Tx 
Hz ea Zo(tk) om a (9-43) 
1 F0(%) oon 
Hz=] neko S 
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Maxwell's Equations 
Eqs. (9-1) 


Assume sinusoidal 
time dependence 


Maxwell's Equations 
Eqs 9-2) 


Assume z dependence 
of the form e ”* 


Maxwell's Equations 
Eqs. (9-4) 


Solve Eqs. (9-4) for 
transverse components in 
terms of longitudinal ones 


Equations for Transverse 


‘ 


Components £,, Fy, Ay, Hy 
Eas. (9-5) 


| Cannot exist 


WH; +k H;= O | because there 
d is no center 
Oonc conductor 


TE Mode 
Eqs. (9-40) 


TM Mode 
Eqs. (9-29) 


Fig. 9-7. Summary of the solution of the rectangular waveguide problem. 


where J indicates the ‘free’ wavelength and & the arbitrary amplitude 
coefficient associated with the E) term. The field distribution for this 
mode is shown in Fig. 9-8. 

Now if we assume a > 6 (and we can always orient the coordinate 
system so that this is the case),* it can be seen that this mode has the 
lowest cutoff frequency of any of the possible modes of transmission, 
including both TM and TE types. Such a mode Is called the dominant 
mode. It is of special interest because there will exist a frequency range 


4If a = b, the TEw and TEn modes have the same cutoff frequency. This situation is 
referred to as a degenerate case, and this must be excluded in the present discussion because 
there is no separation of the two lowest-order modes. 
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(b) Top View 

(a) End View 
(c) Side View 


Fig. 9-8. Field distribution for TEj mode. 


between its cutoff frequency and that of the next higher-order mode in 
which this is the only possible mode of transmission. Thus, if a waveguide 
is excited within this frequency range, energy propagation must take 
place in the dominant mode, regardless of the way in which the guide is 
excited. Control of the mode of operation is important in any practical 
transmission system, and thus the TE mode has a distinct advantage 
over the other possible modes in a rectangular waveguide. A specific 
example illustrating this special frequency range of interest will be helpful 
at this point. 


Example 9-2 


Consider an air-filled rectangular waveguide whose a and b dimensions are 0.9 and 
0.4 in., respectively. Find (a) the cutoff frequency of the dominant mode and also 
that of the next higher-order mode, and (b) the attenuation factor associated with the 
next higher-order mode at a frequency midway between the two cutoff frequencies. 

The cutoff frequency for the dominant mode can be computed from Eq. (9-32). 
Letting m = 1 and m = 0 gives for a result 


eet ™\? ee 3 X 108 = 
Oia (5) + O'= groajase xaos 7 65 CH 


After trying a few values of m and 2, it can be seen that the next higher-order mode 
is the TE9 mode. Its cutoff frequency is 


ot 1 
; 2rv we 


(4) + (0)? = 13.1 GHz 
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Thus, within the frequency range from 6.56 to 13.1 GHz, only the TE) mode can 
propagate in the ordinary sense of the word. 

Looking next at the propagation constant for the TE29 mode, we find from Eq. 
(9-33) that it is (for a mid-range frequency of 9.84 GHz) 


a We . (2m) (9.84 X 10°) 13.1 
5B joVne afi — (“) (S = j eS C108 | vies 


= 181 Np/m 


This will be recognized as a sizeable attenuation factor—over 1500 dB/m. Further- 
more, if we look at the higher-order modes beyond the TEx one, we find that they 
are attenuated at even a higher rate. This can be seen by rearranging Eq. (9-33) as 


1 -selnhi= Gav iG 


and noting that each successive higher-order mode has a higher cutoff frequency. 

Strictly speaking, it should be noted that we are not correct when we say that 
higher-order modes “‘cannot” exist. They can, but the point is that they attenuate 
very rapidly in the z-direction. Normally a waveguide is excited by means of coupling 
holes, loops, or probes which excite higher-order modes as well as the dominant mode. 
It can be seen from this example, though, that for all practical purposes only the TEio 
mode is left after a few centimeters of travel from the source. 


af 


It was observed in the foregoing example that a rectangular waveguide 
whose width is roughly twice the height will propagate only the TE;) mode 
over a 2:1 frequency range. In waveguide transmission work it is usually 
desired to have only one mode present, so this frequency is the one of 
interest insofar as energy propagation is concerned. Actually, for reasons 
which will be seen later in the chapter when losses are considered, it is 
better not to operate near either extreme of the range. The usual fre- 
quency range recommended for a particular size of guide is about 1.5:1 
rather than the theoretical 2:1. For instance, in the example just cited, 
the dimensions given were the actual ones for RG—52/U, which is one of 
the standard sizes used in the X-band frequency range. The recommended 
range for this waveguide size is 8.2 to 12.4 GHz, which is, of course, within 
the theoretical limits established in the example. As a result of this 
limited range of usefulness, standard sizes of waveguides have been 
established, each having a specified frequency range. These can be found 
in most any modern handbook of electronic engineering. 

There is much more to be said about engineering applications of 
rectangular waveguides, and this discussion will be continued from a 
circuit viewpoint in Chapter 11. However, while looking at the theoretical 
aspects of waveguides, we shall consider the cylindrical waveguide before 
pursuing the rectangular one further. 
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9-9. CYLINDRICAL WAVEGUIDE: BASIC EQUATIONS 


We shall now consider wave propagation inside a hollow pipe of 
circular cross-section. The general theory discussed previously is applica- 
ble regardless of the shape of the boundary, since it is a direct conse- 
quence of assumed propagation in the z-direction. Thus these concepts 
carry over to cylindrical guides directly. More specifically, the basic 
differential equation to be solved is the same for all waveguides; the only 
difference lies in the shape of the boundary along which the boundary 
conditions must be applied. However, this seemingly innocent difference 
affects the form of the solutions considerably, as will be seen presently. 

In solving the cylindrical problem, one could start with the solutions as 
found in rectangular coordinates and try to make a superposition of these 
satisfy the new boundary conditions. However, this is quite a difficult 
task. A more natural approach is to choose a coordinate system which will 
lend itself well to the symmetry of the problem at hand. The obvious 
choice in this case is a cylindrical coordinate system. 

As mentioned previously, the basic differential equations to be solved 
are the same as in the rectangular case: 


VEL + REL = 0 

TM mode (9-13) 
EL=0 onC 
V7H, + BH: = 0 
yH! TE mode 9-14 
oe =0 onC | ( ) 


However, we wish to effect the solution in cylindrical coordinates as 
shown in Fig. 9-9, and thus V? must be written in cylindrical coordinates. 


Fig. 9-9. Cylindrical coordinate system. 
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It may be verified that the two-dimensional Laplacian operator V? in 
cylindrical coordinates is given by 
0? 10 Inioe 
jell wae paisa Wy ah cae 
Vi ap ate any ate a Og (9-44) 
As before, the transverse components of the field may be written in 
terms of the longitudinal ones. This is done by merely converting Eqs. 
(9-5) to polar form. The result is 


ee (ae i a) 
(a) oa v+ope\p d6  * dp 
1 OE, , y 0H: 
(b) Hy oy eer ee (je + —- ) 
vy? + wpe i p ei (9-45) 
(irre tiat | ( OE: fe) 
(c) Enis 7 + wre \" dp af p oo 
hiteay oat yOE: , . 2H) 
(d) ee we fe delta 


This can be verified readily if one imagines the rectangular and polar 
coordinate systems oriented in such a way that the unit vectors a, and a, 
are in the same directions as the a, and ay vectors, respectively. 

The general procedure to be followed now is the same as in the rec- 
tangular case. We look at the TM and TE cases separately and find the 
solution for the appropriate longitudinal component. Then the transverse 
components follow directly from Eqs. (9-45). 


9-10. CYLINDRICAL WAVEGUIDE: TM MODE 


The differential equation to be solved for this case is 


El Ol ee 


= ea 2 
ap? Ey fe a Og + kk. = 0 (9-46) 
Again we look for a product-type solution of the form 
Ez = R(p)®(9) (9 
Substituting this into Eq. (9-46) yields 
POR, dR, a), (10) _ 
(as Rant OH) (bee) ee 


The variables in Eq. (9-48) have been separated, and thus each term 
within parentheses may be set equal to a constant. Also, since the two 
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terms must sum to zero, the two constants must be equal in magnitude 
and opposite in sign. Thus, denoting the constant as —n?, 


® dg? = —n? (9-49) 
2 A2 
oo ae pee = n? (9-50) 
or 
2 
aa t we = 0 (9-51) 
d@R  1dR n? 
LAS PG ay bd n-=)R= 9-52 
ae ttt ( - (9-52) 


Equation (9-51) will be recognized as the simple harmonic equation. Its 
general solution is 

@ = A sin n¢+ B cos nd (9-53) 
Equation (9-52) is almost Bessel’s equation and would be exactly if k? 


were replaced by unity. A simple change of variable will bring the equa- 
tion into appropriate form. Let 


R(p) = Rilkep) (9-54) 
Substituting this into Eqs. (9-52) leads to 
aR; 1 dk ( n* ) 
ae poe iere, (fv =|) R= 6 9-55 
Hkeo)* + Chap) dhe) + \'— Beppe) ® ire 


This is precisely Bessel’s equation of order » with &,p as the argument of 
the equation. Its general solution may be written as 


Ri (Rep) <a R(p) = CIn(Rep) = i DN,(Rep) (9-56) 


where J, and WN, are Bessel functions of the first and second kind, respec- 
tively. The Bessel functions for m = 0, 1, and 2 are shown in Fig. 9-10. 
The solution for E; may now be written as 


E, = (A sin no + B cos nd) [CIn(kep) + DNalkep)] (9-37) 


It remains now to evaluate the constants. First of all, A may be set equal 
to zero arbitrarily, since this merely amounts to rotation of the coordinate 
system to a point where the harmonic variation in ¢ appears as a simple 
cosine function rather than a combination of sine and cosine terms. Next, 
the solution must be periodic with respect to @ with a period of 27 if Ez 
is to be a single-valued function of p and ¢. Thus » must be restricted to 
integral values (zero included). Finally, Bessel functions of the second 
kind are all infinite at the origin, and thus D must be zero if our solution 
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Fig. 9-10. Zero-, first-, and second-order Bessel functions. 


is to remain finite at p = 0. It can be seen then that the form of E; must 
reduce to 
Ez = EyJn(kep) cos np (9-58) 


where &, is an arbitrary amplitude constant and 7 is an integer. 
One boundary condition remains to be satisfied 

En=_0 9 sion p= @ 

This must be true for all values of @ and thus 
J(R.0) =O 

This restricts k,a to discrete values, namely, the roots of J, = 0. Table 
9-1 gives the lower-order roots, which are the ones of primary interest. 
Index x is associated with the order of Bessel function, and’ / with the 
particular root of J,, beginning with the first nonzero root. A subscript 
notation will be used to denote the roots: Tn; will denote the /th root of 
the nth-order Bessel function. The permissible values of &, are now given 
by 
Tal 
a 


~ 


k, = (9-59) 
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TABLE 9-1 


Roots of J, = 0 (TM Modes) 


U 0 1 2 3 


1 2.40 3.83 5.14 6.38 
2 5.52 7.02 8.42 9.76 
3 8.65 10.17 11.62 13.02 


It can be seen that there exists a ‘‘double infinity” of values for k, here, 
just as in the rectangular case. 
The final expression for E; may now be written as 

EL = EJ» (=) cos np (9-60) 
The transverse components may now be determined by substituting Eq. 
(9-60) and H; = 0 into Eqs. (9-45). The results are summarized as 
follows: 

Hi = pe iwelie ip (=) sin np 


a 


kip 
ns = l(t) cox 
yi (9-61) 
(eee Trio r {Tnip 
, _ ynko Tnip\ . 
Ey = Ep fal A ) sin np 


In the above equations J;, denotes the derivative of J, and should not be 
confused with the primes on the field components, which indicate that 
these are functions of p and ¢ only. 


9-11. WAVELENGTH, VELOCITY OF PROPAGATION, 
CHARACTERISTIC IMPEDANCE, CUTOFF PROPERTIES 


The constant &, is the key to determining the cutoff frequency in any 
waveguide problem. That is, 
R= 7? + wpe 
and w, is the particular w which makes ¥ zero in the above equation. Thus 
w, is always given by 
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1 
Cc SS ke 9-62 
‘ile ( ) 


For the TM,; mode in a cylindrical waveguide, the cutoff frequency is 
then 
as (9-63) 
aV ue 
This is an important parameter, since once it is found, the characteristic 
impedance, velocity of propagation, and wavelength are obtained by 


reg secre yr eeset (LAA 
Zo(TM) ~ Fuse n 1 (=) (9-64) 


v 


dE. pee! 
1 
Vi - (w./w)? 


These equations may be verified in the usual way. Note that they are the 
same equations encountered in the rectangular problem. As a matter of 
fact, these equations for Zo:rm), ¥p, and A, are valid for any TM mode, 
regardless of the waveguide shape. 


—-—— > Hf 
TOE Xg ae 
(a) End View (b) Side View 


Fig. 9-11. Field distribution for TMo, mode. 


The TMo mode is the simplest possible TM mode in a cylindrical pipe 
and is of considerable practical importance. The field distribution for this 
mode is shown in Fig. 9-11. Note the similarity between this mode and 
the TMi; mode in a rectangular guide. - 


9-12. CYLINDRICAL WAVEGUIDE: TE MODE 


The solution for the TE mode is essentially the same as that for the 
TM mode up to the point where the boundary condition is applied at 
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p = a. Therefore we shall pick up the derivation at the point where we 
write H’ in the form 


Hz = HoJn(Rop) cos nb (9-67) 

Now the normal derivative of H; must be zero along the boundary; i.e., 
OH; _ 3 

Ae 0 along p = a (9-68) 


This must be true for all values of ¢. Thus 
Ti (kea) = 0 (9-69) 


where J/ indicates the derivative of J,. Thus the roots of J;, = 0 become 
the permissible values of k,a. These will be denoted as T,, and are tabu- 
lated in Table 9-2. 


TABLE 9-2 


Roots of J, = O (TE Modes) 


n 


U 0 1 2 3 


1 3.83 1.84 3.05 4.20 
2 7.02 2:95 6.71 8.02 
3 10.17 8.54 9.97 1a OS) 


The allowable values of k, may now be written explicitly as 
a (9-70) 
and thus H; may be written as 
H = Hn (#2) cos nb (9-71) 
Also, the transverse components may be found from Eqs. (9-45) and are 


/ 
= allt 20 UK (2) cos np 


Rea 
Ho = «, aie (2) sin np 
. (9-72) 
15 ne ie (22) sin no 


Eneseiees out nstd In (a ) cos np 


~ Ba a 


254 LINES, WAVES, AND ANTENNAS Ch. 9 


The expressions for cutoff frequency, velocity of propagation, wavelength, 
and characteristic impedance are summarized below. Note that they are 
essentially the same as those for the TE mode in the rectangular case. 


a 7 =e (9-73) 
Up = =a (9-74) 
xe Ta (9-75) 
7 ane js a, Ao (9-76) 


9-13. CYLINDRICAL WAVEGUIDE: TE:: MODE 


It can be seen by inspection of Tables 9-1 and 9-2 that the dominant 
mode for cylindrical waveguides is the TE;; mode. The dominant mode is 
always of special interest and thus it will be described further. The field 
distribution is shown in Fig. 9-12. Note the similarity between this mode 


——— re 


= = 


oo Yio aS. i eS toe 

Taser ae ia NE fe we \ bil 

ADAGE SILC eee PAAR 
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(a) End View (b) Top View 


Fig. 9-12. Field distribution for TE; mode. 


and the TE; mode of the rectangular case. They are so similar that one 
could imagine the cylindrical mode as evolving from the corresponding 
rectangular one by gradually distorting the sides of a square guide until 
it is circular in cross-section. Looking at it from this physical viewpoint, 
one might suspect that the two modes have approximately the same 
cutoff frequency; and, as a matter of fact, this is true. For example, 
consider an air-dielectric square guide, d by d, and a cylindrical one with 
diameter d. The respective cutoff frequencies are 
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Rectangular TE) mode 


C 


fo= 5, 
Cylindrical TE, mode 


tpi i ES oe el ae 
Je= eX (/D) ‘17d 
The cutoff frequency for the cylinder is slightly the higher of the two. 
This is to be expected because it has less cross-sectional area than the 
circumscribed square. 

There is a subtle inference which may be drawn from the above 
example. A rectangular waveguide may be distorted considerably from 
its original shape without a radical effect on either the cutoff frequency or 
general field configuration. This means that manufacturing tolerances 
need not be extreme and that such things as bends and twists would be 
permissible as long as they take place gradually. 


9-14. THE TEM MODE 


We shall now justify some of the previous remarks made about the 
TEM or transmission-line mode. This mode is characterized by no 
component of either E or H in the direction of propagation. That is, the 
field is completely transverse to the direction of propagation. When the 
condition (E; = H; = 0) is substituted into the equations relating 
the transverse components to the longitudinal ones, Eqs. (9-5), it can be 
seen that y? + w?ue must be zero if the transverse components are not 
to be zero. Thus 

B = wV ue (9-77) 
and 
gos Cnee! 
> 8B Sie 
These are precisely the expressions for phase-shift constant and velocity of 
propagation encountered in the plane wave case. Also, from (a) and (b) of 
Eqs. (9-4), 


(9-78) 


y _ Ez _ jo _ jou Jt 
es — -= 9-79 
—H, Hy ¥  joVye eur n'a? 


and therefore the characteristic wave impedance for the TEM mode is 


transverse E VEY +E; _ 


transverseH WH? + H?? =e! (9-80) 


Zo(TEM) = 
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This is just the intrinsic impedance encountered in plane wave theory. It 
can be seen by forming the dot and cross products of the transverse E and 
H that they are orthogonal and oriented so as to produce positive power 
in the direction of propagation. That is, 


’ , E} E 
E; - H; = (Aza, + Eyay) - (-=#a. + =2,) = 0 


az a a, 


/ , 12 12 ‘\2 
E! x H) = - Ey 0 =a, (2 47) - 0,4! 
Ey E; ” n 1 
u] 0 


Thus the TEM mode has all of the earmarks of a plane wave of the non- 
uniform variety. It is nonuniform because E and H may vary both in 
magnitude and direction within a plane normal to the direction of 
propagation. 

It remains to be shown that this mode is exactly the one previously 
discussed in transmission-line theory. This can be deduced by noting that 
7 is imaginary for all frequencies and thus must apply at zero frequency. 
Since all higher-order modes (TE and TM) exhibit cutoff properties, the 
TEM mode is the only one which can exist at zero frequency. Therefore it 
and the transmission-line solution must be one and the same if our solu- 
tion at low frequency is to be unique. Also the facts that 7 is a constant 
and § varies linearly with frequency tell us that the transmission-line 
solution (in which Z, is also a constant and @ varies linearly with fre- 
quency) is valid for all frequencies with no upper limit. 

It is important to recognize that the conventional transmission-line 
solution as developed from circuit theory and the TEM mode of wave- 
guide theory are just two different ways of looking at the same phenome- 
non. In one case we see current and voltage waves as the essential 
propagating quantities, and in the other case electric and magnetic fields 
are the salient features of the propagation phenomenon. Actually, both 
traveling-wave pictures occur simultaneously and are inherently associ- 
ated. That is, where we have voltage and current waves, we should expect 
to find associated electric and magnetic field waves and vice versa. The 
mathematical formalism used to describe the phenomenon can be either 
in terms of circuit theory or field theory, and either of these formalisms 
should lead to the same result when it is interpreted physically. 

It was mentioned previously that it is often helpful to be able to look 
at a problem from two different viewpoints. An example of this is the 
balun problem which was discussed in the chapter on transmission-line 
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matching. From strictly a circuit viewpoint there is no obvious need (for 
matching reasons, at least) for a transition section between a coaxial line 
and an open-wire line if they have identical characteristic impedances. 
By simple circuit theory there would be no reflection at the junction and 
nothing to worry about. However, when this same problem is viewed in 
terms of a traveling electromagnetic wave, we can immediately see that 
something drastic must happen at the junction. The field configurations 
called for by the two types of lines are radically different, and we cannot 
expect the field to change form abruptly at the discontinuity. The net 
result is a complicated combination of reflection and radiation at the 
junction, both of which are undesirable. The fallacy in the circuit ap- 
proach lies in the L and C parameters which were computed on the basis 
of an infinite line of uniform cross-section, and thus we should not expect 
such an analysis to fit the problem at hand very well in the neighborhood 
of the discontinuity. 

A possible solution to the problem is suggested by wave theory. If we 
are to avoid serious reflections, we could try making the change from 
coaxial to open-wire geometry gradually in order that the electric and 
magnetic fields may change their form gradually rather than abruptly. 
A simple scheme for doing this is shown in Fig. 9-13. Here the outer 


Fig. 9-13. A simple flared-out coaxial to open-wire transition. 


conductor of the coaxial line is gradually flared out with a V-shaped 
opening until there is nothing left of it but a single, round conductor with 
appropriate diameter and spacing to give the open-wire line the same 
characteristic impedance as the coaxial one. The form of balun is not 
perfect, but it is much better than making the transition abruptly. It 
also has the advantage of being insensitive to frequency changes over a 
wide range, which is not true of the other baluns mentioned in Art. 44. 


9-15. HIGHER-ORDER MODES IN COAXIAL AND 
OPEN-WIRE SYSTEMS 


The TEM mode is, of course, the dominant mode in coaxial or open- 
wire systems because its cutoff frequency is zero. Higher-order or wave- 
guide types of modes are possible, though, and the analysis of these 
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proceeds along the same general line as the previous waveguide problems. 
The coaxial line is the simpler of the two cases and it will be used to 
illustrate the procedure. The mathematical analysis of this case is 
identical with that of the cylindrical waveguide up to the point where the 
boundary conditions are applied. 

In this case, however, the region of interest is that between the inner 
and outer conductors and thus does not include the origin (Fig. 9-14). 
This means that the Bessel function of the second kind must be retained 
in the solution because its singularity at the origin is of no consequence. 
Also, the boundary condition on E; (or H? as the case may be) must be 
applied along both p = a and p = b. In the TM case this gives rise to a 
pair of equations which must be satisfied, of the form 


CJ,(Rea) + DN,(k.a) = 0 


CIa(Reb) + DN (Reb) = 0 Bee 
or, dividing to eliminate C and D, 
Jn(Red) _ Nn(k-a) 
Talked) ~ Na(b.b) ies 
Similarly, for the TE mode, the equation to be satisfied is 
In(Rea) _ Nnlk-a) (9-83) 


In(keb) — Nn( eb) 


Fig. 9-14. Coaxial system. 


These equations have been solved by numerical means, and solutions 
have been tabulated for various ratios of a:b.° The tables are somewhat 
involved and will not be repeated here. The first of the higher-order modes 
is of particular interest, though, since it determines the upper limit of the 
frequency range for which coaxial cable may be used without fear of mode 


5 See, for example, N. Marcuvitz (ed.), Waveguide Handbook, Vol. 10, MIT Radiation 
Laboratory Series (New York: McGraw-Hill Book Company, Inc., 1951), p. 74. 


Art. 9-15 GUIDED WAVES 259 


switching. This is a TE mode and is similar to the cylindrical TE,, mode 
except that the electric lines of flux are intercepted by the center conduc- 
tor in the coaxial case. The cutoff frequency of this mode can be approxi- 


Fig. 9-15. Higher-order mode in coaxial system. 


mated by thinking of the field in the upper-half annular region as being a 
distortion of the TE, rectangular mode, as shown in Fig. 9-15. The 
mean width of the “equivalent” rectangular guide would then be 


Mean width } r € 3 ") 


and the approximate cutoff frequency is (from Example 9-2) 


free velocity _ v 
2X width 7(a+ 5) 


a~ 
ry ~~ 


(9-84) 


An example will illustrate the use of this approximate formula. 


Example 9-3 


Find the cutoff frequency of the first higher-order mode for an air-dielectric 50-ohm 
coaxial line whose inner conductor has a radius of 2 mm. 

Indirectly the characteristic impedance of the line specifies the outer radius 0 
through the equation 


Zo = 60 In y 
a 
Therefore 


b = aeZ0/60 = (2 X 10 )e*® = 4.6 mm 


The approximate cutoff frequency of the first of the higher-order modes may now be 
computed from Eq. (9-84) as 


3X 10° 
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It can be seen from this example that the higher-order modes in coaxial cable are 
usually not bothersome, since their cutoff frequencies are much higher than those in 
the frequency range where coaxial cable is normally used. 


9-16. ATTENUATION IN WAVEGUIDES 


We shall begin by restricting ourselves to the slightly lossy case and 
assuming that the introduction of slight losses will not appreciably 
distort the field picture obtained in the ideal case. This assumption is 
almost an absolute necessity, the analysis being extremely complex 
otherwise. No formal justification of this will be given other than to say 
that the assumption seems reasonable in the light of our previous experi- 
ence with plane wave and transmission-line theory. The general procedure 
will be to evaluate the expression a = P,/2Pr and use the fields as 
obtained in the lossless case for computing P; and Pr. The transmitted 
power Pr can be obtained by integrating & x 3¢ over the cross-section of 
the guide, and the power lost per unit distance in the z-direction can be 
found by summing the total losses in a differential section dz and dividing 
this by dz. : 

The TE; mode is of considerable practical importance, and thus it 
will be used to illustrate this method of computing attenuation. We shall 
also assume that the only losses are wall losses as this fits the physical 
situation for air-filled waveguides quite well. For convenience the 
coordinate system for a rectangular guide is repeated in Fig. 9-16, along 


‘= at. 
£,=E5sin G 
a 
Hae > sin =e 
Se (TE) 
ei 
Z. Les e} cal tes Wx 
b Mz J a \F— 1608 ae 


. E,=E,=H,=0 
2 fe) 


Fig. 9-16. Rectangular waveguide, TEi) mode. 


with the appropriate equations. It will be recalled from Chapter 7 that 
the expression for average (timewise) power density, when written in 
terms of phasors, is 

P = } Re (EX H*) (9-85) 


where H* denotes the complex conjugate of H. The factor of 1/2 is present 
in the equation because E and H* refer to peak rather than rms values. 
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Equation (9-85) will now be used to find the time-averaged power 
flowing in the z-direction. It can be seen from the equations of Fig. 9-16 
that the z component of P is given by 


P(z direction) = 3 Re [(E,e~***) (— H;*e#**) ] 


= a ITEMS 9 TX 
Spa sin? — (9-86) 


Integrating this expression over the cross-section of the guide yields, for 
the total time-averaged transmitted power, 


1 | El? fale “i 
PRs 9 Tavis sin =) ay dx 


= | Eo|?ab 
4Zocrr) 


(9-87) 


It will next be necessary to find the expression for wall losses per unit 
length. This is done by integrating the loss per unit area over a section of 
guide of differential length dz. It will be recalled that the loss per unit 
area is given by 

P (per unit area) = 3|J,|?Re (9-88) 
The magnitude of the current density J. is equal to the magnitude of H at 
the wall surface and is thus obtained directly from the equations given in 
Fig. 9-16. By referring to Fig. 9-17, the losses are summarized as follows: 


1. Area A: 


(dP)4 = 5 fe G:) ath 


2. Area B: Same as A, because of symmetry. 
seaArea C: 


— 


(dP)c ==R, il ; (|Hi|? + |H2?) dx dz 


2 


<1 ae) JE fain ae + EE (AY) | coe Zee] 
as 3 Re de pee sin - dx + apr llay : cos 7 ax 
1 12/2Xe\2 
. dz| 02a E Gime at a 


4. Area D: Same as C, because of symmetry. 


_, 


Summing the total losses and noting that Pz is 
(dP)a + (dP)z + (dP)o + (GP)p 
dz 
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Fl spcoaesener ft 
lec 
[aey dz 


Lb 


Fig. 9-17. Differential section of guide. 


CP PON 27 SO 1 Be. a [Xr \? 
= ge ae bscecete de iin) | fhe. 
fo R,| Fa & a # 2 Zicre) He 21? & | ae 


The attenuation is now given by 


r a afxr\2 
Pr 7 RABE | (ea)l ‘ies eal 


a= =— 


leads to 


2Pr | Eo|2ab 
2ZoTE) 
= See | (os) hae) he | 
— ab alli N2e) tain qa pao Cae 


As could be expected, this equation may be written in a number of 
different forms. Another form which is somewhat more convenient from a 
computational viewpoint is 
ian E aE pa = (4)"] (9-91) 
bnV 1 — (fe/f)? f 
A sketch showing the general shape of the attenuation versus fre- 
quency curve is shown in Fig. 9-18. Note that a approaches infinity as 
f—f. and f >. Thus there is an optimum range of operation from an 


| 
| 
| 
| 
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| 
| 
le 


O 


Fig. 9-18. Attenuation for TEi) mode. 
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attenuation viewpoint. Also, it can be seen from Eq. (9-91) that the 
attenuation decreases with an increase in b. The two basic factors which 
govern the choice of b/a for a rectangular waveguide have now been 
presented. From the viewpoint of band width (range in which only the 
TEy mode is possible), b/a should be 1/2 or less. This gives a factor of 2 
separating the TE, and the next higher-order mode, the TE) mode, and 
this is the maximum separation possible in a rectangular waveguide. On 
the other hand, b/a should be made as large as possible from the attenua- 
tion and maximum power capability viewpoint. In setting up standard 
sizes for rectangular waveguides, the band-width criterion has prevailed, 
and b/a is approximately 1/2 for all standard sizes. For example, RG— 
52/U (X-band size) has a b/a ratio of 4:9. 

This same technique for finding attenuation may also be applied to 
other rectangular and circular waveguide modes. The procedure is 
straightforward, but the algebra is quite involved and will not be re- 
peated here. A summary of the resulting formulas is given at the end of 
this article. With one exception, the attenuation curves have the same 
general shape as the one shown for the TE; mode in Fig. 9-18. The 
exception is the TEo circular waveguide mode and all similar higher- 
order modes possessing the circular symmetry property—in general, the 
TEo; modes. These modes have attenuation versus frequency curves 
which decrease indefinitely with frequency, and this suggests obvious 
possibilities in long transmission systems where low attenuation is of 
prime importance. Particular attention has been given to the TE mode, 
it being the lowest order of these modes, and a considerable amount of 
experimental work has been done in an attempt to put this mode to 
practical use.® The basic problem, though, lies in mode switching, since 
the TE», mode is not the dominant one in a circular waveguide. That is, 
any slight perturbations from perfect cylindrical geometry, such as dents 
or bends, cause some of the energy to switch from the TEo, mode to other 
modes, and this is highly undesirable. 

For reference purposes, formulas for computing attenuation due to 
wall losses are on palge 264. They may be verified by the same general 
technique which was illustrated for the TE) rectangular mode. Dielectric 
losses are not included in the formulas, but they can be handled in a 


6 For a good discussion of the problems involved with this mode and some of the supporting 
experimental work, see S. E. Miller, “Waveguide as a Communication Medium,” Bell System 
Technical Journal, vol. 33 (November 1954), pp. 1209-1265. 

A more recent article describing this mode and the associated waveguide is the one by 
J. W. Carlin and P. D’Agostino, ““Low-Loss Modes in Dielectric Lined Waveguide,” Bell 
System Technical Journal, vol. 50, No. 5 (May-June 1971), pp. 1631-1638. 
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similar manner. When such losses are present, one simply adds the 
dielectric loss per unit length to the wall loss per unit length to obtain the 
correct P, in the a = P,/2Pr formula. 


SUMMARY OF ATTENUATION FORMULAS 
1. TEm, Mode, Rectangular Waveguide (for m and n ¥ 0):? 


di) 
—{-—-m oe n? 
Se aT tea) dit ae) 
“0 a 
(9-92) 
2. TMmn Mode, Rectangular Waveguide: 
m (2): PUP 
Sa Ce 2 (9-93) 
“We @ 2) ~() ie 
3. TE,: Mode, Circular Waveguide: 
R ; n? 
= | (+ = 9-94 
anV1 — (fy? (G)+a=al a 
4, TMn: Mode, Circular Waveguide: 
R, 
~ anV1— Gi aay 


PROBLEMS 


9-1. Consider two infinitely large, conducting, parallel planes separated by a dis- 
tance a. All three types of modes (TM, TE, and TEM) can propagate in a 
direction parallel to the planes under the right conditions. (a) Which of the 
modes is the dominant mode and what is its cutoff frequency? (b) What is the 
cutoff frequency of the next higher-order mode in terms of the separation dis- 
tance a and the free velocity in the dielectric medium? (c) Sketch the field dis- 
tribution for the mode of (b). 


9-2. An air-dielectric, rectangular waveguide has inner dimensions of 2 by 1 cm 
(a and 3, respectively). Find the cutoff frequency for the TMa mode and sketch 
the field distribution for this mode. 


7 This formula will not reduce to the correct formula for either m or n equal to zero. It is 
off by a factor of 2 in these cases because the field is uniform in either one or the other of the 
two directions. Note that Eq. (9-91) is valid, though, and may be used for the TE, mode 
by simply interchanging the a’s and 0’s. 


i 


9-9. 


9-10. 


9-11. 


9-12. 


9-13. 


9-14. 
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X-band waveguide has a and b inner dimensions of 0.9 and 0.4 in., respectively. 
Assuming that the dielectric is air, list all the possible modes of propagation 
which can exist at a frequency of 20 GHz. 

Sketch the current distribution in the walls for the TEio rectangular mode and 
deduce from this why a longitudinal slot may be cut in the top of the guide 
without appreciably disturbing the field distribution. (Hint: Ampere’s law 
applied to a small loop enclosing the boundary will give a relationship between 
the magnetic field at the surface and the current density in the wall.) 

Derive an expression for the time-averaged power transmitted in a rectangular 
wave-guide operating in the TE) mode with only an incident wave present. 


Find the upper limit of power which can be propagated in X-band waveguide 
(0.9 by 0.4 in.) without causing voltage breakdown of the air dielectric. Assume 
that the frequency is 1.5 times the cutoff value and that air has a dielectric 
strength of 3 X 10° V/m. 

A section of X-band waveguide is to be used as a below-cutoff-type waveguide 
attenuator at a frequency much below cutoff for the guide. What must be the 
length of the section to give 60-dB attenuation (i.e., the amplitude of the wave 
is to be reduced by a factor of 1000 within the section)? 


A cylindrical waveguide is to be used as a TE mode below-cutoff-type attenu- 
ator at frequencies much below cutoff. (a) Sketch the field distribution within 
the attenuator section. (b) What is the upper limit of the frequency range of 
this attenuator expressed in terms of the ratio f:f. if the attenuation constant 
is not to deviate more than 5 per cent from the low-frequency value? 


A cylindrical waveguide is air-filled and 10 cm in diameter. (a) Find the cutoff 
frequency for the TMu mode. (b) Sketch the field distribution for this mode. 


For the cylindrical waveguide of Problem 9-9 (diameter = 10 cm): (a) state 
the dominant mode and find its cutoff frequency; (b) tabulate the possible 
modes of propagation if the operating frequency is 3 GHz; (c) determine the 
cutoff frequency of the dominant mode if the guide were filled with a material 
with a dielectric constant of 2.25. 


It is desired to propagate the TEn mode in a cylindrical waveguide at a fre- 
quency of 10 GHz. What should be the radius of the guide if this frequency 
is to be 0.8 of the cutoff frequency of the next higher-order mode of operation? 


Write the explicit expressions for the electric and magnetic field intensities for 
an air-dielectric coaxial line and show that the ratio of the two is 7. 


Show that the transverse electric field for the TEM mode may be derived from 
a scalar potential function ¢ which satisfies Laplace’s equation; i.e., V6 = 0. 
Note that this is another way of showing that the TEM mode and the conven- 
tional transmission-line solution are one and the same because the field distri- 
bution assumed in computing L and C is the static one. 


In the derivation of the wall losses for a rectangular waveguide, it was assumed 
that the timewise average of the square of the total magnetic field was equal to 
the sum of the average squares of the x and y components, even though these 
are 90 degrees out of phase timewise. Show that this is valid. 
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9-15. 


9-16. 


9-17. 


9-18. 


9-19. 
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Show that the TE: waveguide attenuation formula, Eq. (9-91), follows from 
Eq. (9-90). 

Sketch a plot of theoretical attenuation versus frequency for a brass X-band 
waveguide (0.9 by 0.4 in.) within the X-band range (8.2 to 12.4 GHz). Plot 
a in decibels per 100 ft. Assume that the dielectric medium (air) is lossless and 
that brass has a conductivity of 17.3 X 10° mhos/m. 

Compare the results of Problem 9-16 with those obtained for coaxial-type 
(TEM mode) transmission within this range. For purposes of comparison, 
assume an air-dielectric, brass, 50-ohm line with an outer conductor diameter of 
1.5 cm. The two transmission systems will then be roughly the same size. 
Compare the maximum power capabilities of the coaxial and rectangular wave- 
guide systems of Problems 9-16 and 9-17. Assume the dielectric strength of air 
is 3 X 106 V/m. 

It was pointed out in Art. 9-16 that the TE circular waveguide mode has 
possibilities as a practical mode of transmission even though it is not the domi- 
nant mode. It is desired to achieve a loss of only 2 dB/mi using copper pipe 
with an inner diameter of 2 in. and operating in the TE, mode. (a) What must 
be the frequency of operation? (Hint: The frequency is much greater than cutoff 
and therefore V1 — (f./ ‘f)? is approximately unity.) (b) What would be the 
corresponding attenuation for the dominant mode at this frequency? 


10 


Resonant Cavities 


10-1. GENERAL REMARKS ON RESONANT CAVITIES 


It will be recalled from transmission-line theory that a transmission 
line shorted on both ends exhibits resonance properties at frequencies 
where the length is \/2 or some multiple thereof. By direct analogy one 
would expect a similar phenomenon to take place when a section of 
waveguide is shorted on both ends, and this is the case. When shorting 
plates are placed over the ends of a waveguide section, there will exist a 
dielectric region completely surrounded by a conducting surface. This is 
known as a resonant cavity. It will have resonance properties very much 
the same as the shorted line. It can be seen that there are a great many 
different possible modes of resonance—in fact, an infinite number of them. 
For each different waveguide mode there will be an infinite number of 
multiples of a half-wavelength which may be fitted in the longitudinal 
direction between the two end faces. Thus a triple infinity of modes is 
possible. Usually only the lower-order modes are of interest, and the one 
with the lowest resonant frequency is referred to as the dominant mode. 

Before proceeding to the mathematical solution of some simple 
geometric cases, it should be mentioned that this approach to resonant 
cavities via waveguides is somewhat restrictive. It will lead to a solution 
of only those geometric configurations having general cylindrical proper- 
ties, i.e., having cross-sectional shape which is arbitrary but always the 
same when viewed at any point along the longitudinal axis. Actually, a 
dielectric region of any shape which is completely surrounded by a 
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conducting surface will exhibit resonance properties, and this is the most 
general form of the resonant cavity. The solution of such general prob- 
lems is quite difficult; so we shall confine our attention to the few simple 
cases which we can solve readily by using waveguide and transmission- 
line theory. 

Oddly enough, the study of resonant cavities as an engineering science 
is relatively new, even though the fundamental theory goes back to 
Maxwell’s time. The lack of engineering interest in resonant cavities was 
probably due to the extremely high frequencies required for resonating 
structures of reasonable size. Such high-frequency sources and associated 
test equipment were not available until recent times, and thus experi- 
mental work in this area was virtually impossible. The modern-day 
interest in resonant cavities began in the late 1930’s with the publication 
of two papers on this subject by W. W. Hansen.! Hansen’s papers have 
since become classics on the subject, and he deserves much of the credit 
for the state of the resonant cavity art as we know it today. 


10-2. RECTANGULAR AND CYLINDRICAL RESONATORS 


Rectangular and cylindrical resonators are two special cases which are 
readily solved in terms of waveguide theory. We shall use the same 
coordinate systems as in waveguide theory and shall denote length of the 


sa es ae <a 
Fale! Ei 


(a) Rectangular Cavity (b) Cylindrical Cavity 


Fig. 10-1. Coordinate systems for rectangular and cylindrical cavities. 


resonators by d, as shown in Fig. 10-1. Now, when shorting plates are 
placed over both ends of a section of waveguide, the reflection coefficient 


*W. W. Hansen, “A Type of Electrical Resonator,” Journal of Applied Physics, vol. 9 
(1938), pp. 654-63; “On the Resonant Frequency of Closed Concentric Lines,” Journal of 
Applied Physics, vol. 10 (1939), pp. 38-45. 
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is —1 at these points. Thus two waves will exist inside the resonator, an 
incident one and a reflected one, which are equal in magnitude and 
phased such that nodes in the transverse electric field will exist at both 
ends.? Therefore, it can be seen that Gd must be some multiple of 7; Le., 


Bd = pr (10-1) 


where is an integer. Now, from waveguide theory, ? is related to the 
frequency by 


ki = 7? + wpe = —B? + wpe (10-2) 
Thus combining Eqs. (10-1) and (10-2) leads to the equation for resonant 
frequency: 
1 4 pr\? 


This formula applies to any waveguide type of cavity. It will be recalled 
from waveguide theory that &, is a constant which depends only on the 
mode and the cross-sectional geometry involved. For the rectangular 
case, 


2 2 
R= (=) ne (=) (for both TM and TE modes) _ (10-4) 


Tni 


2 
(=) (for TM mode) 
We 4 (10-5) 
(=) (for TE mode) 


Note that there are three degrees of arbitrariness in the choice of 
modes, two coming from the waveguide mode and the third from the 
number of half-wavelengths in the axial direction. A subscript notation is 
useful for identifying the different possible modes in a resonant cavity, 
just as in the case of waveguides. The usual procedure is to carry over the 
two subscripts from the waveguide mode from which the resonant cavity 
mode is derived and then add a third subscript to denote the number of 
half-wavelengths involved in the axial direction. For example, the TEia 
mode in a rectangular resonator is derived from the TE1o waveguide mode 


2 This discussion of resonant cavities assumes that the cavities are completely closed. 
Actually there must be some small opening (or openings) to get energy into (or out of) the 
cavity. This is usually accomplished by means of small probes or loops, and will be discussed 
in Art. 10-6. At this point the effect of the coupling system on the fields will be neglected. 
It will suffice to say that this is justified if the coupling loops or probes are small in comparison 
with the other dimensions involved. 
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and has one half-cycle variation in the z-direction. The resonant frequency 
for such a mode would be given by 


G. = Tr J (47) + (757) + (457) (for TEio: mode) (10-6) 


The resultant field configuration is shown in Fig. 10-2. 


a 


(a) End View 


ARB ie 
d 
(b) Side View (c) Top View 


Fig. 10-2. Field configuration for TE, mode. 


Example 10-1 


At this point it is instructive to develop explicit expressions for the fields of the 
TE: mode in a rectangular resonator formed by placing short-circuit plates over the 
ends of a section of rectangular waveguide which is d meters long. The waveguide 
dimensions are a meters by 6 meters. The starting point is the field expressions for a 
TEio mode in a rectangular waveguide. These can be abstracted from Eqs. (9-43): 


Ei = E) sin — 
Eo 1x 
Hi=— —_ 
Zo(TE) a 
Hi ss ake gan 
5 n 2a a 


Now we can insert the z-dependence e~#** for the waves traveling in the +2z-direction 
and e+ for the waves traveling in the —z-direction. The resultant waves are 
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fae le: 
Ey ES sin e~ ibe 


non-zero components for 


ig ee RX ay 
H+ =— Z °_ sin oe e~ ibe the wave traveling in the 
ssi 2 +2-direction 
fg aN % 
H+ =j— — cos — e 
n 2a a 
E; = Ej sin — etibe 
E- are non-zero components for 
Hy = = sin — etibs the wave traveling in the 
ZTE) a : : 
—z-direction 
. Eo X ' 
Hy =j7—2— cos — etié= 
n 2a 


For the wave traveling in the —z-direction, the direction of the electric field is 
assumed to be the same as for the wave traveling in the +<2-direction. This forces 
the transverse component of the magnetic field (H,) to be directed opposite to that 
of the transverse component of the magnetic field of the wave traveling in the --z- 
direction. 

These waves exist simultaneously in the rectangular structure, so we write the 
composite waves as 


E, = (Ege7#* + Eg et) sin 


H, = (—Eg ei? + Eg ete) - : sin 
Zo(tE) a 
i (pt e-iBe — ptiBe Ae 
H, Ap Bee + Ege ) cos = 


The boundary conditions require the tangential electric field to be zero at z = 0 and 
= d. Thus, EF, = 0 at z = 0, or, 


(Ef + Ee) sin = 0 


This leads one to choose E- = Ey and Ej = —Z£p. Substituting into the expression 
for £, results in 


toe LE? dys . HX 
E, = Ey(ei®# — ei) sin — 2jE» sin Bz sin rs 


In order to satisfy the boundary condition that E, = 0 at zs = d, 8B = 1/d. The other 
field components can now be determined to be 


2Eo vis a Re 


A2 iy sin a 2 COS Bs 
n2a d a 


—_— 
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Using the relationships Zorz) = esis De TPLT and oY as Weal (in this case 


«® = w,), we can write the field expressions as 


ree KO ee 
Ey, = 2jEosin 7st 


2EoV 1 — (we/w,)? oz. x 
= ————— cos — sin — 
n d a 


2k: . TZ TX 
—— sin — cos — 
Wr d a 


: 1 7 1 = =? 
In these equations, w, = —=—= (2), oO, = —— nies + (5) ,and 7 = V po/eo. 
q V i0€0 a V to€o a d hee 


A word or two is in order at this point about finding the dominant 
mode for a given physical situation. The dominant mode is the one with 
the lowest resonant frequency, and thus it is desired to choose the three 
subscripts such that w, as given by Eq. (10-3) will be as small as possible. 
An obvious possibility is to let the integer p be zero. However, this is only 
possible for a TM mode and not for a TE one. In the TE case the entire 
electric field is transverse and must be zero at the ends of the resonator. 
If no half-wavelengths are allowed, then E must be zero everywhere, and 
a trivial situation exists. In the TM case a longitudinal component of E 
may exist even though the transverse component is zero everywhere, and 
thus this does not lead to a trivial or no-field situation. For the rectangular 
box it amounts to this: Any one, but no more than one, of the subscripts 
may be set equal to zero. In the TE case either of the first two, but not 
the last, subscripts may be zero, and in the TM case neither of the first 
two may be zero but the last one may be zero. 

You may be wondering by now about the generality of our solution. 
With reference in particular to the rectangular resonator, it may appear 
at first glance that by reorienting the box along the coordinate axes, one 
could obtain entirely new modes of operation. However, this is not so. All 
modes obtained in this way will be simply repetitions of modes obtained 
by another orientation. The only distinction will be that they are num- 
bered differently. This is apparent when one remembers that the sub- 
scripts simply denote the number of half-cycle variations along the 
respective coordinate axes. All possible situations may then be enumer- 
ated for any one orientation of the box. This is an important point and 
some subtle inferences may be drawn from it. In waveguide theory we 
saw that all the modes in a cylindrical pipe could be obtained from 
corresponding ones in a rectangular pipe by a gradual distortion of the 


H, 


H,=— 
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walls until they become cylindrical. Thus we conclude that the waveguide 
approach leads us to a complete set of solutions for the cylindrical 
resonator also. Finally, the distortion argument applies equally well, 
regardless of the cross-sectional geometry, and thus it may be inferred 
that the waveguide approach leads to the most general solution possible 
for any resonator possessing axial properties. 


Example 10-2 


As a specific example of resonant frequency calculations we shall look at two cavi- 
ties, one of which is rectangular and the other cylindrical in shape, and we shall choose 
the sizes to be approximately the same. It is desired to find the dominant mode and 
its field configuration for each case. The rectangular cavity to be considered has di- 
mensions of 10 by 4 by 10 cm (a, 8, and d, respectively), and the cylindrical one is 10 
cm in diameter and 4 cm in length. The two cavities are roughly the same size, then, 
and just from physical reasoning, we would expect them to have similar dominant 
modes. 

Consider the rectangular cavity first. By combining Eqs. (10-3) and (10-4), we get 
the expression for resonant frequency: 


gs spat mle ‘lege es aw 


We wish to find the lowest possible value for f,, and thus we shall choose m, n, and p 
as small as possible, consistent with the restriction that only one of these may be zero. 
It is apparent that letting equal zero and m and p equal one gives the minimum 
frequency situation. The resulting mode therefore will be the TEio, mode, and the 
corresponding resonant frequency is 


9 eo ee 


Ir = 

Note that the mode must be a TE type because we cannot have a zero appearing in the 
first two subscripts of a TM mode. 

Next consider the cylindrical cavity. Its resonant frequency is obtained from Eqs. 


(10-3) and (10-5) and is 
er eee a 
anv we 0.05 i 05 0.04 


By referring to Tables 9-1 and 9-2, it can be seen that the lowest possible values for 
7 and 7’ are 2.40 and 1.84, respectively. Therefore the minimum frequency is obtained 
by letting p be zero and choosing the lowest-order TM mode, which is the one corre- 
sponding to To, = 2.40. The resulting mode is the TMoi mode and its resonant fre- 
quency is 


/2.40\?2 


0.05 = 2.29 GHz 
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Note that we have two zeros in the subscripts for this mode. This is permissible in 
the cylindrical case simply because the ordering of Bessel functions begins with zero 
rather than one. 

The two resonant frequencies work out to be approximately equal, but it may ap- 
pear at first glance that the modes are radically different. This apparent discrepancy 
is due to the choice of coordinate system for the rectangular cavity; it was oriented 
such that the short dimension was vertical rather than longitudinal, as in the cylindri- 
cal case. When the two cavities are oriented similarly, their field configurations are 
similar, as shown in Fig. 10-3. 


Fig. 10-3. Similar modes in rectangular and cylindrical cavities. 


10-3. ENERGY CONSIDERATIONS IN RESONANT CAVITIES 


The solution of Maxwell’s equations for a cavity resonator is often 
referred to as a source-free solution since the fields are supported by the 
structure even though the sources which established the field have gone 
to zero. The conservation-of-energy expression developed in Chapter 7 
(Eq. (7-37)) applied to a source-free region enclosed by a perfectly con- 
ducting surface reduces to 


0 = jer fff, (ulE|? — elB)*) do (10-7) 


for a lossless structure. Since the resonant frequency is not zero, this 
equation states that, at resonance, 


|ff, wile ae “= If elE|? do (10-8) 


Or, the time-averaged energy stored in the electric field is equal to the 
time-averaged energy stored in the magnetic field. This is a characteristic 
of all cavity resonators; and, if we examine a specific case in detail, we 
would find that the energy oscillates back and forth between electric 
field and the magnetic field. The same behavior is noted in a resonant 
circuit made up of lumped-constant elements. 
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Consider the rectangular resonator of Fig. 10-2. The field components for this struc- 
ture are developed in Example 10-1 and are repeated here for reference: 


E, = E, = H, =0 


NZ. WX 
E, = 2jE sin Fy sin a 
v/ ss 2 
H,= DEV 1 — (wo/err)" cos sin = 
n 
Ha mL sin = cos 
NW, d a 


Now we shall determine the total energy stored in the electric field and the total energy 
stored in the magnetic field to assure ourselves that these quantities are indeed equal. 
The total time-averaged energy stored in the electric field is 


! 1 gltdy = 7 4) BI gin?™ sin? ™ dx dy d 


_ lB abd 


The total time-averaged energy stored in the magnetic field is 


Al i fig ulH? do = ip is [4 hcl [1 — (22) ] cost 2 sint 


wed sg NS ap 
+(@) sin® 7 Cos = | dx dy ds 


Sawa OG) AG) a 


thus proving the conclusion arrived at in Eq. (10-8) that the total time-averaged 
energy stored in the electric field is equal to the total time-averaged energy stored in 
the magnetic field of the resonant cavity. 


10-4. RESONANT CAVITY Q 


As mentioned in Art. 6-4, the Q of any resonant circuit may be defined 
as 
maximum energy stored per cycle 


Ci aea energy dissipated per cycle 
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and this equation affords the most direct approach for computing the Q of 
a resonant cavity. As an example of this procedure consider the relatively 
simple problem of computing the Q of a cubical, air-filled rectangular 
cavity operating in the TE; mode, as shown in Fig. 10-4. The peak 


See Eps [2 Eoin oe 
Ce 
poe OPT Zs 22 
Mx Zorte) od ae 
2F wx we 
= cos — sin = 
zi Zo(TE) id g 


x a fe) 
Fig. 10-4. Rectangular cavity, TEj: mode. 
energy may be obtained by integrating 46)|E|? over the volume of the 
cavity. Using the equations given with Fig. 10-4 and integrating lead to 


ey 1 fiol?a? €o|Eo|2a8 


W (stored) = a ay (10-9) 
The power dissipated in one of the sides is given by 
aye [tales et 4|E 0)? Zs 
P (side) = i 5 [J.|2R.a dz = 5 ro | Draw sin? - 7 dz 
2 2 
eee eels (10-10) 
Z0(TE) 


Due to symmetry, the power dissipated in the four sides will be four times 
this. Next, the power dissipated in the top will be 


cee 4R, an (|He|? + |Hy|2) dx dz 


2 
== p, sl Par sin? = cos? 2 — + cos? “= sin? =) ax dz 
aE 


2 2 
_ R,a?| | (10-11) 


2 
Lote) 


P (top) 


Therefore the total power lost is 


(10-12) 


2 2 
P (total) = ae 


2 
O(TE) 
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and the Q is 
€o| o|2a5 
= 2 5 €oZorrE) a 
Ne 6 Rigi malo 
Zire) 
Now, noting that for a cubical cavity 
1 RUS 
Oo. = Ve 
"Woes @ 
wo, = V2, 
Zo(TE) = V2n 
the final expression for Q is 
V 28n 
Q= BR, (10-13) 


In the microwave range, R, is of the order of a fraction of an ohm, and 
hence Q’s of the order of many thousand are not unusual. Thus resonant 
cavities are quite useful in applications calling for a frequency-sensitive 
element such as oscillators and frequency meters. 

The method of analysis just described also applies to other shapes and 
modes of operation. As in the case of waveguide attenuation, the method 
is straightforward, but the algebra is usually quite involved. 


10-5. THE FORESHORTENED COAXIAL-LINE RESONATOR 


The foreshortened coaxial-line resonator is one of the most useful of 
all cavities. It is particularly useful in klystron work and in other appli- 
cations where particle acceleration is involved. The term foreshoriened 
comes about by replacing a portion of the open end of a quarter-wave 
resonant line with a lumped capacitor, as shown in Fig. 10-5. 


Gs in| (ean 
1 fled Bl» alah adit Bl> a | 


eatin) rt 


(a) Quarter-Wave Resonant line (b) Equivalent of (a) 


Equivalent 
of Bl, 


Fig. 10-5. Capacitively loaded line. 
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In the case of a coaxial line the capacitance loading is obtained by 
folding over the “open” end as shown in Fig. 10-6. The equivalent 


Capacitively Shorted 
Loaded End End 


Longitudinal Axis 


(a) Cross-sectional Sketch (b) Three-dimensional Sketch 


Fig. 10—6. Foreshortened coaxial line. 


capacitance loading the line may be obtained by estimating the capaci- 
tance between the end faces of the inner and outer conductors. Once this 
capacitance is obtained, the resonant frequency may be obtained from 
transmission-line theory: 


Ey ay, (10-14) 
we 


where / is the length of line, Z) the characteristic impedance, C the 
equivalent loading capacitance, and @ the phase-shift constant given by 
w/v. Note that when £ is replaced by w/v, Eq. (10-14) becomes tran- 
scendental in w and must be solved by approximate techniques. 

The approximate solution just described applies very well to long 
cavities of this type, such as shown in Fig. 10-6. However, as the line 
becomes shorter and shorter (with respect to radii involved), the solution 
becomes poorer and poorer and, of course, of less value. This is because 
the field for a short, stubby line is no longer distributed as assumed in 
transmission-line theory. However, solutions for the short-line case have 
been worked out and are presented in graphical form in a number of 
sources.° 


10-6. COUPLING TO RESONANT CAVITIES 


In order to utilize the frequency selective characteristics of cavity 
resonators, it is necessary to devise ways to couple energy into and out 
of the cavity. The problem is to couple energy from the fields of the cavity 
resonator to a transmission line or waveguide which connects the resona- 


* See, for example, A. E. Harrison, Klystron Tubes (New York: McGraw-Hill Book Co., 
Inc., 1947), pp. 254-62. 
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tor to the rest of the system. Let us begin by considering a coaxial 
transmission line coupled to a cavity resonator. There are basically two 
ways in which the transmission line can couple to the fields of the reso- 
nator. First, the coaxial line can couple to the magnetic field of the 
resonator by inserting a wire loop into the resonator in such a way that 
it links the magnetic field in the resonator. This situation is shown in 
Fig. 10-7 as it might apply to a TEin mode in a rectangular resonator. 


Coaxial 


Line Magnetic 


Field 


Fig. 10-7. Coupling to the magnetic field in a cavity resonator. 


This form of coupling acts as a voltage source for which the open-circuit 
voltage can be determined by the application of Maxwell’s equation: 


GE-dl= —jou ff H- da 


In the case where the magnetic field linking the loop is parallel to the 
surface vector, this reduces to 


Voc = —joou i if H da (10-15) 


In an application, a current will flow in the loop and the voltage at the 
input to the transmission line will be less than the open-circuit voltage. 

The second method of coupling a transmission line to a cavity reso- 
nator is by coupling to the electric field. This method of coupling is 
accomplished by inserting a probe into the cavity resonator. A sketch of 
the physical configuration is shown in Fig. 10-8 as it might be applied to 


Coupling 
Disc 


Electric 
Field 


Fig. 10-8. Coupling to the electric field in a cavity resonator. 
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a rectangular resonator operating in the TEi9: mode. This method of 
coupling acts as a current source with a short-circuit current determined 
by the principle of conservation of current. The current flow in the 
transmission line is equal to the displacement current flowing into the 
coupling disc due to the fields of the cavity. Neglecting the fringing fields, 
the expression for the short-circuit current is 


T= fue / E- da (10-16) 
disc 
The disc loading the end of the coupling probe is not necessary to couple 
to the fields of the resonator. The probe shape shown in Fig. 10-8 was 
chosen mainly to facilitate the application of the theory which led to Eq. 
(10-16). This probe shape is occasionally encountered, however. 

The most common form of the electric field probe is that in which the 
center conductor of the coaxial transmission line is simply extended into 
the resonator. It is important to note that the most effective coupling 
occurs when the electric field in the resonator and the surface vector of 
the loading disc of the probe are parallel. 

Waveguides are coupled to resonators by means of apertures which 
will allow the fields of one structure to establish a field in the second 
structure. Consider the field coupling examples shown in Fig. 10-9. 


Cavity 
Resonator 


HCA 


Waveguide Waveguide 
Cavity Waveguide 
Cavity Resonator 
Resonator 
Magnetic Field Coupling Electric Field Coupling 


Fig. 10-9. Waveguide—cavity resonator coupling techniques. 


Basically, all that is required is that the field in the waveguide be parallel 
to the desired field in the resonator. Care is usually taken to make the 
coupling primarily via either the electric field or the magnetic field. 


10-7. THE EQUIVALENT CIRCUIT FOR A CAVITY RESONATOR 


An equivalent circuit applicable to some point on a transmission line 
which is coupled into a cavity resonator can be developed by considering 
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the complex power flow on the transmission line. An example of the 
structure is shown in Fig. 10-10. The complex power flowing into this 
transmission line can be determined by Eq. (7-37) for the case of no 
sources within the volume: 


— [[P-da= fff cele do + jofff (lH? — €fBl) dv (10-17) 
S V V 


Fig. 10-10. Coaxial transmission line coupled to a cavity resonator. 


The left-hand side of the equality of Eq. (10-17) is the complex power 
at some point on the transmission line. That is, 


— ff[P-da=vie= fff Bl av + jo fff WIE — El?) do (10-18) 
S V V 


The voltage and current of Eq. (10-18) are the values on the transmission 
line at the point where the surface of Eq. (10-17) cuts across the line. 

Equation (7-37) can be used as the basis for a lumped-element circuit 
model of the conditions existing at the point on the transmission line 
where V and J are defined. 


vit = |vpve = fff ofB|?dv+ jo fff (ulE1|? — elE|2) dv (10-19) 
Vv Vv 


fff o|B|? dv + jo fff (uJEX|? — €lE|2) do 

ee) 
[V|? 

The equivalence is summarized in Fig. 10-11. 


The lumped-element circuit model can be described in terms of the 
resonant frequency w) and the quality factor Qo, which are defined as 


or 


VY*=G—jB= (10-20) 


1 

ie ekVS 
so 
Qo = G 
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Fig. 10-11. The equivalent lumped-element circuit model of the cavity 
resonator. 


The input admittance can be written as 


ron o(i+iZ[1-@)) -of +039) 


Defining 6 = w — wp, and assuming w & wo, we can write 
eo 
Vin G (1+ 00), 
9 


The input admittance traces out a circle on the Smith chart as the 
frequency is varied from less than the resonant frequency to greater than 
the resonant frequency. A Smith chart plot of the input admittance 
versus frequency for a typical case is shown in Fig. 10-12. At the fre- 
quencies wp + 6, where Yi, = G(1 +7), we see that Oy = w/26y. 

It is a fairly simple matter to determine frequency and impedance at 
microwave frequencies, so w) and Qy are useful parameters in charac- 
terizing the resonant structure of Fig. 10-11(a). 

The preceding discussion has been based on the assumption that the 
equivalent circuit is of a parallel-resonant nature. It should be clear that 
one could establish the reference plane one quarter-wavelength along the 
transmission line from the point that has been used in the foregoing dis- 
cussion. This would result in an equivalent circuit which has the prop- 
erties of a series-resonant circuit. 

If the input plane were taken at the point where the transmission line 
couples to the cavity resonator, the condition of resonance occurs when- 
ever the time-averaged energy stored in the magnetic field is equal to the 
time-averaged energy stored in the electric field. This condition results in 
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Fig. 10-12. Input admittance of a transmission line coupled to a cavity 
resonator. 


a power flow into the resonant cavity that is real and the input impedance 
is purely resistive. The value of the input resistance changes as the cou- 
pling is changed. This input resistance serves as the basis in defining the 
coupling into the cavity resonator. If the transmission line coupled to the 


resonator has a characteristic impedance Ry = —, and the input conduct- 


1 
Gi 
ance looking into the cavity resonator at resonance is G, the coupling 
factor 6 is defined as 


Go 
B= G (10-21) 
The system is said to be undercoupled when 8 < 1, critically coupled 
when 6 = 1, and overcoupled when 6 > 1. 

In practice, coupling to a cavity resonator results in a load being 
coupled to the resonator and extracting energy from it. This load could be 
a passive termination connected to one end of the transmission line or it 
could be the impedance of a generator connected to the end of the 
transmission line. In either case, the equivalent circuit at the reference 
plane, for the case of a load of Go, is shown in Fig. 10-13. The load Go 
changes the admittance at the reference plane from the value discussed in 
preceding paragraphs. The effect is to reduce the quality factor Q from 
Qo to a new value, Qz, called the loaded Q. The loaded Q (Qz) for this 
circuit model is easily calculated from Eq. (10-22), where Q, is the 


external Q and (Q) is the unloaded Q: 
1 G+tG 1 1 
cae aay, 5 Be 10-22 
On woC Q. ¥ Qo ( ) 


I NE ales SR 
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Fig. 10-13. Equivalent circuit for cavity resonator coupled to load Gp. 


Equation (10-22) can be rewritten as 
{esGE eG . 


— = —(1 10-23 
Once Og (10-23) 
The following relationship is apparent: 
oN eu (10-24) 
Qz 
or 
— Go _ & 
B sn 0. és 


From the definition of 6, one observes that B = S (i.e., VSWR) if B > 1, 
that is, G/G > 1, or B = z if 8 < 1. Equation 10-24 is useful in deter- 


mining the unloaded Q of a resonator by measuring the loaded Q of the 
resonator and the VSWR on the transmission line when the cavity is 
resonant. 

Again, it must be emphasized that a parallel-resonant circuit has been 
used as the equivalent circuit. This choice is made rather arbitrarily and 
one could redevelop the formulas using a series-resonant circuit as a 
lumped-element model. 


PROBLEMS 


10-1. Determine the resonant frequencies of the four lowest-order modes of a rec- 
tangular resonator which measures 10 cm X 20 cm X 30 cm. 


10-2. Determine the resonant frequencies of the four lowest-order modes of a circular 
resonator which measures 10 cm in diameter by 20 cm in length. 


10-3. Develop explicit expressions for the field components of the TMoio mode in a 
cylindrical resonator measuring a meters in radius by d meters in length. 


10-4. Design a rectangular cavity resonator which will resonate in the TE; mode 
at 10 GHz and resonate in the TM mode at 20 GHz. 


10-5. A cylindrical resonator is designed to resonate in the TEo, mode over a fre- 


A0-6. 


10-8. 


Leh 
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quency range of 8 GHz to 12 GHz. The tuning is accomplished by moving one 
end plate, which effectively changes the length of the resonator. If the radius 
of the cylindrical resonator is 3 cm, calculate the range displacement of the 
movable end piece which is required to meet the design specifications. 


Show that the QO of the cubical resonator of Art. 10-4 can be expressed as 


. Develop an expression for the Q of a rectangular resonator measuring a meters 


by 5 meters by d meters along the x, y, and z axes, respectively. The cavity is 
resonating in the dominant TEio; mode. The walls are characterized by a finite 


conductivity o. 


0.25m 0.5m 


res SESE TE ae 


a 


Prob. 10-8. 


A foreshortened-line-type resonator has dimensions as shown in the accompany- 
ing figure. Compute the lowest resonant frequency for this cavity. The dielectric 
is alr. 

Design a coupling scheme for the resonator of Problem 10-4 which will assure 
that the probe or loop meant to couple to the TEio; mode will not couple to the 
TMi mode, and vice versa. 


~~ 


i 


The Waveguide 


as a Circuit Element 


11-1. INTRODUCTION 


The mathematical foundation for the analogy between waveguide-type 
transmission and that of conventional transmission lines has been pre- 
sented in Chapter 9. This analogy is quite useful and will be elaborated 
on further at this point. Basically the waveguide is just another means of 
transmitting energy from one point to another. Thus many of the 
problems in transmission-line work, such as matching and termination, 
are also encountered in waveguide work. The transmission-line analogy 
often points the way to the solution of some of these problems. 

The analogy is particularly close in the case of the TE, mode in 
rectangular waveguides, and we shall confine our attention to this mode 
from this point on. The similarity between this mode and an open-wire 
transmission line can be seen from the field configurations shown in Fig. 
11-1. Note that the transverse E and H fields are roughly similar and that 
the longitudinal wall currents in the top and bottom of the guide are 
similar to those in the two wires of the transmission line. As a matter of 
fact, one can go so far as to define a “voltage” and “current” in the 
waveguide in such a way that the total incident power in the guide is 
the product of the two, just as in the line. This leads to a characteristic 
impedance, though, which is different from the characteristic wave 
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(a) TE 49 Mode 
(b) Open-Wire Line 


Fig. 11-1. Analogous waveguide and transmission-line modes. 


impedance defined in Art. 9-5. Rather than have two different meanings 
for characteristic impedance we shall retain the wave impedance concept. 
The primary difference is that our formulas will lead directly to power 
density rather than total power. 

A summary of the analogous formulas for the two cases is given in 
Table 11-1. An example will serve to illustrate the use of the analogy. 


Example 11-1 


It is desired to determine the wave impedance of a particular load in an X-band 
waveguide system (0.9 by 0.4 in.) by means of a slotted section of waveguide. With a 
shorting plane placed over the load end of the guide, adjacent nulls are found to be 
2.44 cm apart. When the short is replaced with the load, the standing-wave ratio is 
found to be 2.0, and the nulls have shifted toward the load by 0.81 cm. We pose the 
following three questions: (1) What is the frequency of operation? (2) What is the 
reflection coefficient and wave impedance at the load? (3) If the incident power is 10 
mW, what is the net power delivered to the load? 

The solution to the first question closely parallels the corresponding transmission- 
line problem, but we must remember that the wavelength within the guide is not 
the same as the “free” wavelength. It is fundamental in wave theory that nulls 
appear at half-wavelength intervals, and therefore 


hy = (2)(2.44) = 4.88 cm 


Now, noting that the free wavelength ) is just the free velocity v divided by the 
frequency f, the expression for A, given in Table 11-1 can be written as 


1 


ee 
fv1 = (f/f)? 


This equation can be readily solved for frequency, and the result is 
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TABLE 11-1 


Transmission-Line-Waveguide Analogy 


Transmission- Equation W aveguide Equation 
Line Quantity or Symbol Quantity or Symbol 
Voltage V Transverse electric field E; 
Current I Transverse magnetic field H: 
Characteristic Fe Characteristic wave Z es 1 
impedance °= AIG impedance Ain) OT 
1—{= 
() 
or 
oN 
Zor) = ie (“) 
@ 
ed = 2 
Phase-shift constant B = wWLC | Phase-shift constant B= wV, bea l/1 — (*) 
Phase velocit Seen renee erica “ 
ase velocity »=— ase velocity v= 
VLC 1—-(% ; 
@ 
2 Wavelength 1 
Wavelength A= 8 => 
tee | if (in waveguide) Nae aN 
1) lees 
V'-G 
ial |E* |? 
t ~ Pt= —— + 
Incident power IZ Incident power P Dicom (onan 


density* 


* The presence of the factor of 2 in these expressions indicates that peak rather than rms 
value must be used for V* and E,*. 


The frequency may now be computed as (recalling that f, for X-band waveguide is 
6.56 GHz) 


fe {os0 + (se55) x 10° = 9.0 GHz 


The reflection coefficient and per-unit wave impedance can be found with the aid 
of a Smith chart, just as in transmission theory. By referring to Fig. 11-2, we enter 
the chart at a point of minimum impedance and move back toward the source to a 
point known to be some multiple of a half-wavelength from the load. This takes place 
on a constant-radius circle corresponding to a standing-wave ratio of 2, and the dis- 
tance moved is (0.81/4.88)A, = 0.166A,. The resulting reflection coefficient and wave 
impedance are 


- Reflection coefficient = 0.333 / 60° 
Per-unit wave impedance = 1.12 + 70.72 
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Fig. 11-2. Smith chart for Example 11-1. 


The ohmic value of the wave impedance could be obtained, of course, by multiplying 
the per-unit value by the characteristic impedance. However, this is not normally 
of primary interest, so this will not be done. 

Finally, if the incident power is 10 mW, then the net power delivered to the load is 


Pioad = Pincident rag Prefiected 
= 10(1 — |K|*) = 89 mW 


11-2. WAVEGUIDE COMPONENTS 


Although waveguide hardware is, of course, quite different physically 
from that encountered in transmission-line work, many of the compo- 
nents, such as tuners, slotted sections, and attenuators, serve similar 
purposes. This is not true of all components because each method of 
transmission involves some problems which are peculiar to it and it alone. 
A brief description of some of the more common waveguide components 
follows. The analogies to transmission-line hardware should be obvious, 
where such analogies exist. 

1. H bend (Fig. 11-3). This section is used to change the physical 
direction of propagation. It derives its name from the fact that the H 
lines are bent in the transition while the E lines remain vertical. 

2. E bend (Fig. 11-4). This section is also used to change the physical 
direction of propagation. The E lines as well as the H lines are bent in this 
transition piece. The choice between an H bend and an E bend is usually 
governed by mechanical considerations, since neither will produce an 
appreciable discontinuity if the bends are reasonably gradual. 
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Fig. 11-3. H bend. Fig. 11-4. E bend. 


3. Twist (Fig. 11-5). A twist section is used to change the plane of 
polarization of the wave. It can be seen that any desired angular orienta- 
tion of the wave may be obtained with an appropriate combination of the 
three types of sections (1), (2), and (3). | 

4. Shunt Tee (Fig. 11-6). A shunt tee is sonamed because the side arm 
is “shunting” the E field which is analogous to voltage in a transmission 
line. It can be seen that if two input waves at arms A and B are in phase, 
the portions transmitted into arm C will be in phase, and thus will be 
additive. 

5. Series Tee (Fig. 11-7). It can be seen from the figure that the side 
arm is in “series” with the waveguide current in this case. Here, if two 
inputs at A and B are in phase, the portions transmitted into arm D will 
be 180 degrees out of phase and thus subtractive. 

6. Hybrid or Magic Tee (Fig. 11-8). The hybrid tee is a combination of 
shunt and series tees and exhibits some of the properties of each. From 
previous consideration of the shunt and series tees, it can be seen that if 
two equal signals are fed into arms A and B in phase, there will be 
cancellation in arm D and reinforcement in arm C. Thus all the energy will 
be transmitted to C and none to D. Similarly, if energy is fed into C, it will 
divide evenly between A and B and none will be transmitted to D. The 
hybrid tee has many interesting applications and a few of these are 
mentioned in the problems at the end of the chapter. 

7. Slide-Screw Tuner (Fig. 11-9). The slide-screw tuner consists of a 
screw or metallic object of some sort protruding vertically into the guide 
and adjustable both in depth and longitudinally. The effect of the 
protruding object is to produce shunting reactance across the guide. Thus 
it is analogous to a single-stub tuner in transmission-line theory. 

8. Double-Slug Tuner (Fig. 11-10). This type of tuner involves placing 
two metallic objects, called slugs, in the waveguide. The necessary two 
degrees of freedom are obtained by making adjustable both the longi- 
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NERY 


Fig. 11-5. Twist. Fig. 11-6. Shunt tee. 
D D 
B 
B 
A A 
Fig. 11-7. Series tee. Fig. 11-8. Hybrid tee. 
Sick 

EZ, 1) <— f}—> <—f— 
Fig. 11-9. Slide-screw tuner. Fig. 11-10. Double-slug tuner. 


tudinal position of the slugs and the spacing between them. The double- 
slug tuner is somewhat analogous to a double-stub tuner but not exactly, 
since the position of the slugs and not the effective shunting reactance is 
variable. 

9. Flap Attenuator (Fig. 11-11). Attenuation is achieved by insertion 
of a thin card of resistive material through a slot in the top of the guide. 
The amount of insertion is variable, and the attenuation can be made 
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Resistance 
Card 


Fig. 11-11. Flap attenuator. 


approximately linear with insertion by proper shaping of the resistance 
card. 


Resistive 


Fig. 11-12. Vane attenuator. 


10. Vane Attenuator (Fig. 11-12). In this type of attenuator the resist- 
ance cards or vanes move in from the sides as shown in the figure. It can 
be seen that the losses (and thus attenuation) will be a minimum when 
the vanes are close to the side walls where E is small and maximum when 
the vanes are in the center. 


Dielectric Sheet 


Fig. 11-13. Phase shifter. 


11. Phase Shifter (Fig. 11-13). A phase shifter can be constructed in 
rectangular waveguide by inserting a sheet of low-loss dielectric material 
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in the waveguide so that the broad surface is parallel to the electric 
field. 

The sheet of dielectric material, of length /, lowers the cutoff frequency 
in the section of waveguide which it occupies, thus changing the propaga- 
tion constant (8) and introducing a phase shift of AG/. The tapered ends 
of the dielectric sheet serve as impedance-matching sections to reduce 
reflections due to a change in wave impedance in the section of waveguide 
loaded with the dielectric sheet. 

12. Matched Vane-Type Termination (Fig. 11-14). A single, tapered 
vane usually placed in the center of the guide is used in this type of 
matched termination. The tapering serves to minimize reflections. 


Tapered Vane 


Water 


Fig. 11-14. Vane-type termination. Fig. 11-15. Side view of water load. 


13. Water Load (Fig. 11-15). The water load termination is particularly 
useful in high-power applications. Again the taper principle is used to 
minimize reflections. 


Jo lPous 


Secondary Guide 


-—— ——_—]|— | — — 


P= dg /4 al Main Guide 


Fig. 11-16. Two-hole directional coupler. 


14. Two-Hole Directional Coupler (Fig. 11-16). The two-hole direc- 
tional coupler consists of two pieces of waveguide with one side common 
to both guides and two holes in the common side. These sections may be 
arranged physically either side by side or one over the other. The direc- 
tional properties of such a device can be seen by looking at the wave paths 
labeled A, B, C, and D. Waves A and B follow equal-length paths and 


ee 
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thus combine in phase in the secondary guide. If the spacing between 
holes is \,/4, waves C and D are 180 degrees out of phase and thus cancel. 
Therefore, if the field within the main guide consists of a superposition of 
incident and reflected waves, a certain fraction of the wave moving from 
left to right will be coupled out through the secondary guide, and the 
same fraction of the right-to-left wave will be dissipated in the vane. 
This type of coupler is frequency-sensitive, since the spacing between 
holes must be ),/4 or an odd multiple thereof. The addition of more holes 
properly spaced can improve both the frequency response and directivity. 
This type of coupler is known as a multihole coupler, for obvious reasons. 


Signal Proportional 
to € Field 


eg, 
og 


Probe 


Fig. 11-17. Slotted section. 


15. Slotted Section (Fig. 11-17). A slotted section serves the same 
purpose in a waveguide system as does a slotted coaxial line in a TEM 
system. It is, of course, different in mechanical construction, but electri- 
cally they are quite similar. The slot in the waveguide is cut longitudinally 
in the center of the top of the waveguide. This minimizes the disturbance 
caused by the slot. 


11-3. WAVEGUIDE COMPONENTS USING THE TE:: MODE 
IN A CIRCULAR WAVEGUIDE 


The TEn mode in a circular waveguide is used in the realization of a 
number of interesting microwave devices. Among these are precision 
variable attenuators, precision variable phase shifters, and several devices 
using the Faraday rotation phenomena associated with a biased ferrite 
medium. The TE; field expressions in a circular waveguide are shown in 
Fig. 11-18 for reference purposes. 

In an application such as a variable attenuator, transitions between a 
rectangular waveguide supporting the TE; mode and a section of circular 
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Fig. 11-18. TE: mode in a circular waveguide. 


waveguide supporting the TE: mode are utilized. The sections of wave- 
guide contain thin vanes of resistive material. A resistive vane attenuates 
components of electric field tangent to the surface while having little 
effect on components of electric field normal to the surface. A pictorial 
representation of a variable attenuator is given in igs 11-19: 

The resistive vane in the input transition has little effect on the 
amplitude of the field because the electric field is normal to the surface of 
the vane. 


Resistive 
Vane 


Rotating Section 


(a) Attenuator 


6 
Input Output 


(b) Electric Field Patterns 


Fig. 11-19. The rotating-vane variable attenuator. 
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The field incident on the resistive vane in the center section can be 
split into normal and tangential components with respect to the plane of 
the vane. The resistive vane is such that the tangential component is, 
for all practical purposes, completely absorbed. Thus, the normal compo- 
nent, which is proportional to sin 8, propagates through the resistive vane 
with negligible attenuation. A third resistive vane parallel to the broad 
wall of the output rectangular waveguide is located in the output transi- 
tion section. The signal transmitted through the center section has an 
electric field vector oriented at 180° — 6 with respect to the plane of the 
third resistive vane. The component normal to the vane (proportional 
to sin @) appears in the output port. Thus, the electric field has been 
attenuated by a factor of sin?@. If, as pointed out in Fig. 11-19, the 
center section can be rotated, a variable attenuator of high precision can 
be realized. 

Another useful device using a section of circular cross-section wave- 
guide is formed by orienting a sheet of dielectric material in the wave- 
guide at an angle of 45 degrees with respect to the incident electric field. 
Such a structure is shown in Fig. 11-20. 


Electric Dielectric 
Field Plate 


Fig. 11-20. The quarter-wave plate. 


The incident electric field distribution can be split into a component 
normal to the plane of the dielectric plate plus a component tangent to 
the plane of the dielectric plate. The effect of the dielectric plate is to 
reduce the phase velocity of the component with electric field in the 
plane of the dielectric sheet. If Br is the propagation constant for this 
component and Gy is the propagation constant for the component with 
electric field normal to the plane of the dielectric, Br will be larger than 
By. If the length / of the plate is selected so that (67 — By)l = 1/2, the 
tangential component of the electric field will lag the normal component 
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of the electric field by 90 degrees. This will result in a circularly polarized 
wave at the output side of the plate. That is: 


Ey 


Bout = an /? e—JBul =F ar - 


e—JBbrl 


or 


Eout aa a e—Jant (ay Baal jar). 


This sheet of dielectric material in a circular cross-section waveguide is 
termed a ‘“‘quarter-wave plate.”’ 

The quarter-wave plate can be utilized in the construction of a variable 
phase-shifter. The phase-shifter consists of two quarter-wave plates, as 
previously described, with a half-wave plate located between the quarter- 
wave plates. The half-wave plate is free to rotate with respect to the 
quarter-wave plates, as shown in Fig. 11-21. When all of the plates are 


Quarter-Wave 
Plate 


Quarter-wave 
Plate (Fixed) 


YL: 
| val Rectangular to Circular 


Waveguide Transition 


Rectangular to Circular Half-Wave 
Waveguide Transition Plate (Rotatable) 


Fig. 11-21. Rotating-plate variable phase-shifter. 


aligned, there is a total phase-shift difference of one wavelength and the 
output is linearly polarized. When the center section is rotated so that 
the plane of the plate makes an angle of 6 with respect to the quarter- 
wave plates, the signal coming out of the input quarter-wave plate can 
be broken into normal and tangential components with respect to the 


half-wave plate. The result of this transformation is 
Ey 


er eton AG e—J6xl fat, (cos @ — j sin 8) — ar (sin @ + j cos 8)] 


jos vane 
Einl, 2 section nm V2 e ee Ca (an ae, jar) 

where aj, and a; are normal and tangential unit vectors for the half-wave 
plate. The output of the half-wave plate is easily formulated; the phase 
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shift for the normal component is 2By/ radians and the phase shift for the 
tangential component is 2By/ + m radians. We can write directly 


Eout| 


Feit: aa ; 
= — @ B l —76 u / 
d/2 section V/? A ale (ay 5 jar) 


This wave is incident upon the output quarter-wave plate. Trans- 
forming the electric field to normal and tangential components with 
respect to the quarter-wave plate results in 


Eval, 4 itp a e—736nl e- [ay (cos @ — j sin 6) + jap (cos @ — j sin @)] 


= eon [ay + ja] 
The unit vectors ay and ar are as defined earlier. 
After passing through the final quarter-wave plate the output is 


Eout = a e—746nl e4(an as ar) 


Eout = Eine 72 (460!+20) 


Thus, we see that the electric field at the output is exactly the same as the 
input: linearly polarized, but delayed in phase by an angle of (4By/ + 26), 
where @ is the angle that the half-wave plate makes with respect to the 
quarter-wave plates. 


11-4. MICROWAVE DEVICES USING FERRITES 


A number of other useful microwave devices are constructed by 
inserting a biased ferrite rod in the waveguide and utilizing the Faraday 
rotation phenomenon described in Chapter 8. Perhaps the simplest device 
is the gyrator. The gyrator is a two-port device which introduces a phase 
shift of 180 degrees for a wave traveling through the structure in one 
direction when compared to a wave traveling through in the opposite 
direction. A typical gyrator requires a 90-degree spatial rotation via a 
twist in a waveguide and a biased ferrite rod capable of introducing an 
additional 90 degrees of spatial rotation. A typical gyrator and electric 
field orientation patterns are shown in Fig. 11-22. 

For the wave traveling from port 1 to port 2 we see that the 90-degree 
twist rotates the field 90 degrees spatially and the biased ferrite rod 
rotates the field an additional 90 degrees to result in a net 180-degree 
spatial rotation at port 2. This 180-degree spatial rotation can be inter- 
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Fig. 11-22. The microwave gyrator. (After C. L. Hogan, “The Ferromagnetic 
Faraday Effect at Microwave Frequencies and Its Applications—The Microwave 
Gyrator,” Bell System Technical Journal, vol. 31, no. 1, pp. 1-31, January 1952. 
Copyright 1952, American Telephone and Telegraph Co.; reprinted by per- 
mission.) 
preted as a 180-degree phase change. The wave traveling from port 2 to 
port 1 experiences a 90-degree spatial rotation due to the ferrite rod. This 
rotation is in the same sense as that experienced by the wave passing 
from port 1 to port 2. The 90-degree twist now produces a spatial rotation 
of the wave in a sense opposite to Faraday rotation so the signal emerges 
from port 1 with the same spatial orientation that it had when it entered 
port 2. Thus a phase shift difference of 180 degrees has been produced for 
waves traveling in opposite directions through the device. 

A device somewhat related to the gyrator is the Faraday rotation 
isolator. This device incorporates a 45-degree twist coupling the rec- 
tangular waveguide to the circular waveguide. A biased rod of ferrite is 
located in the circular waveguide section to rotate the electric field vector 
back to its original orientation so that it can exit through a circular-to- 
rectangular waveguide transition. For a wave propagating in the opposite 
direction, the Faraday rotation produced by the ferrite rod is such that 
the electric field leaves the ferrite oriented parallel to the broad wall of 
the rectangular waveguide through which it must exit. The waveguide is 
cut off to this orientation of electric field so the energy is reflected back 
toward the ferrite rod. To prevent a situation in which energy would 
bounce back and forth in the circular section, a resistive vane is placed in 
the transition with the 45-degree twist in such a way that the wave, 
having its electric field parallel to the broad wall and trying to propagate 


300 LINES, WAVES, AND ANTENNAS Ch. 11 


into the rectangular section, will be attenuated. A wave propagating in 
this section in the normal manner, electric field parallel to the narrow 
walls, will be unaffected by the resistive sheet. A sketch of a Faraday 
rotation isolator is shown in Fig. 11-23. 


Resistive Film ® 


(a) lsolator Ferrite Rod 


Wave Traveling from Port 1 to Port 2 


2 3B) 


Wave Traveling from Port 2 to Port 1 
(b) Electric Field Orientation Patterns 


Fig. 11-23. The Faraday rotation isolator. (After C. L. Hogan, “The Ferro- 
magnetic Faraday Effect at Microwave Frequencies and Its Applications—The 
Microwave Gyrator,” Bell System Technical Journal, vol. 31, no. 1, pp. 1-31, 
January 1952. Copyright 1952, American Telephone and Telegraph Co.; 
reprinted by permission.) 


Another common application of biased ferrites in waveguides is based 
on the fact that the magnetic field for the dominant mode in a rectangular 
waveguide is circularly polarized at certain positions across the wave- 
guide. The behavior can be seen by considering the TE: mode magnetic 
field pattern, as given in Eq. (9-43), assuming a z-dependence of e 7; 


In real time, these expressions become 


H,=— i sin 2 cos (wt — Bz) 


— Eo r TWX . 
H, = () cos ~~ sin (wt — Bz) 
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These terms can be combined to determine the composite magnetic field 
vector, with the result 


2, : v1 = (4) sin = cos (wt — Bz) + a, (“) cos = sin (wt — ss) 


Tf we choose x = x such that 


u(y oo = (£) cos “= 


and let z = 0 to simplify things, we see that the magnetic field at this 
point would appear to be circularly polarized, with rotation counter- 
clockwise when looking in the +,-direction. The value of x selected 
would be less than a/2 since both sin 7x/a and cos 7x/a are specified to 
be positive. There is another point along the x-axis where x = 2, such 


that 
J Gat--Oae 


At this point (again choosing z = 0 to simplify things) we see that the 
magnetic field is also circularly polarized, but now the rotation is clock- 
wise when looking in the +4-direction. In this case x» lies between a/2 
and a. Figure 11-24 shows the planes x = %, and x = , and the rotation 
of the magnetic field vector for the case of a TEy propagating in the 
+2z-direction. 


Direction of 
Propagation 


_——_ 


ly ses al So 


Fig. 11-24. Magnetic field of the TEi-mode propagation in +-z-direction. 
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It should be noted that we could draw the same conclusion regarding 
the sense of rotation by observing the change in the direction of the 
magnetic field as the field moves past the point of observation. For 
example, if the field pattern shown in Fig. 11-24 is that for wt = 0, then 
line @ — a passes the point of observation (z = 0) at wt = 7/2, line 
b — b’ passes at wt = 7, line c — c’ passes at wt = 32/2, and lined — d’ 
passes at wt = 27. We can use this concept to figure out how the magnetic 
field for a TE mode propagating in the —z-direction behaves. Consider 
Fig 11-25: 


Direction of -- 
Propagation 


Fig. 11-25. Magnetic field for TE;-mode propagation in — z-direction. 


A study of the change in direction of magnetic field as the wave, mov- 
ing in the —z-direction, passes the point of observation, shows that the 
sense of rotation has been reversed. The clockwise rotation occurs at 
x = x, and the counterclockwise rotation occurs at % = %. 

The circularly polarized magnetic field of the TE: mode in the 
rectangular waveguide can be utilized in the realization of practical 
microwave devices. For example, let a ferrite slab be placed at one side 
of a rectangular waveguide, say at x2, with the dc bias field in the y- 
direction. From the preceding discussion, we see that the magnetic field 
will appear to be rotating in a clockwise direction if the wave is propagat- 
ing in the +z-direction and rotating in the counterclockwise direction if 
the wave is propagating in the —2z-direction. The wave propagating in 
the +2-direction sees an effective permeability in the ferrite of Men = 
lov u + K while the wave propagating in the —2z-direction sees an 
effective permeability in the ferrite of Hen = MoV (u — K). This difference 
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in permeability affects the propagation constant 6 so that Bt (wave 
propagating in the +<z-direction) is somewhat greater than B~ (wave 
propagating in the —z-direction). The difference in 6’s can be used to 
make a nonreciprocal phase shifter. That is, the electrical length (6/) of 
the waveguide section containing the ferrite is greater for the wave 
traveling in the +2-direction than it is for the wave traveling in the —z- 
direction. 

The preceding discussion is based on the assumption that the amount 
of ferrite material introduced into the waveguide is relatively small, so 
that the field patterns are not significantly changed. If enough ferrite 
material is put into the waveguide, the field patterns will be drastically 
changed. Several useful microwave devices make use of this phenomenon. 
Probably the most common is the field displacement isolator. In this 
structure, the amount of ferrite and the bias field are chosen such that 
the electric field for the wave traveling in the +2-direction goes to zero 
at one edge of a ferrite slab while the electric field for the wave traveling 
in the —z-direction is maximum at that point. The field distributions and 
the position of the ferrite slab are shown in Fig. 11-26. 
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Electric Field 
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Fig. 11—26. Cross-sectional field patterns in the field displacement isolator. 
(After B. Lax and K. Button, Microwave Ferrites and Ferrimagnetics [McGraw-Hill 
Book Co., Inc., New York, 1962] page 631.) 


The resistive film, placed as shown in Fig. 11-26, acts to attenuate the 
wave traveling in the —z-direction while energy traveling with +2- 
direction is unaffected. The result is an isolator. It should be pointed out 
that the cross-guide field patterns shown above are highly distorted TE1o 
mode patterns that are a result of the presence of the large amount of 
biased ferrite. The waves entering the ferrite region are TE, as are the 
waves leaving the ferrite region. Some impedance matching is necessary 
in the transition region. 

The counter-rotating nature of the magnetic field on opposite sides of 
a rectangular waveguide containing the TE. mode is utilized in the 
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Fig. 11-27. The waveguide Y-junction circulator. 


waveguide Y-junction circulator shown in Fig. 11-27. Energy entering 
port 1 is directed out of port 2; energy entering port 2 is directed out of 
port 3; and energy entering port 3 is directed out of port 1. This behavior 
can be deduced by visualizing a TE: mode incident on the ferrite post 
from port 1. Assume that the bias field on the side toward port 2 sees an 


effective permeability of wt = uo’ u + K and is slowed down. The 
magnetic field on the other side of the waveguide (the side toward port 3) 
sees an effective permeability of u~ = Lo yu. — K and is slowed a lesser 
amount. The net result is a bending of the Poynting vector toward port 2 
and, if the parameters are chosen correctly, all of the energy entering 
port 1 will exit from port 2. Due to the symmetry of the structure, the 
results for energy entering ports 2 and 3 are similar to that for energy 
entering port 1. 

A structure closely related to the waveguide Y-junction circulator is 
the stripline Y-junction circulator shown in Fig. 11-28. From our knowl- 
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Fig. 11-28. The stripline Y-junction circulator. 
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edge of the fields of shielded stripline (TEM) it is not apparent that a 
rotating component of magnetic field is present, as was the case for the 
TE; mode in the rectangular waveguide. This is correct; there is no 
rotating component of magnetic field on the transmission lines. However, 
Bosma! has shown that the ferrite discs can be treated as resonators with 
modes such that the magnetic field consists of two counterrotating 
components in the broad plane of the disc. When a dc bias field is applied, 
the effective permeability for one sense of rotation is different from the 
effective permeability for the other sense of rotation; the mode splits into 
two modes with slightly different resonant frequencies, symmetrical with 
respect to the operating frequency; and the field pattern is displaced so 
that the input energy is all directed to one of the other lines and the third 
line is isolated. The sense of circulation is dependent upon various factors, 
including the strength of the bias field, the frequency of operation, and 
the dimensions of the ferrite discs. Since it is usually desired to couple 
critically from the stripline to the ferrite disc, special attention is paid to 
to impedance matching. 


PROBLEMS 


11-1. The impedance and reflection coefficient of a certain waveguide load are to be 
measured by standing-wave techniques. The waveguide is X-band size (0.9 by 
0.4 in.), and the mode may be assumed to be TEi. When a shorting plate is 
placed over the end of the guide in place of the load, adjacent standing-wave 
minima are found to be 1.5 cm apart. When the short is replaced with the load, 
the standing-wave ratio is found to be 1.5 and the minima are found to have 
shifted 0.5 cm toward the load. (a) Find the frequency, wavelength within the 
guide, and velocity of propagation. (b) Find the reflection coefficient and wave 
impedance of the load. 


11-2. It is desired to measure the amount of power delivered from a matched source 
to a matched load in a microwave system by means of a bolometer and a micro- 
wave power meter. How much percentage error is introduced in the power 
measurement if the bolometer is actually mismatched to the extent of giving 
rise to a VSWR of 1.5 rather than unity? The source may be assumed to be 
matched, and the desired power to be measured is that which would be delivered 
to the load (bolometer in this case) if it were perfectly matched. 


11-3. The waveguide shown in the accompanying figure is operating at 10 GHz in 
the TE, mode. The inside dimensions of the guide are 2 cm by 1 cm. What must 


1H. Bosma, “On Stripline Circulation at UHF,” [EEE Transactions on Microwave Theory 
and Techniques, January 1964, pp. 61-72. 


306 LINES, WAVES, AND ANTENNAS Ch. 11 


be the length / and the dielectric constant ¢ if the intermediate section is to 


act as a quarter-wave transformer? (Note: ¢ is not simply V 2.25.) 


Matching Section 


/k-— 1 — 


Prob. 11-3. 


11-4. When a screw is inserted in the top of a waveguide system operating in the TE1 
mode, it is noticed that this will introduce a VSWR varying from unity to 3.0 
for the full range of depth of insertion. That is, with the screw out, the VSWR 
is one; when the screw protrudes the maximum amount, the V SWR is 3.0. 
(a) If one thinks of the screw as giving rise to the equivalent of shunt capacitive 
loading, what is the corresponding range of adjustment in the equivalent per- 
unit reactance X/Zo? (b) Assuming the screw can be placed any arbitrary dis- 
tance from the load, note on a Smith chart the range of load impedance which 
may be matched with this device. 

11-5. Two examples of the use of the magic tee as a decoupling or isolating device 
are shown in the accompanying figure. Explain the operation of each. The 
points labeled A, B, C, and D refer to the respective ports of the magic tee as 
designated in Fig. 11-8. 
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Prob. 11-5. 


11-6. Explain how a magic tee along with matched and shorted terminations may be 
used to measure the reflection coefficient of an unknown termination. 


12 


Radiation of 
Electromagnetic Waves 


12-1. INTRODUCTION 


In the derivation of Maxwell’s equations, the justification of the 
addition of a displacement current was primarily that its presence helped 
explain and predict certain hitherto unexplainable phenomena. Once this 
hurdle was taken, it was possible to derive the wave equations by com- 
pletely rigorous and legitimate means. These wave equations, together 
with boundary conditions, then made possible the accurate prediction of 
wave behavior in all sorts of media, provided the waves already existed. 
This has been the substance of our work with waves so far. 

Our main point of interest in the next two chapters now must shift 
somewhat. The new question is, ‘‘What gives rise to these waves?” In 
predicting the nature of the radiation, we shall use reasoning which is 
perhaps not rigorous. For example, we shall postulate solutions to vector 
partial differential equations which fortunately seem to work. Of course 
if we can somehow find a solution that fits both the differential equations 
and the boundary conditions we happen to establish, that solution is 
correct. That we may not have obtained it by a rigorous logical process is 
not really objectionable. It simply means that we have advanced a little 
beyond those very simplest cases where our familiarity is sufficient to 
mask the fact that they, too, were first solved by intelligent guessing. The 
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so-called logical development processes came much later, and their logic 
hinged on the fact that the nature of the answer was already known. 

Perhaps we must go even a step farther. In some cases we shall postu- 
late solutions that ‘don’t quite fit’? the boundary conditions. This 
situation, where it occurs, will be discussed. It is sufficient to say now that 
such a procedure may be followed (when it is useful and experimentally 
justifiable) in lieu of an analytically unobtainable exact solution. 

To this point we have been concerned with the transmission of 
electrical energy via one or more conductors, the two-wire transmission 
line and the hollow-pipe waveguide being excellent examples of such 
transmission structures. Generally speaking, the solutions obtained were 
“‘source-free”’ in the sense that we were concerned with some region of 
space of finite extent which did not contain sources. The source of 
electrical energy and the load were assumed to be outside this region since 
we were primarily concerned with the characteristics of the propagation 
of electrical energy through the region of interest. We then obtained 
solutions in terms of arbitrary excitation or amplitude factors which 
could be determined by matching boundary conditions at the source and 
load ends of the region. 

Radiation can be thought of as the process of transmitting electrical 
energy in which there are no conductors or guiding structures linking 
the source and the load. The formulation of this problem must include 
the source. This source establishes electromagnetic waves in the medium 
in which it is imbedded. These electromagnetic waves propagate outward 
from the source. One might question whether or not the uniform plane 
wave, which was considered in Chapter 8, is an example of radiation. 
It is indeed an example of radiation, but an impractical example because 
a current sheet of infinite extent and capable of supplying an infinite 
amount of power would be required to support such a wave. This is not 
to say that the study of the uniform plane wave was a waste of time. We 
shall soon see that in a limited region of space, well removed from the 
source, the radiation fields can be quite accurately approximated by 
uniform plane waves. 

The objective of the present chapter is to describe quantitatively 
the phenomenon of electromagnetic energy radiating from an isolated 
source in space. To facilitate this investigation we will consider the fields 
established by the simplest imaginable source since a more practical 


source distribution can be interpreted as a superposition of elemental 
sources. 
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12-2. FORMULATION OF THE PROBLEM 


The problem is simply stated as the determination of the fields due 
to a source distribution in free space. The sources are characterized by 
some distribution of electric current and electric charge. Maxwell’s 
equations for this situation become 


(a) —V XE = jowH (c) Yan? 410 (12-1) 
(b) V XH = jwoeE + Ji (d) vV-D= pi 
The superscript z denotes impressed sources. 
The constitutive equations are 
(a) B = wH 
(b) D = «E 2,2) 


The electric current and electric charge distributions are related in the 
time-varying situation by a continuity-of-current expression 

Ve Ji pgee (12-3) 
At first glance one might be inclined to manipulate these equations in 
much the same way that Maxwell’s equations for the source-free case 
were treated to derive a vector wave equation. Indeed, performing these 


operations results in the inhomogeneous equations involving the electric 
and magnetic fields and source distributions 


VE + BE = = Vi + joo)’, (12-4) 
and 

V-H + @H = -—VXJi (12-5) 
where 6” = wu€. These equations are not particularly easy to work 
with since in some important cases the mathematical expression for the 
current can have undefined spatial derivatives. At any rate, these are not 
simple differential equations and one is led to look for a mathematical 
method which provides a more straightforward solution. 

One such mathematical format is potential theory. The starting point 
for this method of solution is the fact the divergence of the magnetic field 
is zero. A solenoidal vector, that is, a vector with zero divergence, can be 
expressed as the curl of a second vector. Thus, we write 


B=VXA (12-6) 


where A is a vector called vector magnetic potential. Now, by substituting 
into Maxwell’s equations Eqs. (12-1), one can write 


: — 
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Vv X (E+ jwA) = 0 (12-7) 


An irrotational vector, that is, a vector with zero curl, can be expressed 
as the gradient of a scalar. Thus, we write 


E+ jwA = —V® (12-8) 
® is a scalar called scalar electric potential. It is seen that for w = 0, Eq. 
(12-8) reduces to the conventional definition of electric potential of 
static electric field theory. 

At this point, Eqs. (12-2a), (12-6), and (12-8) are substituted into 
Eq. (12-1b) to get 
vV x V xX A a jwpoeo(—V®P Fad jwA) — bo)? (12-9) 
Using the vector identity 
VXVXA=V(V-A)—-V'A 
and collecting terms, Eq. (12-9) can be written as 
VA + BA = —mwJi +t V(V - A+ jwmoe®) (12-10) 


This does not appear to be a particularly simple differential equation but 
at this point one of the real advantages of the potential-theory method of 
solution becomes apparent. Since there is no particular physical signifi- 
cance to vector magnetic potential, and since we have only specified its 
curl up to this point, we are free to make the divergence of A anything 
we want it to be. Specification of both the curl and divergence of a vector 
results in specification of the vector. In this case, set 


Vv: A = —jupoeoP (12-11) 
with the resulting equation for A 
Heeey) es Lyra (12-12) 


Substitution of Eq. (12-8) into another of Maxwell’s equations, Eq. 
(12-1d), results in 
Vi + joV - A= —p'*/eo (12-13) 


By means of the gauge condition, Eq. (12-11), we can write 
Vb + BS = —pi/ey (12-14) 


Equations (12-12) and (12-14) are known as inhomogeneous wave 
equations, in vector and scalar form respectively. The solutions of these 
equations are well known, and we will consider the general solutions in 
later sections. 

At this point it is instructive to consider the solution of the fields due 
to an element of electric current radiating in free space. As was pointed 
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out in the introduction, the principle of linear superposition will allow us 
to treat the fields of an arbitrary source distribution as the vector sum of 
the fields due to an array of elemental currents. 


12-3. POTENTIAL SOLUTIONS 


In order to determine the fields due to a source distribution, it will be 
necessary to solve the differential equations 
VA + BA = —poJ’ (12-12) 
and 
V2b + BD = —pi/eq (12-14) 
These are basically the same differential equation expressed in vector 
and scalar form. We will solve this equation by considering the source to 
be an electric current distribution consisting of a current J flowing over 
a differential length /. Let us orient this current element in space so that 
it flows along the z-axis; thus, Eq. (12-14) can be written as 


VeA; Si BA, =a —poJe (12-15) 
To begin with, let us define a set of coordinate axes in which to describe 
the fields due to the source. A suitable set of coordinates is shown in 


Fig. 12-1. Notice that rectangular, cylindrical, and spherical polar 
coordinate systems are depicted in the diagram. The source is designated 


Fig. 12-1. The coordinate system. 
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as an element of current oriented along the z-axis as shown. A comment on 
the source must be made at this point. The current element corresponds 
to an infinite current density, but we define the source in terms of a 
volume integral encompassing the source. That is: 


J / Jidy = Il (12-16) 


volume 
encompassing 
the source 


This particular source is called an electric dipole. The conservation-of- 
charge expression (Eq. (12-3)) tells us that the element of current must 
originate and terminate on charges. These charges give rise to an electric 
displacement current flowing in space, as shown in Fig. 12-2. 


Fig. 12-2. The electric dipole. 


The current J produces the charge distributions +Q and —Q, which 
in turn give rise to the electric displacement current J’. These currents 
are such that the displacement current flowing out of the volume sur- 
rounding the charge is equal to the current flowing into the volume. 

The current distribution, which serves as a source for the magnetic 
potential vector, is a monopole distribution. The electric charge dis- 
tribution, on the other hand, is a dipole distribution. The pomt mono- 
pole source distribution is much easier to manipulate mathematically 
than the point dipole source distribution, but in general we must be 
prepared to handle both in order to determine A and®. Since J* and p* 
are related by the conservation-of-charge equation, Eq. (12-3), A and ® 
are not independent and the determination of either will suffice. We will 
choose the simpler case and determine A. 

Determining the vector magnetic potential A for this current element 
source will be facilitated by using spherical polar coordinates and splitting 
the region into two subregions. Subregion I (called volume I) will be a 
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small sphere encompassing the source. Subregion II (called volume IT) 
will be the rest of the region. This division makes volume II source-free, 
and the source is contained within volume I. 

Thus we can write: 
(a) V2A2 + B2AZ = woJ? (Volume I) 
(b) V2AH + B24? = 0 (Volume IT) 

The electric and magnetic fields must be continuous on the interface 
between the subregions. This forces the vector magnetic potential A to 
also be continuous on this surface. 

Considering volume II first, we write Eq. (12-17b) in spherical-polar 
coordinates as 


(12-17) 


II 
pears ( 0A; ) + e247 = 0 (12-18) 
or 

We have recognized the fact that the vector magnetic potential is 
spherically symmetric, since the source is a point monopole; thus there 
are no variations with respect to 8 and @¢. The solution to this equation is 
e—i8r etiBr 
2 


Av =Ci 


(12-19) 


r 


The first term represents an outward-traveling wave, while the second 
term represents an inward-traveling wave. For physical reasons (namely, 
that the only source in all space is the current element at the origin and 
there are no reflecting surfaces present), we will discard the solution 
which represents inward-traveling waves. To prove that 


e—ibr 


Boaz) Cy (12-20) 


r 


is a solution of Eq. (12-17b), we substitute the expression into the 
differential equation. The result is 


e—iBr 


C; e~ ir ( os + V? *) + BC; ; = 0 


_, 
Use of the vector identity, ve = 0, for r ¥ 0, proves that we have a 


solution since r = 0 is not included in subregion II. 
Now let us consider volume I. In this subregion, the differential equa- 
tion which must be solved is 


,0A! 
r 
r?> or or 


+ B?AZ = —poJi (12-21) 


We will assume that the solution is represented by outward-traveling 
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waves and has the same form as the solution for subregion II. That is, 


— Br 
phew Bebe (12-22) 


r 


Inserting this expression into the differential equation results in 


7) —jBr 
qe (Ev +) + BCs = — nol 


Tr Tr 


This reduces to 
Cyerory2 = = — po J; 


We will now integrate this expression over the small sphere encompassing 


the source: 
| | | Cyerv? = do — | f | uot dv (12-23) 


volume I volume I 


Since the volume of integration is a sphere of vanishingly small radius, we 


can use the approximation e~’6" ~ 1, the vector identity 
viiy.yi 
7 Tr 


and the divergence theorem to get 
Cw. da = =| ff nattar = — poll 


In evaluating the surface integral, the following statements can be made: 


surface 
enclosing 
volume I 


1.CG=Q (continuity of A at the surface) 
2. da = a,r? sin 0 d0 do 


Combining all of these statements into Eq. (12-22) results in 


24 T 
-| i Gar sin 6 d0 dd = —poll (12-24) 
) ) r 
Evaluating the integral, 
Coe poll 
ea 


This completes the solution for the vector magnetic potential of a z- 
directed current element: 


A= a, e~ibr (12-25) 
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Because of the basic similarity between the differential equations for A 
and ®, we can write the solution for the scalar electric potential due to a 
point charge having a sinusoidal time dependence (monopole distribu- 
tion): 


b= i e-ibr (12-26) 

Examination of Eq. (12-26) shows that it is just like the static 
potential expression for an isolated point charge except for the factor 
e/6. The same situation holds true for Eq. (12-25). For this reason these 
potential expressions are called “retarded potentials” in recognition of 
the fact that it takes some time for a wave to propagate through space. 

These potential expressions can be used to determine the fields due to 
sources whose dimensions are small with respect to wavelength. We shall 
consider such an example in the next article. 


12-4. THE ELEMENTAL ANTENNA 


Now let us consider a situation that is illustrated in Fig. 12-3. A high- 
frequency generator is connected to a two-wire transmission line. This 
line is of a conventional parallel-wire type. If the line is fairly remote 
from any metallic or other conducting object, essentially there will be 
equal and opposite currents in the two wires at any given position on the 
line. Therefore, at any significant distance from the line, the field effects 
of the two wires will substantially cancel each other. Now let us suppose 
that the end of the line remote from the generator is shorted with a 
straight segment of wire. The field effects of the current in this straight 
segment of wire may well be observable at distances remote from the line 
because there is no source of equal and opposite fields to cancel them. 

If the antenna element has a current J flowing in it and we orient our 
coordinate system so that it flows for a distance / we will have a physical 
model to the current distribution discussed in Art. 12-3. The magnetic 
potential vector can be written directly as 


A = a,A, =a, Hel e-iBr (12-27) 


+ 
‘: ¥ 


Fig. 12-3. An elemental antenna system. 
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At this point one might question whether or not the situation depicted 
in Fig. 12-3 is a legitimate physical realization of the mathematical 
model used in Art. 12-3. Obviously, there were no conductors present in 
that case. We postulated a current existing in free space and if you have 
retained any feel for Maxwell’s equations you know that the presence of 
a perfect conductor means the absence of tangential electric fields on 
such surfaces. This is certainly not the case for a current distribution in 
free space. 

One way to look at this problem is to consider that the source estab- 
lishes fields on the transmission line which will propagate to the straight 
segment of wire. The segment of wire, being a perfect conductor, requires 
that the tangential electric field be zero on the surface. This means that 
there must be a scattered field established such that the scattered electric 
field added to the incident electric field results in the complete cancella- 
tion of the tangential component on the surface of the wire segment. The 
scattered field is actually due to conduction currents induced in the wire 
segment. It is this current and the resulting scattered field which we 
represent as a physical realization of the current element considered in 
the preceding articles.! It will soon be apparent that relatively little of the 
incident energy is radiated. Most of the energy is stored around the wire 
segment and in standing waves on the transmission line. The wire segment 
is much shorter than a wavelength so the induced current can be assumed 
to be uniform over its length. 

It is now convenient to express the vector potential in spherical 
coordinates. The components are: 
pol le—78" cos 8 


A, = A,cos0 = 1 (12-28) 
stleegies be bemligisindg 5 

Ag = —A,sin@ = rea (12-29) 

Ag = 0 (symmetry) (12-30) 


From these vector potential components we can find the magnetic 
intensity H, which is really one of the main points of interest. To do this, 
we must take the curl in spherical coordinates as in the following equa- 
tion: 


a, ay ay 
r?sin@ rsin@ r 
Vex Asser: fr) a (12-31) 
or 06 0d 


A, rAg rsinOAg 
1Tt might be helpful to reread Art. 8-7 at this point. 
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Recalling that H is by definition (V X A)/jo, we can find the components 
of magnetic intensity due to our current element to be 


H, = 0 (12-32) 
H, = 0 (12-33) 
Ile" sin @ | 78Ile7" sin 0 


It is now expedient to examine the nature of the magnetic intensity 
field we have just derived in the light of the assumptions we made about 
retarded potentials. In particular, let us retrogress for a moment and see 
what would have happened if no retarded potential assumptions had 
been made. The only road open to us in finding H would then be simply 
to apply Ampere’s law. From this we would then be forced to conclude 
that 

Il sin 0 
dar? 


He (12-35) 
Equation (12-35) is simply an expression of the well-known induction 
field of a current element. It is in phase with the exciting current and 
decreases in amplitude with distance according to the inverse square law. 
All these things are perfectly in accord with our magnetostatic intuitions. 

Returning to the retarded potential case, examination of the first 
term of Eq. (12-34) shows this also to be the induction field. The only 
difference between this term and Eq. (12-35) is the retarded-potential 
implication. Even this is not difficult to accept if one believes that it 
always takes a finite amount of time for something to go somewhere. 
Anyway, the closer we get to the current element, the more we approach 
exact time-phase correlation between this component of H, and the 
exciting current J. 

Now let us pass on to the second term of Eq. (12-34). This does not 
follow our intuitive picture in any respect. First, this term is a direct 
result of the retarded-potential assumption and does not occur at all in 
application of Ampere’s law. Second, it falls off with the first power of 
distance rather than the second. Third, no matter how close we get to the 
current element, the term will always be in phase quadrature with the 
exciting current. In short, this term represents a new phenomenon with 
which we have heretofore been completely unfamiliar. We shall see later 
that this is the term that leads to the phenomenon of radiation. It is the 
term that keeps an antenna from just being another inductance. 

It is now expedient to find the electric field associated with this 
magnetic field. There are several possible ways to attack the problem. 
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We could start with the solution for the scalar electric potential. The 
trouble with this is that we do not know for sure just what the charge 
function p is on the elemental wire. We could get this charge function 
from the current function with the continuity equation: 


V-jJ= —jup (12-36) 


Having obtained the charge distribution function from Eq. (12-35) and 
thereafter the scalar electric potential function, we could proceed to find 
the electric field E from Eq. (12-8) since we already know A. However, 
there is an easier way. Let us examine the fundamental field equation, 
Eq. (12-1b), in a region of no current flow. It then becomes 


V XA = jwek (12-37) 
Let us solve Eq. (12-37) for the electric field. The result is 


1 
E= 2 (Vx) (12-38) 


Substituting Eqs. (12-32), (12-33), and (12-34) into Eq. (12-38) and 
solving for E yields 


E= cere | le“ cos 6 , BIle—®* cos 8 
mee 2rweor? 2rweor? 
iis (2 le-#r sin. Ile“* sin® , BL le—76" sin 0 


Amweor? J 4trwegr® Atrweor 


) + 0a, (12-39) 


Examination of Eq. (12-39) reveals only one term which falls off as the 
first power of distance. For reasons which will be apparent shortly, this 
will be considered to be the radiation term of the E field. A plot of the 
electric field lines due to an element of current is shown in Fig. 12-4. 
Notice how the electric field lines close upon themselves as they move 
more than about one wavelength from the source. This is the essence of 
the phenomenon called ‘‘radiation.”’ 

Our major objective in obtaining both the E and H fields around the 
elemental antenna is to compute the Poynting vector. We then have 
the direction and amplitude of power flow density (watts per square 
meter) in the region around the antenna. In particular, since we have 
H,, E,, and E, components only, we can write the time-averaged power 
flow density as? ; 
EH 

2 


= 1ReB XH") = Re (-a sey Pei) (12-40) 


2 


2? Hf is the conjugate of Hg. 
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Fig. 12-4. Electric field lines produced by a current element. (After W. K. H. 
Panofsky and M. Phillips, Classical Electricity and Magnetism, second edition 
[Addison-Wesley Publishing Company, Inc., Reading, Mass., 1962], p. 259.) 


The first term inside the parentheses of Eq. (12-40) can be shown to 
be identically zero. The entire outward power flow therefore comes from 
the second term. When evaluated, it is found that the total outward 
power flow density is? 


(ees power Sen _ w|I|?0? sin? 6 


per square meter KY oe (12-41) 


Note that here is the first indication in all the multitude of mathe- 
matics that energy is really radiated into space when an alternating 
current is passed through a wire. Here is the first explanation we have had 
of the manner in which electromagnetic waves originate. 

There is still another very important point. The only terms in the E 
and H fields which contributed to this spatial energy-release phenomenon 
were the so-called radiation terms mentioned above. Every other term, 
to be sure, contributed to the instantaneous Poynting vector, but all 
integrated out with time, leaving only that part of the Poynting vector 
made up of the radiation field terms. This means that considerable 
amounts of stored energy are in regions close to the antenna. These are 


3 Note that the symbol |Z| in this and subsequent equations for power refers to the peak 
value of the current. 
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sometimes called the near fields, whereas the radiated field is often called 
the far field. 

If we were interested in the total average radiated energy from our 
elemental antenna, it would be necessary only to integrate the radiation 
field component of the Poynting vector over a sphere surrounding the 
antenna. This operation is indicated as follows: 


wo?|T)222 sin? 0 
jag avg radiated — “Ges ee 
sphere 327 equ*r 


w*|T/?]? sin? 6, 
- | the a wie 7 Sin 6 dg r dé (12-42) 


wT) [ZF 
127eqv? = 3eqvd? 

It is now seen that we can have a good idea of what is meant by the 
term “radiation resistance.”” When a current passes through a conven- 
tional resistor, there is an energy loss which is accounted for by heat 
dissipation. We now see that when a current flows in an antenna, there is 
also an energy loss. This in turn means that the transmission line feeding 
our elemental antenna must see a resistive component of load. If the load 
were all reactive, the average delivered power to the antenna would have 
to be zero, from fundamental ac circuit theory. It is unimportant that our 
energy is not dissipated in heat. There is still an energy loss to be ac- 
counted for, and the amount of energy lost is exactly that given in Eq. 
(12-43). Putting in numbers gives 


(12-43) 


1% avg radiated — 


789 (1? 
Pave radiated = 2) Z|? (12-44) 


(Remember that J is a peak value, not an rms value.) The radiation 
resistance of our elemental antenna is obviously 


Rradiation = 730(<) (12-45) 


The concept (or perhaps we should say fact) of radiation resistance is 
useful because it allows us to tie our circuit concepts and analysis methods 
in with antenna systems. The subject will be given further attention 
later. 


12-5. POTENTIALS FOR EXTENDED SOURCE DISTRIBUTIONS 


In Art. 12-3 we derived expressions for vector magnetic potential and 
scalar electric potential due to point sources located at the origin of the 
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coordinate system. For example, for the current element located at the 
origin, 
= Holl —IBr 
Aas Aner © 
where r = Vx? + y?+ 22, Now imagine that the source is located at 


some other point, say (x’, y’, 2’) as shown in Fig. 12-5. The radial distance 


Zi 


(yz) 


x 


Fig. 12-5. Translation of the origin of the coordinate system. 


from the source point (primed coordinates) to the field point (unprimed 
coordinates) is seen to be 


eet le A) EN) (zie)? (12-46) 

This quantity corresponds to the radial distance 7 in the potential 

expressions developed for sources located at the origin of the coordinate 

system. Thus, for a z-directed current element located at (x’, y’, 2’) we 
write the vector magnetic potential as 

pol le—J8lt —¥'| 


fn PSA Ar|r — r’| 


(12-47) 


Now let us consider the case where the current is not localized to a point 
in space, but rather, there is a finite current density over some region of 
space. Call it J(«, y, z) or J(r), where the tip of the vector r is the point 
(x, y,z). The vector magnetic potential for such a distribution can be 
considered to be the superposition of vector magnetic potentials caused 
by differential volumes of current. For example, when considering a 
differential volume centered at (x’, y’, 2’), we can write 
__ MoS Ce’) dole=s8e—" 


ni Ar|r — r’| 


(12-48) 


=\ 
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where we have replaced a.J/ with J(r’) dv’. Integrating over the source 


distribution results in 
’) o—jblt —1’| 
= =» |f J ery (12-49) 


hr]. 
all space 


In a similar fashion one can develop the expression for the scalar electric 
potential due to a sinusoidally time-varying spatial distribution of charge 


in free space: 
/\ e—Ib\r—¥'| 
--/ i / oe dv! (12-50) 


° i space 


These expressions are necessary to determine the fields due to more 
complicated radiating systems than the current element. 


PROBLEMS 


12-1. Show that a vector having zero divergence can be expressed as the curl of a 
second vector. 


12-2. Prove that V? ; = (Vitor 7 3 (0, 


12-3. Starting with the assumption that H = V X A, derive the equivalent equa- 
tions of (12-11), (12-12), (12-13). 

12-4. Obtain Eqs. (12-32), (12-33), and (12-34) from Eqs. (12-28), (12-29), (12-30), 
and (12-31). 

12-5. Obtain Eq. (12-39) from Eq. (12-38). 

12-6. Obtain Eq. (12-41) from Eq. (12-40). Show that the only contributing terms 
are the 1/r terms of the E and H fields. 

12-7. Consider a piece of 300-ohm twin lead. The wires are spaced at 0.85 cm. The 
end is shorted with a perfect conductor. In what frequency range would the 
circuit concept of a short begin to be invalid, in your opinion? 

12-8. Determine the total power radiated from an elemental antenna 1 m long if the 
uniform rms current is 1 A and the frequency is: (a) 60 Hz; (b) 1000 Hz; 
(c) 100 kHz; (d) 1 MHz; (e) 3 MHz. 

12-9. What is the radiation resistance of the antenna of Problem 12-8 for each of 
the given frequencies? 

12-10. How long would an elemental antenna have to be to have a radiation resistance 
of 1 ohm at a frequency of 60 Hz? . 


I3 


The Radiating 
Dipole Antenna 


13-1. INTRODUCTION 


In Chapter 12 the behavior of a sinusoidally varying current element 
was discussed in some detail. It was assumed that this antenna element 
was driven with a nonradiating transmission line of some kind and that 
each end of the current element was connected to one of the terminals of 
the transmission line. This established the concept of energy radiation, 
but for several reasons it is not practical to build an antenna in this 
manner. The resistive component of impedance in such a short antenna 
would be very low, and the total amount of energy radiated, though 
finite, would probably be insignificant. Obviously some other approach is 
necessary. 


13-2. THE ELEMENTAL DIPOLE ANTENNA 


As a start, let us take two pieces of straight wire, both of length //2, 
and connect them to a two-wire balanced transmission line as shown in 
Fig. 13-1. Let us assume there is nothing in close proximity to the an- 
tenna except the transmission line, and let us hope that the transmission 
line does not affect the over-all situation much. It would appear that we 
can now drive the antenna by some means other than building the 
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generator into it and still have a transmission line that behaves as an 
efficient line should. The two ends of the pieces of wire can be brought to 
within any reasonable distance of each other. If the impedance that the 
transmission-line termination sees is not that of the line itself, we could 
even accommodate it with a small matching transformer or tuning unit. 
It may seem at first that all we now have left to do is find the vector 
potential function, convert it to the E and H fields, and proceed from 
there. Technically, this is correct, but before we can write the vector 
potential function we must know something about the current in the two 
pieces of wire. 


pode] beds 


Fig. 13-1. The dipole antenna driven with a balanced transmission line. 


Since the wires must have some individual inductance and also capaci- 
tance between them, we can be certain that some sort of current will flow 
at the transmission-line end and in the wire immediately adjacent to the 
end. However, it is fallacious to say that the current distribution is there- 
after uniform over the entire length of the two wires, since the current at 
the far ends of the wires away from the transmission line must obviously 
be zero. The current, then, goes from finite value to zero as we traverse an 
individual wire element. To compute the vector potential function, we 
must know how the current amplitude varies along the wire. As a start, 
let us assume that the current decreases linearly to zero as a wire is 
traversed from the transmission line to the other end. In other words, we 
might plot the current distribution as in Fig. 13-2. 

We do not know whether this distribution is correct or not, but let us 
assume that it is. Then, we can compute on that basis and compare the 
calculated radiation resistance with that measured on an r-f bridge. If 
the two values agree, it might be reasonable to assume that the assump- 
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Distance of These 
Lines from Horizontal 
Axis Represents Current 
Amplitude as a Function 
of Position on Antenna 
Elements 


Fig. 13-2. Assumed current distribution. 


tion of current distribution is good.! If not, we shall have to try some- 
thing else. As our first try, it will be assumed that the length of each 
antenna element is equal to, or less than, about one-twentieth of a wave- 
length; thus 


Since this is a small fraction of a wavelength, we could also say that the 
current phase is uniform along the wire. In Chapter 12 we found that the 
power radiated from an elemental antenna is 
_ 789 D|Z/? 
Daiee NP 
Since in our elements we have assumed that the current falls to zero 
linearly along the antenna element, the “average” current is half that at 
the driven end. The power radiated can therefore be approximated as 


_ 789 (1\2|Z|? _ 197.5 (1\2 |, 
FBO ME(Yue aes 


(13-1) 


2 2 


The radiation resistance of the antenna of Fig. 13-1 would then appear to 
be 


l\2 
R= 197.5 ( (13-3) 

1 Even so, this is risky. In a half-wave dipole, for example, a large number of widely dif- 
ferent current distribution functions can give essentially similar radiation resistances. 
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If we measured the radiation resistance of such an antenna with a radio- 
frequency bridge, we would find it very close to the value given in Eq. 
(13-3). Our assumptions for current distribution are therefore probably 
correct, although we have not established this as an analytically proven 
fact. It would seem that we have the beginnings of a practical radiating 
antenna. 

There would be several things we would not like about this two-ele- 
ment short antenna, however. First, we would find that while the radia- 
tion resistance predicted by Eq. (13-3) is essentially correct, it will turn 
out to be quite small compared with the driving point reactance at the 
antenna. Therefore we must either put a matching device between the 
transmission line and the antenna or be willing to put up with severe 
standing waves on the transmission line itself. In many practical cases, 
we shall be faced with these alternatives anyway, but working with longer 
antennas which have a greater ratio of radiation resistance to reactance 
will make the matching devices simpler and much more efficient. 


13-3. THE HALF-WAVE DIPOLE 


Now let us extend the length of the radiating elements still farther. In 
particular, let us make each element one quarter-wavelength, which 
makes the combination approximately one half-wavelength. This con- 
figuration is known as the half-wave dipole and is one of the most im- 
portant types of antennas from the standpoint of both theoretical 
analysis and practical usage. 

In the analysis of this antenna, we are again faced with the question of 
current distribution. Since the element length is no longer inappreciable, 
it may or may not be reasonable to assume that the current amplitude 
decreases linearly with distance along the element. If we think for a 
moment about an open-circuited transmission line, we recall that the 
current amplitude distribution is sinusoidal with distance. For one half- 
wavelength, the current is in time phase but varies sinusoidally in 
amplitude. For the next half-wavelength, the current phase reverses, but 
the amplitude continues to vary sinusoidally. We can extend our imagi- 
nation to think of the half-wave dipole as a flared-out transmission line 
and assume a similar current distribution. The ultimate justification for 
this assumption will be that we can experimentally justify the calculated 
results. In truth, everything in science can be traced back to a similar 
situation. For analytical purposes, our half-wave dipole will be aligned 
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Distance of these curves 
from Z axis represents 
current amplitude as a 
function of z 


Fig. 13-4. Current distribution in half-wave dipole. 


as Shown in Fig. 13-3. The current distribution is illustrated in Fig. 13-4.? 
The assumed current distributions can be expressed analytically as 
follows: 


(13-4) 


P| > 


J = |I| cos Bz cos wt lg] S 


g=0 [>> (13-5) 


Note that the current is assumed to be “‘in phase”’ all along the antenna. 
This assumption is admittedly based on intuition, but it turns out to be 


2 We are begging the issue a little here. In theory it is possible to solve Maxwell’s equa- 
tions with the given boundary conditions and get the exact current distribution. The trouble 
is, nobody has been able to do this in general, although some simple cases have been solved. 
Fortunately this is one of those cases, and one finds that for infinitely thin straight antennas, 
the current distribution is essentially sinusoidal. 

See Chapters 10 and 11 of E. C. Jordan and K. G. Balmain, Electromagnetic Waves and 
Radiating Systems, 2d ed. (Englewood Cliffs, N.J.: Prentice-Hall, Inc., 1968). 
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fairly good if the dipole legs do not get too long. In this case, f is the free- 
space propagation constant with no attenuation, in the sense that energy 
is lost through heat dissipation. From here on, as in Chapter 12, it will be 
convenient to express the fields and sources in complex phasor notation, 
and Eq. (13-4) will be rewritten as 


I =|I|coséz° |a| < 


~ Pim 


(13-6) 


Ir=0 ls] > 3 


The magnetic potential vector is determined by application of Eq. 12-49, 
with r and r’ defined as 


ees Ce! (13-7) 
r=a,x«+tayy+ az | (13-8) 
The geometry of the situation is shown in Fig. 13-S. Visualize the source 


coordinates and the field coordinates as two identical coordinate systems 
superimposed on one another. 


Fig. 13—5. Illustration of the source and field points. 


Subtracting Eq. (13-7) from Eq. (13-8) results in 
r—r =a xt+ayt+azl(z— 2) (13-9) 
The magnetic potential vector can now be written as 
hg. no! [PU cas Belen Seer Ca 
4 Jory V2 + y? + (2 — 2’)? 


Now we are faced with integrating Eq. (13-10). Let us remember, how- 
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ever, that our primary interest is only in the field far from the antenna. 
With this in mind we can approximate the term under the radical: 


Vx + y2 + (2 — 2/27 — 2 cos (13-11) 
We will ignore the variation in the denominator as the integration is 


performed and include the phase effects caused by the exponential in the 
numerator. The resultant expression for the vector magnetic potential is 


[7] exten fi" roe 
A = a, ae (cos Bz’) e482 co8 # dz (13-12) 


Let us again recall the geometry of Fig. 13-5 and remember that the 
point at which we are interested in A, is very remote from the antenna. 
Under these conditions the angle @ is essentially constant, and the 
integration of Eq. (13-12) can be performed much more easily than 
would ordinarily be the case. This integration is left as an exercise. The 
final result is 

~, bolL |e" cos [(/2) cos 6] 
Aa 2rBr sin? 0 
As you have probably noticed, with some dread, we have been working 
with a strange combination of spherical and cylindrical coordinates. The 
r and @ are from the spherical coordinates 7, 6, and ¢. The z on the other 
hand is from the cylindrical coordinates p, @, and z. The ¢ in spherical 
coordinates is, of course, defined somewhat differently from the p in 
cylindrical coordinates. This situation has not led to any serious difficulty 
so far because we did not let y and @ vary much during the integration 
along the z axis in cylindrical coordinates. Now, however, we must get the 
magnetic intensity, H, at the point where we have A,. This means we 
must take the curl because 


A (13-13) 


H=-1vxa (13-14) 
Mo 


Therefore let us rewrite the vector potential function in spherical coordi- 

nates. It is? 

ee po|T |e 28" cos [(n/2) cos 6] cos 6 ae po|Z |e 2°" cos [(x/2) cos 6] e325) 
ZmGr sin? 0 27rBr sin 0 

Taking the curl of Eq. (13-15) in spherical coordinates leads to two terms 

for Hs only. The other two components of H are zero. One of the terms of 


3 The conversions here are 


Ar(spherical) = Az(cylindrical) COS O(spherical) 
and 
Ag (spherical) = — Az(eylindrical) sin 8 (spherical) 
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H, falls off as the first power of the radius and represents the radiation 
field. The other term of H, falls off as the second power of the radius and 
represents the induction field. We are concerned only with the radiation 
field, and so we shall simply remove ourselves far enough from the antenna 
so that it is the only remaining term of significance. 

Under these conditions, it is relatively easy to show that 
ay |Z|e-*" cos [(a/2) cos 4] 


Hy 2rr sin 0 


(13-16) 


Equation (13-16) represents the radiation component of the magnetic 
intensity field surrounding a half-wave dipole. We may obtain the radia- 
tion component of the electric field in the same manner as was done for 
the current element in Chapter 12. Simply write the electric field as 


* ie vXH (13-17) 
0 


and then solve for the electric field, throwing out all terms which fall off 
as a second or higher power of the radius. The result is 


nae B|I\e-#* cos [(a/2) cos 8] 


2rweor sin 6 (13-18) 


Note again that only an H, and an E, component survive as radiation 
terms. The outward power flow is again given by the Poynting vector 
1Re [E X H*]. In this case, however, we see again that E, and Hy are in 
time and space phase. Further, a little thought reveals that the absolute 
value of the complex term e~%” is always unity. The resulting time- 
averaged, net outward power flow in watts per square meter is given by 
(ae power flow ase) _ EyHjt_ BI ims cos? [(x/2) cos 8] 
in watts per square meter ym, Amweor? sin? 0 
(13-19) 


Now let us take note of the fact that the intrinsic impedance of free 
space 7 is equal to V uo/€, and the lossless propagation constant B is 
equal to wV po€o. Equation (13-19) is then written as 


( Power in watts ) 3 nl ems cos? [(#/2) cos 4] 


per square meter Agigtcinté (13-20) 


Recall that what we really want is the radiation resistance of the antenna 
so that we can determine the characteristics of the generator and trans- 
mission line required to drive the antenna. This means that we must find 
the total power radiated from the antenna in terms of the current that 
flows through it. As before, our best choice is to integrate the power flow 
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in watts per square meter over a sphere completely surrounding the 
antenna. For simplicity, let ry be constant. The resulting power integral is 


Total power\ _ 
( radiated )- i us 


sphere of large 
constant radius 


x (2x 
= i; i P,r? sin 0 dé db 
0 Jo 


2 v 2 
oth nia | cos [(/2) cos 6] dB (13-21) 
2r Jo sin 6 


The integral of Eq. (13-21) presents a small problem. There is no easy 
inverse integration formula which can be applied. This is usually the case 
in real-life, nonclassroom problems anyway. The value of the integral can 
be determined fairly readily by either graphical or series approximation 
techniques. The actual integration is left as an exercise. When it is 
evaluated, Eq. (13-21) becomes 


(ae aa) Wala218nl en 
7 2a 


radiated = 73] ims aaa 


Equation (13-22) indicates that if our assumption of a sinusoidal current 
distribution in a half-wave dipole is right, the radiation resistance (i.e., 
that component of the antenna driving-point impedance that absorbs 
power from the generator) is 73 ohms. At this point let us set up an 
experimental half-wave dipole at some reasonable frequency and measure 
the driving-point resistive component with a radio-frequency bridge. We 
find that this resistive component is indeed close to 73 ohms, and so it 
begins to look as though our assumption was a good one. Since we are still 
doubtful, however, we make a very small sampling loop and go along 
adjacent to the antenna wire to sample the adjacent magnetic field and 
hence the current. We find the sinusoidal current distribution really does 
exist to a rather close degree. Philosophically, what does this mean? It 
means that we have correlated mathematical analysis with carefully 
chosen experimental measurements to obtain interesting and extremely 
useful engineering answers. Nevertheless, with mathematics alone we 
have not actually proved anything. This is really true of everything the 
engineer learns, but it is perhaps a little more apparent here than usual. 


“See E. C. Jordan and K. G. Balmain, Electromagnetic Waves and Radiating Systems, 
2d ed. (Englewood Cliffs, N.J.: Prentice-Hall, Inc., 1968), pp. 330-31. 

5 This experimental step is desirable because many other types of current distribution 
functions can be postulated which would lead to a 73-ohm radiation resistance. 
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Nothing has been said about the total driving-point impedance of the 
antenna. For example, what do we know about the reactive component? 
In the case of the current element in Chapter 12 we had out-of-phase 
components in both the electric and magnetic fields. These components 
represented the reactive fields. We could not have obtained the reactive 
power by a surface integration over any enclosing surface as we did the 
resistive power, however. The average value of the resistive power repre- 
sented a continual energy dispersal by the antenna, and an integration of 
the outward-flowing Poynting vector over any surface enclosing the 
antenna was sufficient to evaluate it, irrespective of the size of the surface. 
Had we integrated the reactive power over that same surface, we would 
have obtained only the value of reactive energy that flows back and forth 
through the surface. Its average value would always be zero, and its peak 
value would not bear any particular relationship to the total reactive 
energy of the antenna that would be independent of the shape and size of 
the integrated surface. To obtain the reactive energy, we would have to 
use a surface extremely close to the antenna element such that essentially 
all the reactive energy would flow back and forth through it. 

In the case of the half-wave dipole, all the preceding discussion about 
reactive fields also holds good. Since our main interest was in the determi- 
nation of the radiation resistance, we did not even determine the reactive 
or induction fields. In Art. 13-4, on the induced EMF method, we shall 
discuss a versatile way to determine both the radiation resistance and the 
reactance of the antennas in question. Further, the method will be 
extendable (in Chapter 14) to allow the analysis of two or more antenna 
elements used in conjunction with each other. 

In the case of the thin half-wave dipole just discussed, if we had 
evaluated the reactive component of the driving-point impedance, we 
would have found it to be +742.5 ohms. In practice, this means that if the 
antenna were fed with a balanced transmission line of 73-ohm charac- 
teristic impedance, a matching network should be used at the antenna 
terminals if we are to be absolutely correct. In practice, two alternatives 
arise. The first is to shorten the dipole somewhat. If this is done properly, 
the reactance will go through zero as the antenna is shortened. At the 
resonant point of a dipole, then, the length is slightly less than half-wave 
and the radiation resistance is something less than 73 ohms. The second 
alternative is to simply drive the antenna with a 73-ohm balanced line 
and forget the +742.5 ohms of reactance. For many years, standard 
transmission lines have been made in the 73- to 75-ohm characteristic 
impedance region as well as regions of several other values. Originally the 
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choice of this numerical range came from the natural radiation resistance 
of the dipole. However, such transmission lines are now obviously used 
for many other things besides feeding this type of antenna. 

There is one other very interesting fact that has come from this analy- 
sis. Whenever one cuts a thin half-wave dipole for any frequency at all, 
the radiation resistance is 73 ohms at that frequency. No other factors are 
involved. The reactance of the thin half-wave dipole is +742.5 ohms at 


its specific frequency, irrespective of the value of the frequency itself.. 


When the length of the dipole is other than half-wave, however, many 
other factors enter into the reactance determination. 


13-4. THE INDUCED EMF METHOD 


We are now going to give some attention to an alternative method of 
determining antenna impedance characteristics. It is called the “induced 
EMF method” and is credited primarily to P. S. Carter.® Let us reex- 
amine the thin half-wave dipole and assign geometry as shown in Fig. 
13-6. The antenna is oriented as before. 


Fig. 13-6. Dipole antenna for induced EMF analysis. 


This is exactly the same geometry that was used in the last section, 
with the distances 7; and 72 defined as shown to facilitate the analysis. We 
shall consider a current distribution extending along the z-axis from —L 
to +L. The current distribution must go to zero at the ends, so the cur- 


6 “Circuit Relations in Radiating Systems and Applications to Antenna Problems,” Proc. 
Institute of Radio Engineers, vol. 20 (June 1932), pp. 100441. 
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rent distribution will be assumed to be 
I, = Isin B(L — ||) lz) < L (13-23) 
E=0 |z| > L (13-24) 


There is a value of electric field tangent to the antenna at its surface 
which we shall call Ez. 

One may wonder how E£, at the antenna boundary can be anything 
but zero, since an antenna is usually assumed to be made of perfect 
conductors. Again it must be pointed out, as in Chapter 12, that we 
consider the fields around the wires to be the superposition of an incident 
field established by a current source connected to the antenna elements 
and a scattered field due to currents induced in the elements by the 
incident field. The boundary conditions imposed by the conductors 
require that the net tangential electric field be zero on the conductors. 
The current source establishes the current at the input terminals. In 
solving the radiation problem we consider only the scattered fields and 
the current distribution which establishes these fields. This problem is 
solved as though the current distribution existed in free space. This is 
acceptable since the perfectly conducting wires simply impose a boundary 
condition on the net fields. Besides, we are considering fields on or outside 
the conductor configuration. 

It is difficult to accept the fact that the scattered field is the only one 
to be considered in calculating the radiation characteristics of an antenna 
but, when one considers the fact that the theoretical and experimental 
comparison of antenna radiation patterns and driving point impedances 
show excellent agreement, this assumption is justified. In fact it is easy to 
demonstrate that different conductor configurations when driven by 
identical sources display vastly different radiation and impedance charac- 
teristics. At any rate, virtually all calculations of antenna characteristics 
are based on the assumption of a current distribution in free space. The 
characteristics of the conductors are taken into account as a second-order 
effect. 

For an antenna that is finite but extremely thin, the radiation fields 
encountered as one leaves the antenna are still essentially the same as 
though the antenna was of zero diameter. Moreover, the induction fields 
are also essentially as predicted for a finite wire size and an assumed 
sinusoidal current, even though the two cannot precisely coexist. That is, 
induction fields can be computed by taking finite wire size into account. 
As we shall see, however, the wire size does not enter into the calculation 
when the antennas are multiples of a quarter-wavelength. Since these are 
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the overall effects we are after, we still use the induced EMF method 
even though it is not exactly correct. For further information on these 
questions, see the references listed below.” We shall return briefly to this 
subject after discussion of the induced EMF method. 

Hallen, Synge, and King treat the antenna as a pure boundary value 
problem and as such are technically more correct. The final results do not 
differ significantly from those presented here. 

If the current at z is J,(z) and the electric field at that point is E,(z), 
the complex power involved in allowing J, to flow in the presence of E, 
over the elemental length dz is 


d(power) = 5 E,I* dz (13-25) 


The total complex power involved over the entire length of the antenna 
is 


L 
Complex power = — i ET; dz (13-26) 
-L 


The minus sign on Eqs. (13-25) and (13-26) arises by convention because 
the antenna is an energy source rather than an energy sink. That is, if J, 
is in the positive z-direction, then EZ, must be in the negative direction if 
the power flow is outward. This is apparent from consideration of the 
Poynting vector at the antenna surface, or simply from sign considera- 
tions of voltage and current in a battery delivering energy to a circuit. 
Equation (13-23) can be substituted into Eq. (13-26). Furthermore, due 
to the physical symmetry of the problem, the integration interval can be 
halved and the remainder multiplied by two. The result is 
1 [2 
Complex power = a9 i fare E,I* cos Bz dz 
(13-27) 


Fi 
P= -r f E, cos Bz dz 
0 


where /* is the conjugate of the driving-point current of the half-wave 
dipole and £, is the value of the tangential field as a function of z. Since 
we have removed time dependence, the power P takes on a standard 


7 Erik Hallen, ‘“‘Theoretical Investigations into the Transmitting and Receiving Qualities 
of Antennae,” Nova Acta Regiae Soc. Sci. Upsaliensis, Ser. IV, 11, No. 4 (1938), pp. 1-44; 
J. L. Synge, “The General Problem of Antenna Radiation and the Fundamental Integral 
Equation with Application to an Antenna of Revolution,” Quarterly of Applied Mathematics, 
vol. 6 (July 1948), pp. 133-56; L. W. King, “On the Radiation Field of a Perfectly Con- 
ducting, Base-Insulated Cylindrical Antenna over a Perfectly Conducting Plane Earth, and 
the Calculation of the Radiation Resistance and Reactance,” Philosophical Transactions of 
the Royal Society (London), vol. 236 (1937), pp. 381-422. 
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interpretation we customarily associate with ac circuits. It will have a 
real and imaginary component. The real component will represent the 
time-averaged radiated power, and the imaginary component will repre- 
sent the reactive power. Now these must be the real and reactive powers 
that are delivered to the driving-point terminals of the antenna. Let us 
designate the driving-point impedance of the antenna as Zy = Ru + 
7X1. We can then write 


arn 
ee 


Ti? F 
= ee (Ru + jXu) (13-28) 
From Eqs. (13-27) and (13-28) we can write an expression for the driving- 
point impedance of the half-wave dipole antenna: 


L 
Zu = Ru +jXu = 2 [ E, cos Bz dz (13-29) 

Equation (13-29) is a direct expression for the driving-point imped- 
ance, but it requires the determination of the tangential electric field at 
the surface of the antenna wire. In the Poynting vector analysis of the 
half-wave dipole, this field was not determined because it was not needed, 
so we shall now have to derive it. The steps of this derivation are outlined 
in the following paragraph. It is left for the student to fill in many of the 
mathematical details. 

From the retarded vector potential solution obtained in Chapter 12, 
we can write the vector potential at a point Q (see Fig. 13-6): 


+L 1 p—1B8 
A,= aa cospze™ 3 (13-30) 
An == fj AY 
where 
s=|r—r|=Ve+y4+ @- 2) (13-31) 


The dipole has ¢ symmetry. Therefore in cylindrical coordinates we can 
write® 


(13-32) 


: ‘ 1 : 
This derives from the fact that H = — V xX Aand A- is the only compo- 
Mo 
nent of A. The magnetic intensity can now be written as 


8 Remember, we are using cylindrical and spherical coordinates simultaneously. The 
cylindrical radius is written as p and the spherical radius is written as 7. See Fig. 13-6 and 
note that s is a variable measured from a given point on the filamentary antenna to the point 
at which fields are being examined. The relationship between sand pis s? = p? + (2 — 2’)? 
Then ds/dp = p/s, and ds/dz’ = (z2’ — 2)/s. 
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I LT 7Bpe-t8(-2") pe iBle-2 
ey 


L372, —iB(stz/) —18(s-+2/) 
& | eS | Jax} (13-33) 
=i 


9 
These integrands turn out to be perfect differentials. Therefore we can 
write 
IT pe iBle—2’) +L pe Betz!) 
rece 8a Fes 2 —z)|_, s(s+a2’ — 2) 
After Eq. (13-34) has been written out completely and the limits have 
been substituted in, it is expedient to take note of several useful facts, as 
follows: 


ie] (13-34) 


Ih, 


1 ot af! + (L — Z) 
(a) aay fle 0 
1 __ m—(L+2) 
(b) ee p” 
1 Relies (L = Z) es 
(c) pda Gg La aE (13-35) 
Nie, Ee ee: 
¢) rer ee 
(e) ine : cos BL = 0 sin BL = 1 
After making use of all these equations, the expression for H, finally 
reduces to 
IT fe7Ibn e—IBre 
A, = -— 13-36 
4 4m] ( p F p ) 
Now 
E=-—vxH (13-37) 
JE 
From Eqs. (13-36) and (13-37) we can write the electric field expres- 
sions 
= JB G= e-ien. — A= im) (13-38) 
Ajmpwen\ 11 12 
—jpri —jBrz 
ie Seal (: al ) (13-39) 
4jmwen \ 11 To 


Equations (13-36), (13-38), and (13-39) represent the complete 
electric and magnetic field equations for a filamentary half-wave dipole. 
The field for a general symmetrical dipole of any length can be developed 
in the same manner without too much added difficulty. It is interesting 
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to note that, in the case of the E, field at least, there appear to be two 
components. One originates from the upper end of the antenna and the 
other originates from the lower end. Each component expands spherically 
while falling off as the first power of the distance from the end points. 

In Eq. (13-39), which is our main interest in the induced EMF 
method, the coefficient in front can be combined into a single numerical 
value (remember that 8 has an w factor too). The result for the electric 
field in the z-direction is 


(13-40) 


—jBri —j Bre 
k= —j301 (= = ) 
11 12 
Next, for the E, field to be useful in the induced EMF method, it must 
be evaluated at the surface of the antenna itself. This needs to be done 
only in the interval from 0 to L on the antenna. See Eq. (13-29). The 
following relationships are useful in this case: 
= L-—2 
1, = LL + Zz 


E, at the antenna is then written as 


—i8(L—-2) —_ g—iB(L+2) 
E, (at antenna) = —j30I E é | 


L-— 3 3 L+ez 
An e746L term can be factored. Also let us recall that BL is equivalent to 90 
electrical degrees for a half-wave dipole, and consequently 

e-#®L = cosBL —jsinBL = —j (13-42) 


The tangential electrical field can then be written as 


(13-41) 


L—z L+2 


Substituting Eq. (13-43) into Eq. (13-29) for driving-point impedance 
gives, after a little simplification, 


L ; L . 
c 1 + eis 1 + ei i 
Zu = 30 (f ae dz + i setae zs z iz) (13 44) 


In the first integral, let »v = 26(L — 2). Then dv = —28 dz, and this 
integral becomes 


0 4 +b eil2sl—») 0 4+ ei%Ble-iv 
= SS dS —______—. dy 
2BL v 26L v 


es i Lim iehag (13-45) 
0 


iBz — 7 Bz 
E, (at antenna) = —301 C= Pence ) (13-43) 


v 


Note that BL = 7/2 for the half-wave dipole. In the second integral of 
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Eq. (13-44), let v = 26(L + 2). This integral then becomes 


46L —j(v—26L) 27 4 _ piv 
| ies imate / : < ite (13-46) 
2 


BL v T 


Combining expressions (13-45) and (13-46) in Eq. (13-44) finally gives 


20 ee 
Pa 
Zu = 30 | dv (13-47) 
(0) Uv 
Eq. (13-47) can be written as follows: 


Qn Qn 
Zi 30 i Bir i a ile (13-48) 
0 v 0 v 
The integrals of Eq. (13-48) can be evaluated by series or graphical 
methods. However, they occur sufficiently often in nature to be given 
special symbols and they are tabulated in various function tables.? The 
first integral is symbolized as Cin (x), where x is the upper limit. The 
second integral is symbolized as Si (x), where x is again the upper limit. 


Thus one often sees Z,,; written as 


Zu = 30 Cin(2m) + 730 Si(2m) (13-49) 
If we evaluate Si(27) and Cin(27), we find that 
Zy = 73 + 742.5 ohms (13-50) 


Note that we have evaluated the reactance of the half-wave dipole and 
simultaneously corroborated our Poynting vector far-field analysis for the 
radiation resistance. As a matter of fact, the Poynting vector method can 
be derived from the induced EMF method. Suppose we enclose the 
antenna in a cylindrical sheath of very narrow radius. The complex 
Poynting vector on the surface of the cylinder is 


pe 52 x H* (13-51) 


Integrating this Poynting vector over the entire sheath gives the total 
complex power: 


ise complex 
power 


) af / TEXH*- da 
cylindrical 
surface 


L 
= — i E,H%(2mp;) dl (13-52) 
-L 


9 See, for example, Handbook of Mathematical Functions with Formulas, Graphs and Mathe- 
matical Tables, National Bureau of Standards Applied Mathematics Series No. 55, U.S. 
Government Printing Office, Washington, D.C., 1964. 
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If the antenna element is an extremely thin filament and the radius of the 
enclosing cylinder (3) is very small, the induction field term predominates 
over the radiation field term and 

~ I, 
eo Ona 
Substituting Eq. (13-53) into Eq. (13-52) yields Eq. (13-25), which is the 
starting point for the induced EMF method. 

The induced EMF method can be used for many things besides simply 
cross-checking the Poynting vector method, however. It can be used to 
compute mutual impedances between antenna elements, and we shall use 
it for that a little later on. Also, it can be used to examine any linear 
antenna up to a wavelength or two long.’® As a matter of fact, the figure 
in the next article, which gives radiation resistance for many lengths 
(Fig. 13-8), was actually computed by the induced EMF method. In 
short, the induced EMF method is the practical key to calculation of 
many types of antennas for which the Poynting vector method would be 
useless because of its extreme complication. 

Let us momentarily return to the discussion of antenna reactance. In 
one sense, we were very fortunate in the preceding analysis. Because the 
antenna analyzed was exactly one half-wavelength long, certain terms 
canceled in the determination of the tangential field Z,. Had the antenna 
been some odd length, this would not have happened, and the subsequent 
integration process would have required a knowledge of the actual 
diameter of the antenna wire, since the inductance of a wire is a function 
of its size. The smaller the wire diameter, the larger is the inductance, and 
consequently the larger the reactance. The reactance referred to the 
driving point may be either inductive or capacitive according to antenna 
length in a manner somewhat (but not completely) analogous to the 
nature of improperly terminated transmission lines. All this means that 
if one wants a low Q, broad-band antenna, he had best make it of broad 
cross-section rather than narrow for any given length. Antenna reactance 
for a dipole of general length will be discussed in the next article. 


H (13-53) 


13-5. RESISTANCE AND REACTANCE OF THE 
GENERALIZED CENTER-FED DIPOLE 


It is interesting to discuss the behavior of the dipole antenna as its 
length varies. We can take some arbitrary length, assign a sinusoidal 


10 Above these lengths, the sinusoidal current assumption may begin to fail quite badly. 
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current distribution, and analyze the fields to obtain radiation resistance 
and perhaps driving-point reactance. Such an analysis would be very 
similar to that just completed except that it would be somewhat more 
involved mathematically. Rather than try to follow through such a 
procedure again, however, it is probably more worthwhile to spend the 
time and space available in attempting to develop an intuition about the 
practical nature of such antennas. 


-—. + 


Fig. 13-7. Dipole antenna two and a fraction half-wavelengths on a leg. 


Consider the dipole antenna illustrated in Fig. 13-7. This antenna is 
several half-wavelengths long on each leg plus perhaps another fraction of 
a half-wavelength. It is still geometrically symmetrical to the driving 
point. A sinusoidal current distribution is assumed as shown, and of 
course it must start with zero current at the ends. A little thought would 
lead to the intuitive (though essentially correct) conclusion that the 
driving-point impedance may be high or low, depending on whether the 
driving point is located at a current minimum or maximum, respectively. 
Indeed, the radiation resistance does follow such a general trend. Figure 
13—8 is a plot of radiation resistance referred to a current maximum (this 
term will be discussed shortly) of a center-fed dipole antenna as the 
length is varied. Note that resistance maxima occur approximately 
(although not exactly) at numbers of quarter-wavelengths on a leg 
corresponding to current minima at the driving point. Furthermore, the 
resistance minima coincide roughly with the odd numbers of quarter- 
wavelengths on a leg corresponding to current maxima at the driving 
point. Note also that there is a gradual tendency for the over-all radiation 
resistance characteristics to increase as the length of a leg increases 
greatly. 
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ANTENNA RADIATION RESISTANCE 
REFERRED TO A CURRENT LOOP 


ia 


01,02 .03 04 05 06 07 O08 0.9 
LENGTH OF SINGLE DIPOLE LEG IN WAVELENGTHS 


Fig. 13-8. Dipole radiation resistance referred to a current loop. 


It is important to realize that the curve of Fig. 13-8 does not represent 
the radiation resistance at the driving point of the center-fed dipole. It 
will be recalled that in the half-wave dipole analysis, the final integration 
over the sphere surrounding the antenna had a factor of the current 
squared. This was the coefficient of the sinusoidal current distribution of 
Eq. (13-4) and represented the maximum value the current could have. 
It happened in the half-wave dipole that this current maximum occurred 
at the driving point. In the general dipole, this is not necessarily the case. 
Certainly the driving-point current in the antenna of Fig. 13-7 is not 
equivalent to the maximum current. Nevertheless, an analysis similar to 
that of the half-wave dipole would have led us to a power expression of 
the form 


Power radiated = 


Le) ce (13-54) 


The R(A) obviously has dimensions of resistance, although it is a function 
of wavelength. J, on the other hand, is the current at a current maxi- 
mum point just as it was for the half-wave dipole. R(A), then, is known 
as the radiation resistance referred to a current loop and is precisely the 
function given in Fig. 13-8. Unfortunately we may not want to drive the 


1.0° 1.2 
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antenna at a current loop except in special cases. The determination of 
radiation resistance is easily resolved, however, by recalling the funda- 
mental nature of the current distribution. Let us assign coordinates to 
the antenna as shown in Fig. 13-7. The total length of one leg of the 
dipole will be L. The origin will be taken at the center of the dipole, and 
it will be assumed that the dipole is situated along the x-axis. The current 
distribution in the antenna is then written as 


Iz = Toop sin B(L — x) (13-55) 
for the right half-leg and as 
I, = Mop sin B(L + x) (13-56) 


for the left half-leg. In particular, at the origin, the current is 
I driving point = I. loop sin BL (13-5 7) 


We now see that the radiation resistance referred to the driving point is 
related to the radiation resistance referred to a current loop as follows: 
The power radiated in terms of the driving-point current is 


O ae Lacivieg point (rms) 
Power radiated = Gerster ah R() (13-58) 


and consequently the radiation resistance referred to the driving point is 


( Radiation resistance \ —_R(A) 
referred to driving point/ sin? BL 


(13-59) 


For example, suppose we have a dipole of 3/8 on each leg. From Fig. 
13-8, we find R(X) to be 184 ohms. The value of the sin BL for L equal to 
3X/8 is 0.707. The radiation resistance referred to the driving point is then 
found to be 368 ohms. 

The next logical step is to plot a curve of dipole radiation resistance 
referred to the driving point versus length of a single dipole leg in wave- 
lengths. This is done in Fig. 13-9. If we want to design an antenna system 
for which the elements are not a quarter-wavelength, however, we shall 
find that certain of the reactance terms will not cancel out. Except for 
elements which are multiples of quarter-wavelengths, the reactance is 
dependent upon antenna thickness and is usually computed with the 
induced EMF method on the assumption that all current flows at the 
antenna surface. Figure 13-10 gives cylindrical dipole-antenna reactances 
referred to the driving point for various lengths of radiating elements and 
various radii of the antenna cylinder. 
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Fig. 13-9. Dipole radiation resistance referred to driving point. 


13-6. PHYSICAL NATURE OF RADIATION FROM A DIPOLE 


Let us briefly return to the physical meaning of the preceding analyses. 
In every case, we started with a sinusoidal current distribution assump- 
tion. This type of current distribution leads to a small but finite tangential 
electric field at the surface of the distribution. When we apply the results 
of the analyses to a wire antenna and compute the Poynting vector at 
the antenna surface for a sinusoidal current distribution, we would find 
a finite radial component. This would indicate that energy was emanating 
from the wire itself. Such a situation cannot exist, since the energy must 
always be in the field external to the wire. Actually the energy “flowers” 
outward from the driving point, being partially guided away from the 
driving point by the antenna wire itself. This is illustrated in Fig. 13-11. 
Note that no radiation occurs off the ends of the antenna. 

Another way to view this phenomenon is to consider the outward 
radial component of the Poynting vector at the surface of the current 
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Fig. 13-10. Reactance of a cylindrical dipole referred to the driving point. 
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distribution, which we know to be due to the field scattered by the wire, 
as one component of the radial power flow at the wire surface. Another 
radial component, directed inward, is due to the incident field established 
by the source. These two radial components are of equal magnitude but 
represent power flowing in opposite directions thus cancelling at the wire 
surface. The net Poynting vector flows along the conductor at the surface 
and flares outward as one moves away from the surface. 


ae Fi NN 


Fig. 13-11. Poynting vector field for an actual antenna. 


PROBLEMS 


13-1. Perform the integration of Eq. (13-12) to obtain Eq. (13-13). 

13-2. Perform the curl operation on Eq. (13-15) to obtain both the radiation and 
induction components of the H field. 

13-3. Go through the steps indicated by Eq. (13-17) to get the radiation component 
of the electric field of a half-wave dipole. 

13-4. Show that the ratio of the radiation E and H fields for the current element of 
Chapter 12 is the intrinsic impedance of free space. Use this fact to get the 
radiation E field for the half-wave dipole from the radiation H field. 

13-5. Show by either graphical methods or by actual integration of the elliptic 
integral that the value of the total power radiated in Eq. (13-21) is 

(218i 
Vs 

13-6. A generator is perfectly matched to a 73-ohm balanced line which is terminated 
in a half-wave dipole antenna. How much energy transfer to the antenna is 
lost by virtue of the fact that the dipole driving-point impedance is 73 + 742.5 

ohms rather than 73 + 70 ohms? What is the transmission line VSWR? 

"13-7. What kind of simple network could be used in Problem 13-6 to avoid standing 
waves on the transmission line? 

13-8. Can you think of a situation in which the simple loss of energy is not serious 
but in which standing waves on the antenna transmission line are undesirable 
anyway? 

13-9. Derive Eq. (13-36) from Eq. (13-34). 

13-10. Derive Eqs. (13-38) and (13-39) from Eq. (13-36). 

13-11. Derive Eq. (13-44) from Eqs. (13-43) and (13-29). 

13-12. A 3d/2 dipole (3A/4 on each leg) is to be driven with a balanced transmission 


vA line. Ignoring reactive components, what is the radiation resistance if the 
antenna is to be center-fed? 


14 


General Consideration 
of Antenna Systems 


14-1. INTRODUCTION 


In Chapters 12 and 13, we were primarily concerned with the mathe- 
matical analysis of electromagnetic radiation and the concept of radiation 
resistance. The analysis was directed primarily at the dipole antenna and 
it may seem that this type of antenna was belabored. There are two 
reasons for giving such extensive consideration to the dipole. First, this is 
the antenna that has been studied the most completely, and therefore we 
know more about it than any other type of antenna. This, in turn, means 
that the correlation between mathematical analysis, physical concepts, 
and experimental results is more direct than it is in other types of antenna 
systems. A second and equally important reason is that once we have 
gone through the dipole in detail, we can extend the theory easily and 
rapidly to many other types of antenna systems, with a minimum of the 
complex mathematics that seems inevitably to accompany the study of 
radiating systems. The purpose of this chapter is to make such extensions 
so that the reader will have a reasonable idea of the nature of directional 
and other types of antennas, the relationship between receiving and 
transmitting antennas, the nature of the networks required to feed 
antenna systems, and standard methods and procedures used in measur- 
ing and describing such devices. 
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14-2. THE MONOPOLE ANTENNA AND THE METHOD 
OF IMAGES 


In the discussion of the induced EMF method in Chapter 13, it was 
necessary to find the complete fields of the half-wave dipole antenna. 
They are given in Eqs. (13-36), (13-38), and (13-39) in cylindrical 
components and are repeated here for easy reference. Figure 13-6 shows 
the geometrical relationships among the variables. 


IT [= — 
A= 14-1 
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EG |= + | (14-3) 
4jmwen L 11 To 


Now let us do a seemingly arbitrary thing to the dipole of Fig. 13-6. 
We are going to insert a perfectly conducting, thin infinite plane between 
the two dipole elements, perpendicular to their common axis. The antenna 
elements are insulated from the plane. The result is as shown in Fig. 14-1. 


Infinite 


Fig. 14-1. Infinite conducting plane inserted between two dipole elements. 


The first question that arises is, of course: In what way have we 
disturbed the electric and magnetic fields of the dipole? The magnetic 
intensity field of the dipole is given by Eq. (14-1). We note that there is 
a @ component of this field only. At the surface of the infinitely conduct- 
ing plane, the magnetic intensity field is therefore entirely tangential. 
We would conclude that since there is no component of H perpendicular 
to the location of the conducting plane, the magnetic field would not be 
disturbed in the slightest manner unless the insertion of the plane in the 
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electric field created a new and undesirable component of the H field. 
Now let us examine the electric field. As far as E, is concerned [see Eq. 
(14--2)] everywhere on the conducting plane, z equals zero and 7; equals 7p. 
The result is that everywhere on the conducting plane, E, is zero whether 
the plane is there or not. The only possibility that this would not be true 
would be if some great disturbance was caused in E, by the conducting 
plane. This could not be the case, however, because E, is everywhere 
perpendicular to the conducting plane. 

We thus come to a very interesting conclusion. The perpendicular 
insertion of a thin, infinitely conducting ground plane between two halves 
of a half-wave dipole antenna has no effect whatsoever on the fields 
created by that antenna for a given set of driving conditions. Had we 
solved for the general fields of a dipole of arbitrary length, we would have 
found the same condition to exist. Momentarily we may wonder just 
what became of the fields above the plane, formerly contributed by that 
portion of the antenna below the plane. We certainly would no longer 
expect such a contribution from the lower half of the antenna, since no 
electromagnetic wave can penetrate a perfectly conducting plane. The 
answer to this question is fairly obvious from examination of Fig. 14-2. 


Zi 


Fig. 14-2. Reflection effect of image plane. 
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At point P above the plane consider the fields due to two current ele- 
ments, dl, and dl,. These two current elements are “‘images”’ of each other. 
That is, they are equal in distance from the conducting plane and have 
currents equal in magnitude. The field components from dl, no longer 
reach the point P if the conducting plane is present, but they are exactly 
replaced by a component from dl, that cannot penetrate the plane and is 
therefore reflected to point P. The geometry is such that ra F 7» equals 
r., and therefore appropriate time phases are preserved. 

Let us now make an obvious extension of the argument. We shall 
postulate a single straight antenna, one quarter-wavelength long and 
mounted perpendicularly to an infinitely conducting plane. We can 
immediately take stock of the geometric similarities and differences 
between this situation and a dipole twice as long with no conducting 
plane. When we do this, it is first apparent that the fields due to the 
monopole quarter-wave antenna are still given by Eqs. (14-1), (14-2), 
and (14-3). Further, we know from symmetry that the driving-point 
impedance of the quarter-wave monopole at the base is 


73 14.2.5 


=190.9-b J2ls2o (14-4) 


If our monopole antenna had been of some length other than quarter- 
wave, we could find the radiation resistance referred to a current loop 
simply by examination of Fig. 13-8 for the dipole, except that we would 
divide the resistance value obtained by two. 

A little later on, we shall consider the mutual effects of two or more 
antennas on each other. If we should solve for the effects of two monopoles 
on each other, we would also have solutions for the effects of two dipoles 
on each other, provided the monopoles were working against an infinitely 
conducting ground plane and the dipoles were oriented parallel in free 
space in the proper manner. 

Formally, the procedure we have just outlined is known as the method 
of images and is, of course, similar in philosophy to the method of images 
used in static fields. The method of images is a very useful tool in the 
design of multielement directional antenna arrays. Its mathematical 
justification rests on a theorem of differential equations which, in effect, 
says that if a solution is obtained that satisfies (1) the required differential 
equation and (2) a prescribed set of boundary conditions, then that 
solution is unique and is inherently correct. It does not matter that it was 
not obtained by some clever solution of the physical system at hand. If a 
solution can be obtained for one physical situation, and then boundary 
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conditions can be fitted for that solution to a new physical situation, the 
solution is perfectly correct for the new situation also. This means that 
the method of images can be used to convert a boundary-value problem 
such as an antenna radiating in the presence of a perfectly conducting 
plane into a free-space problem involving the original radiator and its 
image. In free space the principle of linear superposition applies and the 
solutions for the original radiator and its image can be superimposed. The 
fields in the free-space portion of the original problem are the same as 
the fields in the corresponding portion of the free-space (source plus 
image) problem. 

The image relationships for sources perpendicular to or parallel with a 
perfectly conducting plane are summarized in Fig. 14-3. In Fig. 14-3, the 
fields are identical in the region z > 0. 
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(a) Electric Dipole Perpendicular to the 
Perfectly Conducting Plane 
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(b) Electric Dipole Parallel with the 
Perfectly Conducting Plane 


Fig. 14-3. Image relationships for electric dipoles. 


14-3. DIRECTIONAL PATTERNS 


In our discussion this far, we have not given consideration to the 
effectiveness of antennas in various directions. As a beginning, let us 
reexamine the nature of dipole radiation as a function of azimuth angle. 
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In particular, consider the half-wave dipole of Chapter 13. The Poynting 
vector for the far fields is written as 

Power radiated\ _ 7|I|? cos? [(@/2) cos 6] 

in W/m? 7 Sir2r? sin? 0 

If one computes the Poynting vector as a function of 0, he finds that it is a 
maximum at 90 and 270 deg and zero at 0 and 180 deg. If one were to plot 
the directive characteristics as a function of 8, they would appear approxi- 
mately as shown in Fig. 14-4. In this and subsequent antenna pattern 


(14-5) 


Fig. 14—4. Directional pattern of a Fig. 14—5. Directional pattern of a 
half-wave dipole. dipole 2) long. 


figures, the distance from the origin to the pattern locus is proportional to 
the average Poynting vector in that direction. Thus it is seen that the 
dipole is most effective off the sides and least effective off the end. As a 
matter of interest, if the dipole had been extended so that the legs were 
each one wavelength long, the pattern would appear as shown in Fig. 
14-5. In both cases the directions of major radiation are referred to as 
lobes. In some cases there are secondary radiation lobes, and these are 
often referred to as minor lobes.’ 

The vertical monopole obviously has an azimuth pattern that is 
circular regardless of its length. The angle @ in this case is measured from 
the vertical, and the pattern from this viewpoint is the same as for 
equivalent dipoles. 


1A wide variety of antenna patterns can be found on antenna systems. For example, 
see R. E. Collin and F. J. Zucker, Antenna Theory, Parts I and II (New York, McGraw-Hill 
Book Co., Inc., 1969) or W. L. Weeks, Antenna Engineering (McGraw-Hill Book Co., Inc., 
1968). 
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Let us suppose that we wish to build a directional antenna system with 
two driven elements. We would like to have maximum radiation in two 
directions, say, north and south, and minimum radiation in the other two 
directions, say, east and west. Two obvious possibilities immediately 
arise, as shown in Figs. 14-6(a) and 14-6(b). Figure 14-6(a) illustrates 


n|> 


(a) (b) 


Fig. 14-6. (a) Two vertical elements placed one half-wavelength apart and 
oriented east and west. (b) Two vertical elements placed one half-wavelength 
apart and oriented north and south. 


two vertical elements placed one half-wavelength apart and oriented east 
and west. These elements would have to be identical and have the same 
current distributions, which must be in phase with each other. Figure 
14—6(b) illustrates two similar elements placed one half-wavelength apart 
and oriented north and south. These two elements would have to have 
similar current distributions but must be driven 180 degrees out of phase 
with each other. Many other possibilities exist, and little imagination is 
required to come up with them. We shall return to these two situations 
later. 


14-4. THE RECIPROCITY LAW AND RECEIVING ANTENNAS 


Let us imagine that we have a black box with two sets of terminals 
coming out of it. If we arbitrarily designate one set of terminals as port 1 
and the other set as port 2, we can write the voltage and current equa- 
tions: 


Vy = Zyl + Zyl 
Vo = Lali + Lol. 


I 
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Let us apply a perfect voltage source V, at port 1 and a short circuit at 
port 2. The current flowing in port 2 is 


ie Za . 
AWA SI as 


If a perfect voltage source V2 were applied to port 2 and a short circuit 
applied to port 1, the current flowing in port 1 would be 


me BEY RAE V 
ZL oe ZuLi2 / 

The usual statement of the law of reciprocity is that if Vi = Ve in the 
situations described above, then Jz = I). This requires that Zi = Za. 
Since this transfer impedance term is determined solely by what is in the 
box and is not dependent upon the excitation, we can write 


by = 


ie 


(14-6) 


where V> is the voltage source applied to port 2 which causes a current li 
to flow in a load on port 1 and JV; is the voltage source applied to port 1 
which causes a current J; to flow in the load on port 2. The only restriction 
is that the generator impedance for excitation of port 1 be the same as the 
load impedance for excitation of port 2, and vice versa. Another possible 
relationship leading to Eq. (14-6) is that the generator impedances be 
the same in both cases of excitation as well as the load impedances being 
the same. A useful source-load combination which satisfies these condi- 
tions is current sources and open-circuited loads. We can then write Eq. 
(14-6) as 


current current 


V2 ( fase I,{ source |= Vi ieee I,{ source } (14-7) 
current at 1 nas current at 2 at 1 


In particular, this is recognized as the situation which should exist when 
two current sources exist in free space. We can generalize Eq. (14-7) as 
volume integrals over the source distributions: 


/ h E® . J@dy= ij / E® . J@ dy (14-8) 


In Eq. (14-8) J® and J® are source current densities, E) is the electric 
field intensity at current distribution (2) due to the current distribution 
(1), and E™ is the electric field intensity at current distribution (1) due to 
current distribution (2). 

The law of reciprocity is useful in examining antenna characteristics. 
For example, we can use the law of reciprocity to prove that the direc- 
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tional pattern of an antenna is the same when the antenna is used to 
receive electromagnetic energy as it is when the antenna is used to trans- 
mit electromagnetic energy. To see that this is so, consider Fig. 147. In 


Antenna 1 Antenna 2 


Transmitter | Receiver — 


Fig. 14-7. Reciprocity example. 


this figure, the transmitter supplies a current J to antenna 1 and the 
receiver (which is really a voltmeter connected to antenna 2) observes a 
signal V. The law of reciprocity states that if the transmitter is connected 
to antenna 2 and supplies a current J to it, and the receiver is connected 
to antenna 1, the voltmeter will again observe a signal V. Now return to 
the original situation with the transmitter connected to antenna 1 and 
the receiver connected to antenna 2. If we were to rotate antenna 1 about 
its axes (for example, change @), the reading of the voltmeter on antenna 
2 would be a measure of the transmitting pattern (the voltage pattern is 
proportional to the square root of the power pattern). Now, if the 
antennas were returned to their original orientations, the transmitter 
connected to antenna 2 and the receiver connected to antenna 1, reci- 
procity says that the voltmeter will read the same as it did in the original 
case (source connected to antenna 1 and receiver connected to antenna Dy 
In fact, as one rotates antenna 1 again (note that it is now the receiving 
antenna), for each orientation corresponding to the original situation, 
the voltmeter will read the same as it did in the original case. Again, the 
voltmeter reading is a measure of a directional pattern only this time it 
is the receiving pattern of antenna 1. Since the voltmeter readings for 
corresponding orientations are the same, one concludes that the direc- 
tional pattern for a given antenna which is transmitting electromagnetic 
energy is the same as the directional pattern for that antenna when it is 
receiving electromagnetic energy. 

The fact that the circuit models of a two-port such as the two-antenna 
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situation we are considering are independent of the excitation leads us to 
conclude that the internal impedance of a given antenna receiving 
electromagnetic energy is equal to the driving point impedance of that 
antenna when it is radiating electromagnetic energy. To see that this is so, 
consider the two-port made up of two antennas such as those shown in 
Fig. 14-7. The voltage and current relationships are 

VY. = Zul + Zl 

Vo = Zoli + Zoele 


If we consider antenna 1 as an example, we can start by asserting that its 
driving-point impedance, if it existed alone, would be Zi. Now, suppose 
a current J> were made to flow in port 2. If an open circuit was the load 
at port 1, the circuit equations become 
Vi. = Zuele 
V2 age Zo219 


If, on the other hand, a short circuit were placed at port 1 we could write 


0 ==) Zul... a Lil 
Vo = Zoli, + Zole 


Solving for the ratio of the open-circuit voltage to the short-circuit current 


at port 1 gives 
Vie0 


ae — ee Zu 


The negative sign is a result of the current convention (positive current 
flows into the port). Thus the internal impedance of antenna 1 used as a 
receiving antenna is 

Zint = Zy 
This is equal to the driving-point impedance of the antenna radiating by 
itself. 


14-5. COMPUTATION OF MUTUAL IMPEDANCE BETWEEN 
ANTENNA ELEMENTS 


We know, of course, that two antennas will have an effect on each 
other. The question is: How shall we evaluate this effect? To begin with, 
let us attack the problem of the mutual impedance between two vertical 
monopoles working against a common ground plane. Then, through 
application of the method of images and circuit equivalents, we shall be 
able to extend the results directly to mutually driven dipoles and also to 
parasitic arrays. — 
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Our main problem with the vertical monopoles is how to determine the 
driving-point impedances at the antenna bases when both elements are 
driven. We thus have the two-port network previously discussed. It 
can be assigned an equivalent tee configuration, as shown in Fig. 14-8. 


Fig. 14-8. Equivalent tee section of two antenna systems. 


The next logical question is: What physical significance can we attach to 
Za, 2», and Z, in Fig. 14-8? To begin to answer this question, let us write 
the equations of Fig. 14-8 in standard form: 


Vi = Za + La + Lis) , ae Zele 
V2 oz ZL + (Z,, +. LZ» so Lo) TI 


For simplicity, let Z,, = Z,,, and we shall hereafter write them both as Z,. 
Now, if loop 2 could be opened in some way, the driving-point impedance 
seen by generator 1 (excluding Z,) would be? 


(14-9) 


Zitpp (loop 2 open) = Z, + Z, (14-10) 


Similarly, if loop 1 were opened in some way, the driving-point impedance 
seen by generator 2 (excluding Z,) would be 


Zipp) (loop 1 open) = Z, + Z, (14-11) 


For all practical purposes, we may open loop 1 simply by disconnecting 
generator 1; or loop 2, by disconnecting generator 2. In other words, if we 
Say we are opening loop 1, we mean antenna 1 is simply “floating’’; 
similarly for loop 2. Under the condition that antenna 2 is floating, the 
driving-point impedance seen at antenna 1 is essentially the base imped- 
ance of this antenna, with nothing else in the vicinity. It is almost as 


* For the purposes of this discussion only, one asterisk (*) in the superscript means loop 1 
is open; two asterisks (**) mean loop 2 is open; one prime (’) in superscript means loop 1 is 
closed through Z, but V, is shorted; and two primes (’”) mean loop 2 is closed through Z, 
but Vz is shorted. The (*) and (**) impedances do not include Z,, whereas the (’) and (’’) 
impedances do include Z,. 
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though antenna 2 were not there at all.* Presumably we know the self- 
impedance characteristics of the antennas, So we can write 


self-impedance characteristic 


Zip = Z1 ( ahantennall ) ~wZ,+Z, (14-12) 


self-impedance characteristic 


Ziwrp = Z 
Fee ( of antenna 2 


) wLZy+Z. (14-13) 


It would seem that we now have a fair idea of the values of Z, + Z- 
and Z, + Z,. Next we need to find either Z,, Z;, or Z, alone so that all 
three may be evaluated. Suppose we open loop 2 at generator 2 and 
measure the voltage across the opened terminals. We shall call this 
voltage V2. It is presumed, of course, that generator 2 is inoperative 
during this procedure. We shall then have 


Var = Zolt*(0) | (14-14) 


We would know J**(0), of course, because it is the base current of antenna 

1 with loop 2 open. Therefore 

=a 
T¥*(0) 

Similarly, if we had opened loop 1 and driven loop 2, we would have 

found 


Zs (14-15) 


Ve 
3(0) 
where /%(0) is the base current of antenna 2 with loop 1 open. 
We now wish to make use of the reciprocity rule, so let us postulate two 
situations. 
SITUATION 1. Antenna 1 is connected to ground through Z,. This is 
equivalent to shorting out V; in Fig. 14-8. The driving-point impedance 
seen at generator 2 is 


Z2~P) = Z9 a Zo “i 


Z. = (14-16) 


Z(Za + Zo) 
Za+ Z.+ Zy 


Also under these conditions, if the voltage of generator 2 is V2, the current 
at the base of antenna 2 is 7;(0) and 


V2 = 12(0)Z2wr) (14-18) 


(14-17) 


3 Tt will be noted that the statement is: “It is almost as though antenna 2 were not there 
at all.” In other words, this is an approximation. If antenna 2 is very close to antenna 1, its 
proximity effect cannot be ignored. Also, if antenna 2 is a multiple of quarter-wavelengths 
(half-wavelengths for dipoles), the interaction is somewhat more pronounced, and the situa- 
tion is a little more “almost” than otherwise. Nevertheless, these are working approximations 
and are used because they give reasonable results with reasonable effort. To attempt to work 
directional antenna problems from a boundary-value problem viewpoint leads to such com- 
plication that it is essentially useless at the current state of the art. 
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Further, this current in antenna 2 is a function of the position on the 
antenna. If it is assumed to vary sinusoidally, we can conveniently write 
the current in antenna 2 with loop 1 closed (and V,; = 0) as J3(/). Its 
value at the base is the 13(0) of Eq. (14-18). 

SITUATION 2. Generator V; is reconnected and generator V; is dis- 
connected, but antenna 2 is grounded through Z,. Under these conditions 
(assuming both antennas to be filamentary), a differential voltage will be 
induced in an element d/ of antenna 2 by the electric field in the gz direction 
of antenna 1. If this z component of electric field of antenna 1 adjacent to 
antenna 2 is symbolized as E;;(/),* then the differential voltage in question 
will be £3;(/) di. The current produced at the base of antenna 2 by this 
differential voltage is dJ;’(0). 

Now let us compare situations 1 and 2. The reciprocity rule allows us 
to write 

Vo _ Eai(d) dl 


i = V7 14-19 
KD ~ dO) Sear 
Substituting Eq. (14-18) into Eq. (14-19) gives 
13(0)Zamp, _ Esai (2) dl 
EON NS 14-20 
TQ) ~ aly) mules 
Rearranging gives 
1 
v1 = dt / 4-2 
AIS 0) = rpyzr— BDI at (14-21) 


Let the length of antenna 2 be Lz. We shall integrate along the total 
length L, of antenna 2. The result is 


1 
12(0)Z2«p) 


Now let us recall the situation under which Eqs. (14-14) and (14-15) 
were derived. In this case, loop 1 is driven normally but loop 2 is open- 
circuited. A Thévenin equivalent of this situation is illustrated in Fig. 
14-9. Obviously, from Fig. 14-9 we can write 


Var = — [3 (0)Z2wp) (14-23) 
Substituting Eq. (14-22) into Eq. (14-23) gives 


If(0) = i) " RE IG@ al (14-22) 


1 a Jt / 
Va = — TH if PRODI dl (14-24) 


4 Note that at the surface of antenna 2, z = /. 
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Terminals of 
Antenna 2 


Open- Circuit 
Voltage Appearing 
at Antenna 2 with 
Antenna 1 Driven 


Fig. 14-9. Thévenin equivalent for loop 1 driven and loop 2 open. 


Finally, let us recall Eq. (14-15). Substituting this into Eq. (14-24) 
allows us to write an expression directly for Z, as follows: 


i me J} / 
Z. = Stee || Ex(DI2(D) dl (14-25) 


To get Z., which has been our primary objective, simply requires that we 
evaluate the integral of Eq. (14-25) and multiply it by its coefficient. We 
are not quite out of the woods, however. Let us examine each mathe- 
matical function to see how we can obtain it. 


1. I%*(0) is the base current of antenna 1 when antenna 2 is floating. There 
is no problem here. 

2. I5(0) is the base current of antenna 2 when antenna 1 is connected to 
ground through Z,. We do not really know what this function is. 

3. E%4(]) is the z electric field at antenna 2 due to antenna 1 when antenna 
2 is connected to ground through Z,. Neither do we really know what 
this function is. 

4. I5(1) is the current in antenna 2 as a function of antenna 1 when it is 
connected to ground through Z,. If we knew J2(0) we would be fairly 
well off because we would make a sinusoidal current-distribution 


assumption in the standard manner. Unfortunately we do not know 
73(0). 


All these dilemmas can be resolved by one rather simple assumption. 
Let us assume that the Z,’s are, for the moment, very high. Under these 
conditions, item (2) is the base current of antenna 2 when antenna 1 is 
floating, and therefore it is as easy to obtain as item (1). Once item (2) is 
obtained, item (4) follows immediately. Item (3) is simply the z electric 
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field due to antenna 1 along antenna 2.° In other words, under the condi- 
tion that Z, is extremely large, 

15(0) = T8(0) (14-26) 
and 

En) & Ex) (14-27) 


For this situation, we can then write 


1 ‘ ek * 


Once we have found the mutual impedance for the two antennas in 
question, we can take advantage of the fact that this mutual impedance is 
really independent of the generator internal impedances, and therefore it 
can be used for any situation of generators and generator impedances. 

It is very obvious that Z, of Eqs. (14-25) and (14-28) is really inde- 
pendent of driving voltage or current amplitudes. J7*(0) and E3,(/) would 
have the same constant multiplier representing the driving-current 
amplitude at antenna 1. Similarly, 73(0) and J3(2) would have the same 
multiplier [namely, J2(0)] representing the driving-current amplitude at 
antenna 2. Perhaps it is more meaningful simply to rewrite Eq. (14-25) 
[or Eq. (14-28)] as 


Z.= — |" sOg@ al (14-29) 


In Eq. (14-29), f(Z) represents the function inside the integral, multiplied 
by the driving-current amplitude of antenna 1; and g(/) represents the 
function inside the integral, multiplied by the driving-current amplitude 
of antenna 2. The expression f(/) is determined by the physical geometry 
of antenna 1 alone, and g(/) is determined by the physical geometry of 
antenna 2 alone. 

To see how this happens, let us compute the mutual impedance of two 
quarter-wave monopoles spaced one half-wavelength apart. The physical 
situation is illustrated in Fig. 14-10. Since the monopoles are a quarter- 
wavelength high, we can write 


T3(2) = I&(O) cos Bl (14-30) 
From Eq. (14-3) we can write 
aye WhO Pete Gale 
aN pat ( val a Yo ) (14-31) 


> The measured z electric field at the surface of antenna 2 is, of course, zero. The field we 
are talking about, £2(/), is the component due to the current in antenna 1. The total z field, 
which must add up to zero at the antenna surface, is composed of Ex(/) plus the self-field 
due to current in antenna 2. 
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Fig. 14-10. Two quarter-wavelength monopoles spaced one half-wave- 
length apart. 


Substituting Eqs. (14-30) and (14-31) into Eq. (14-28) and simplifying 
finally gives, for this particular situation, 


1 Lr e-ifn — e—dBre 
VA =e | + PS i Bl dl (14-32) 
where 
n= V4? + (L— JD? (14-33) 
and 
rn = V4? + (L+ 2? (14-34) 


Equation (14-32) can be further simplified and broken into a real and 
imaginary integral as follows: 


4 Tsin Br, , sin Br 
Z= +30 | kenge ae cos Bl dl 
0 


1" 12 


L 
+ 730 i | see +“ ad cos Bl dl (14-35) 
0 "1 12 

The first term of Eq. (14-35) represents the resistive component Of Za, 
and the second term represents the reactive component. It is possible to 
find the value of Z, by direct integration. The simplest way for this special 
case, however, is probably by graphical integration. The integrand func- 
tions of both integrals of Eq. (14-35) are plotted for illustrative purposes 
in Fig. 14-11. A planimeter evaluation of the curves of Fig. 14-11 leads to 
the conclusion that 

7, 2 Oe 149 (14-36) 


It is worth while to give curves for some of the mutual impedances in 
other situations. Figure 14-12 is a family of curves representing the 
mutual resistances between a quarter-wave monopole (operating verti- 
cally above a ground plane) and a monopole parallel to it (also operating 
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OL Uia0l O0l, FOTSL a 
Ja 


sin Br, sin Br 
[, 


f(l)= i errs Jeos Bl 


f(1)= oa = pee 7] cos Bl 


Fig. 14-11. Integrand functions for Eq. (14-35). 


vertically above the ground plane) but of varying height. Since the 
mutual resistance is a function of the antenna spacing, a different curve is 
necessary for each spacing. Figure 14-13 is a family of curves representing 
the mutual reactances between a quarter-wave monopole and another 
monopole of varying height and spacing. It will be noted that the family 
of reactance curves exhibit a pseudoperiodicity as a function of spacing. 
This is because both the mutual resistance and reactance exhibit a peri- 
odic change of sign roughly every half-wavelength, although the points 
of zero mutual resistance or reactance do not necessarily come on exact 
half-wavelength values of spacing. Thus, had we given mutual resistance 
data for a wider variety of spacings, a similar periodic situation would 


have been evident. As an illustration of this, Fig. 14-14 is a plot of the 
mutual resistances and reactances between two thin quarter-wave 


monopoles as a function of spacing. The pseudoperiodicity characteristic 
is clearly evident. 

The fact that mutual resistance can be a negative number, which is 
sometimes disturbing to a student, means that in our equivalent circuit 
for the antenna system, a negative resistance appears, and the solution of 
an antenna problem by simply building its electrical circuit analog may 
not be too practical. Those persons familiar with four-terminal network 
theory will recall that negative mutual impedances often occur in deriving 
an equivalent circuit to avoid a transformer. This situation is analogous. 
For any given antenna system, if the equivalent circuit is analyzed 
completely, one finds to his relief that the system really is conservative 
and totally passive even though a negative mutual resistance does 
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Fig. 14-12. Mutual resistances between a quarter-wavelength monopole and 
other-length monopoles for various spacings. 
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Fig. 14-13. Mutual reactances between a quarter-wavelength monopole and 
other-length monopoles for various spacings. 
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Fig. 14-14. Mutual resistance and reactance between two quarter-wave 
monopoles as a function of spacing. 


occasionally occur. It should be remembered that in all work with analo- 
gies, the analogy is really a mathematical device used as a mental crutch 
and does not represent a real physical transformation. 

It was found at the beginning of this chapter that the curves of radia- 
tion resistance (discussed in Chapter 13) for a dipole as a function of 
length hold equally well for monopoles through application of the method 
of images. In the same manner, Figs. 14-12, 14-13, and 14-14 give data 
that are equally valid for dipoles in free space. One merely has to double 
the resistance or reactance for any given spacing. For example, from Fig. 
14-12 (or our own computation) we see that the mutual resistance 
between two quarter-wave monopoles spaced one half-wavelength is 
about —6.2 ohms. This means that the mutual resistance between two 
half-wave dipoles spaced one half-wavelength would be about —12.4 
ohms. 

The curves of Figs. 14-12, 14-13, and 14-14 were computed from Eq. 
(14-25), and we would say that as such they are impedances referred to 
the antenna bases or antenna driving point, depending on whether we are 
talking about monopoles or dipoles. In the literature, one often sees 
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mutual impedances referred to current loops. This simply means that the 
expression for mutual impedance (Eq. 14-25) is multiplied by 
I,(0)I2(0) 
TimTom 

Expression (14-37) is simply the ratio of the base currents (or driving- 
point currents in the case of the center-fed dipole) to the loop or maximum 
currents for both antennas. Since the J(0) is usually expressed as a 
sinusoidal distribution with the corresponding J» for a coefficient, the 
conversion is really a function of geometry and doesn’t involve currents 
at all. Application of this function will be unnecessary for computations 
made from curves in this book but may be necessary if mutual impedance 
data are taken from other sources. 

The curves in this chapter and in Chapter 13 can obviously be used to 
compute the characteristics of antennas with parasitic or undriven 
elements. The only difference between this situation and antenna systems 
in which all the elements are driven is that for the parasitic element, the 
driving generator is nonexistent and is considered to be shorted out in the 
equivalent circuit. 

As an example of the manner in which simple directional antenna 
systems are designed, let us return to Fig. 14—6(a). It will be assumed that 
the monopoles are each one quarter-wavelength long. Our problem is 
really to find the driving generator characteristics necessary at each 
antenna base. In any directional antenna problem of this kind, the desired 
radiation characteristics are specified. Therefore the currents are usually 
known in both relative magnitude and phase. To get the radiation pattern 
of Fig. 14~6(a), the currents in both antennas must be of equal amplitude 
and in time phase. If currents are as assumed in Fig. 14-8, then we can 
write 


(14-37) 


oak at terminals 


of antenna 1 ) = (Vi — Zh) = (Za + 2.) + eZ. (14-38) 


es at terminals 


of antenna 2 ) = (V2 — ZyJ2) = LZ. + In(Zo+ Z.) (14-39) 


Now, we know (Z, + Z,) to be the self-impedance of antenna 1; (Z, + Z,) 
is the self-impedance of antenna 2; and Z, is the mutual impedance be- 
tween the two antennas. In general the quantities (Z, + Z.) and 
(Z, + Z.) can be read directly from figures such as 13-10 and 13-11 
(remembering that we are dealing with monopoles rather than dipoles, 
of course). In this case both quantities are equal to 36.5 + 721.25. The 
mutual impedance is as given in Eq. (14-36). Putting these values into 
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Eqs. (14-38) and (14-39) yields Eq. (14-40). In this case, 1, = J2, and 
for simplicity we have let Z,, = Z,,. 


Vi'= Vo = (Zy, + 30.3 + j6.3)hi (14-40) 


Now, depending on the magnitude of fi, V; and Z,, can be appropriately 
chosen. As a practical matter, the Z,’s will usually have an inserted 
reactance so that the generators are looking into a resistive load. Suppose 
that the desired radiated power is 1000 W. The current in each antenna is 
readily calculated to be 4.06 A. 

Now let us slightly alter the problem. Suppose we wish to use the same 
antenna system to obtain the pattern of Fig. 14-6(b). In this case the 
currents in each antenna are of equal magnitude but of opposite phase. 
Substituting this information into Eqs. (14-38) and (14-39) (and letting 
Z,, again equal Z,,) gives 


Vi = —V. = (Z,, + 42.7 + 736.1); (14-41) 


The desired driving current in each antenna for a radiated power of 1000 
W is now calculated to be 3.43 A. 

Now let us postulate a somewhat different antenna. Suppose we have 
two half-wave dipoles in otherwise free space. The two dipoles are parallel 
and are spaced one half-wavelength, with one above the other. They are to 
be driven with identical currents because it is desired to radiate energy 
broadside but not up or down. It can be readily seen that this problem is 
essentially identical to the first example, using the two quarter-wave 
monopoles just discussed. All antenna impedances are twice their former 
values, and the solution method is exactly as before. If it had been our 
desire to place the dipoles parallel to each other and at the same height 
rather than one above the other, the analysis for broadside radiation 
would be identical to the second example, using the two quarter-wave 
monopoles except that all antenna impedances would be again doubled. 

Finally, let us suppose that one of the dipoles is parasitic. The ends are 
simply connected together. In the monopole case this is equivalent to 
grounding the antenna base. Let us find the driving-point impedance of 
the driven element. The equivalent circuit is given in Fig. 14-15. The 
following values are apparent for the impedance elements: 


Zat Ze = Zot Ze = 73 + 742.5 (14-42) 


Z. = —12.4 — 29.8 (14-43) 
Thus 
Z. = Zy = 85.44 j72.3 (14-44) 
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Fig. 14-15. Equivalent circuit of two parallel dipoles with one parasitic 
element. 


The driving-point impedance of the active element is then given by 


Lhe 
LZ, + Z. 
The parasitic element made some adjustment in the driving-point im- 
pedance of the driven element. Since the mutual impedance is of fairly 
low magnitude, we would not have expected major changes in this 
driving-point impedance. It must be: remembered, however, that the 
directional characteristics of this system are not the same as when both 
elements were driven because we no longer can independently specify the 
current in the second antenna element. 

The question naturally arises as to the accuracy of the methods just 
discussed. It is perhaps sufficient to say that if one designed a large multi- 
tower array on this basis, he would not be wise to simply walk away from 
it after construction without checking all impedances with an r-f bridge. 
In general, such directional antenna systems require considerable adjust- 
ing after construction. Nevertheless the methods do give a good starting 
point, and one can be reasonably certain before construction that the 
system will be fairly close to the desired final result. In the case of mono- 
pole broadcast arrays, a major problem is that of obtaining a good 
conducting ground plane. Broadcast station sites are generally chosen for 
high ground conductivity, and the ground below the towers usually 
contains a wire network to approximate the desired ground plane. 

Now suppose we have an antenna system of three or more elements. 
The mathematical method of handling such a situation follows directly. 
If we have three elements, we can write a symmetrical system of three 
equations. In these equations, Z1; will be the self-impedance of element 1, 
Zo. will be the self-impedance of element 2, and Zs3 will be the self- 
impedance of element 3. Z,, will be the mutual impedance between 
elements 1 and 2 and can be read directly from Figs. 14-12, 14-13, and 


Zor = Za + = 76 + 730 (14-45) 
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14-14 since element 3 is not involved. That is, we assume that when 
element 3 is open, the system is essentially similar to one having elements 
1 and 2 only. Analogous statements can be made for Zi3 and Zo3. Of 
course, Ze = Zu, Z13 = Za, and Zo = Za. The equivalent network can 
be drawn from these equations, although the computation of the actual 
elements of the equivalent network is involved and is not really necessary 
anyway. 


14-6. DEFINITIONS OF DIRECTIVITY, GAIN, POLARIZATION, 
AND FIELD STRENGTH 


In our discussion of directional antennas in Art. 14-3, it was implied 
that such antennas radiate more energy in one direction than another. 
If an antenna were used for receiving, the reciprocity rule says that it 
would be more sensitive to a wavefront from the first direction than from 
the second. Such antennas are often described in terms of antenna direc- 
tivity and antenna gain. We shall define both terms. 

Antenna Directivity. Let us postulate a perfectly spherical radiator, 
radiating W, watts, such that the radial Poynting vector at a given 
distance from its center is equal to the radial Poynting vector at that 
same distance in any other direction. This is known as an isotropic 
radiator. The power density in watts per square meter is given by 
W, 
Ar? 
where r is the distance from the center of the radiator at which the refer- 
ence point, Pres, is measured. The distance 7 is usually considered large 
enough so that the antenna appears to be essentially a point source at the 
point of measurement whether the radiator is spherical or not. The power 
per unit of solid angle for the spherical radiator is 


Pret = (14-46) 


Power per unit of solid angle = Urer = uf ==! Poe (14-47) 


Now let us suppose that we have an antenna with some directional 
pattern. In particular, let us suppose that we have determined the 
direction of maximum radiation intensity of this antenna and that the 
power per unit solid angle in that direction is Um. The directivity D of 
this antenna is then defined as 

Un 
Oret 


Directivity is sometimes called maximum directive gain. 


Ye 


(14-48) 
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Antenna Gain. We shall define antenna gain, g, as 


Um 
s= 7 (14-49) 


where U, is the maximum radiation intensity of some accepted reference 
antenna when both antennas have the same power input. It is thus seen 
that directivity and gain differ in two important respects. First, the 
radiation efficiency of both antennas is considered in the definition of 
antenna gain where directivity is independent of power losses in the 
antenna itself. Secondly, the reference antenna is not necessarily a 
spherical radiator. If the reference antenna were a 100 per cent efficient 
spherical radiator and the unknown antenna were also 100 per cent 
efficient, then gain and directivity would be equivalent. More often, and 
particularly when discussing receiving antennas, the reference antenna 
is taken as a half-wave dipole oriented in the direction of maximum 
sensitivity to an incoming electromagnetic wave. Therefore, when one 
reads the words ‘‘antenna gain’”’ in the literature, he should be careful to 
determine whether or not the writer really means “gain over a half-wave 
dipole.”” Furthermore, when one sees antenna gain expressed in decibels, 
this may mean decibel gain over a half-wave dipole or over a spherical 
radiator. Still another use of the word sometimes appears in the literature. 
One occasionally sees the word “gain” used with reference to some 
particular direction. This usually means in effect 


Gain in a given direction = # (14-50) 


where U, is the radiation intensity in the particular direction of interest. 

Polarization. In the preceding discussion, we mentioned that the 
reference antenna must be oriented in a direction of maximum sensitivity 
to the incoming electromagnetic wave. Another way to say this would be 
that the antenna must be polarized with the incoming wave. In general, 
polarization of an electromagnetic wave is taken to mean the direction of 
the electric field. Thus a broadcast station antenna, which is usually one 
or more vertical monopoles, is vertically polarized, whereas a horizontal 
dipole is horizontally polarized. Generally speaking, once an electro- 
magnetic wave is reflected from some object (or perhaps the ionosphere), 
its polarization may or may not be similar to that of the antenna from 
which it radiated. 

Field Strength. The field strength of an electromagnetic wave is 
generally defined in terms of rms volts per meter in the direction of the 
electric field. This description is most appropriate for a plane wave front, 
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which is generally encountered at reasonable distances from the radiating 
antenna. At higher frequencies, localized obstructions become important 
in the measurement of field strength because of the reflections and stand- 
ing-wave patterns that are established. Just how one should go about 
measuring and describing such fields is not at all cut and dried and has 
occasionally been the source of much controversy. 


14-7. ANTENNA APERTURE OR CAPTURE AREA, EFFECTIVE 
LENGTH, AND FREQUENCY FACTOR 


Let us now concern ourselves with some of the more important aspects 
of the theory of receiving antennas. It is true that, owing to the reci- 
procity rule, we have specified such things as receiving directional 
patterns and internal impedances. However, this leaves a great deal 
unsaid. As an example, let us ask ourselves a rather obvious question. 
If we have an ordinary receiving antenna, say, a half-wave dipole, is the 
energy extracted from an oncoming electromagnetic wave simply equal to 
that intercepted by the physical structure of the dipole itself? If so, it 
would seem that a receiving dipole made of extremely small wire would 
be far less effective than one made of larger wire. Since this conclusion 
fits neither our intuition nor our experience, let us examine the question 
in greater detail. 

Basically the problem is to examine the effects of inserting a half-wave 
dipole in an otherwise undisturbed plane wave field. This field will be 
oriented such that the direction of the E field is parallel to the axis of the 
receiving antenna, and the direction of the Poynting vector is, of course, 
perpendicular to the receiving antenna. Ordinarily we would describe this 
situation as adjusting the antenna to fit the polarization of the oncoming 
wave. If the E field of a plane wave is horizontal, we say that the wave is 
polarized horizontally; if the E field is vertical, the wave is polarized 
vertically, and so on. We shall describe the strength of the oncoming wave 
in a manner that has become customary among people working with such 
waves. The field will be expressed in volts per meter. This term describes 
the E field only, of course, but since the E field is related to the H field 
through the intrinsic impedance of the media through which the wave is 
traveling, we really know all about it when E is completely specified. 

We can use the principle of reciprocity to determine how a typical 
receiving antenna extracts energy from the incident plane wave. Con- 
sider a situation where we have two elemental current sources of mag- 
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nitude J/, and J], respectively. The sources are located a distance d 
apart in space and oriented parallel to each other as represented in 
Fig. 14-16. 


Tare helio 
4 +d | 


Fig. 14-16. Example of reciprocity using elemental antennas. 


Application of the principle of reciprocity to this situation by means 
of Eq. (14-8) results in 


Val = ff{f Bo. Jo dv = Var = [[[®®-Joa@ (4-51) 
current current 
element 1 element 2 


V, is the voltage drop across current element 1 due to the electric field 
established by current element 2 and V2 is the voltage drop across 
current element 2 due to the electric field established by current ele- 
ment 1. 

For the case considered in Fig. 14-16, an expression for the electric 
field established by a current element is given by the far-field component 
of Eq. (12-39) (evaluated at 0 = 7/2 and r = d). Equation (14-51) can 
now be written as 

— 7?Il,e— 64 _ —78°The-#64 


eee a A4rweod p= alia 4rweod 


Now let us replace current element 2 with a half-wave dipole oriented 
parallel to current element 1. We can determine the voltage drop at 
current element 1 by using the electric field expression for the half-wave 
dipole given by Eq. (13-18) (evaluated at 6 = 7/2 and r = d). Equa- 
tion (14-51) can now be written as (assuming a current J at the input 
terminals of the half-wave dipole): 


LAs 2) 


Ty —jpd 
half-wave 
dipole 


The principle of reciprocity tells us that the voltage at the terminals of 
the half-wave dipole (V2) will be equal to the voltage across the current 
element (V,) provided a current source of J amperes is connected to the 
terminals of the dipole. Let us now define an effective length for the 
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half-wave dipole in such a way that it could be considered to be a cur- 
rent element of magnitude J/.r: as far as its effect on the current element 
Ih, is concerned. Comparison of Eqs. (14-52) and (14-53) indicates that 
the effective length for the half-wave dipole is 


lees = ; Bes (14-54) 


Tv 


When the half-wave dipole is used as the receiving antenna the resultant 
open-circuit voltage appearing at the antenna terminals is 


Voc = + Eine (*) (14-55) 


Now let us terminate the half-wave dipole in conjugate-matching 
impedance 73 — 742.5 ohms as shown in Fig. 14-17. Half of the open- 


-x direction +X direction 
x x —+| 
re 4 4 


errs 


R-jX 


Fig. 14-17. Receiving half-wave dipole with terminating impedance of 
73 — j42.5 ohms. 


circuit voltage is dropped in the internal 73 ohms of the antenna itself. 
The power delivered to the 73-ohm load resistor is therefore equal to 


a3 a “ibs re! 
Wree = 7X T3q2 ~ 2X 2920? 
Now, the power per unit area in the oncoming wave is equal to the electric 
field squared, divided by two times the intrinsic impedance of the propa- 


gation medium. This is the available power source for the power of Eq. 
(14-56). 


(14-56) 


7 2 2 
P| = ( Power per unit ) meee |E (14-57) 


of area available) 2 TAT SST 
The total area from which our antenna must take power, then, is Eq. 
(14-56) divided by Eq. (14-57). This is known as the capture area, or 
the antenna aperture. 


( - Capture area ) 277? 


S —— = 2 
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It is observed experimentally that an approximately sinusoidal current 
is induced in a half-wave dipole receiving antenna and that the power 
delivered is approximately that given by Eq. (14-56) when the antenna 
is properly matched. We conclude that a half-wave dipole actually cap- 
tures energy from a rather large area surrounding it. This is illustrated 
in Fig. 14-18, in which the shaded area represents the equivalent aper- 


Fig. 14-18. Half-wave dipole capture area. 


ture. For a dipole, this equivalent aperture is generally represented as an 
ellipse. Another way to state the results is as follows: The half-wave 
dipole is equally as effective as a perfectly matched, large elliptical horn 
which simply takes all the energy of the undisturbed plane wave striking 
within its boundary. 

By using the effective length for a half-wave dipole, it is now fairly 
easy to compute the gain of a transmitting half-wave dipole over an 
isotropic, or spherical, radiator. From the work in previous chapters, we 
can show that the rms value of an electric far field for a current element, 
Il, is 


Il 
Ear = 188.5 x (14-59) 


where ¢ is the distance from the antenna in meters. This £ field is polar- 
ized in the same direction as the transmitting antenna. Now, if we con- 
sider our half-wave dipole in terms of its effective length, we see that it 
really is just a large current element. The saving grace of the situation 
is that the current all along the dipole length is essentially in phase, and 
therefore it may be considered to be in phase all along its effective length. 
This condition is inherent in the definition of a current element. If we get 


far enough away from the dipole, then, its far EZ field can be written as 
0.319AZo _ ., Io 
So ils (14-60) 


The power density in this far field is simply the square of the electric 
field divided by two times the intrinsic impedance of free space. 


( Power density in far field of ) Lie ed CY SOOOTS 
half-wave transmitting dipole 7 223751?) 


Etar = 188.5 X 


. (14-61) 
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The total power radiated from the dipole W, equals 73J¢/2, so Pm can 
be written as 


3600W 
Pn = 3777349) a 
The power density radiated by a reference isotropic radiator is obviously 
W, 

P,= i (14-63) 

The half-wave dipole gain is 

Pm — (4)3600 

half-wave dipole ie Re 377(73) = 1.64 (14-64) 


Thus the transmitting gain of a half-wave dipole (in its maximum direc- 

tion) is 1.64 or 2.15 dB over a spherical, isotropic reference radiator. 
We will find.it useful in Chapter 15 to consider an isotropic receiving 

antenna as a reference or most basic receiving antenna. Such an antenna 

receives energy equally well from all directions. The capture area for such 

an antenna is defined as 

(C.A.)nalf-wave dipole _ Ae (14-65) 


(CIA. reterence antenna — 4 
£half-wave dipole 7 


This assumes that the isotropic radiator is properly matched. We will 
not be too much concerned about this since we will never use an isotropic 
radiator or receiver in a practical situation. The isotropic radiator or 
receiver is a mathematical abstraction which makes it easier to analyze 
antenna systems. We get back to the real world by multiplying received 
or transmitted signals calculated on the basis of an isotropic antenna by 
the gain (with respect to an isotropic antenna) of the actual antenna. 
One must bear in mind, however, that antenna gains are usually deter- 
mined experimentally using a half-wave dipole as the reference antenna. 
These figures must be multiplied by 1.64 (or add 2.15 dB) to refer the 
gain to an isotropic radiator. There is one psychological trap in this pro- 
cedure. The voltage produced at a 73-ohm terminating resistor by a half- 
wave dipole for any given oncoming field strength is a function of fre- 
quency. This is apparent from the capture area equation, Eq. (14-58). 
This frequency factor is too often forgotten in discussions on receiving- 
antenna gain. 


14-8. ANTENNA ARRAYS 


In order to achieve certain antenna pattern characteristics, it is neces- 
sary to use a number of antennas situated in some sort of an array con- 
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figuration. Since the principle of linear superposition applies to the media 
in which these antennas will be located, the composite antenna pattern 
is determined by superimposing the fields due to the individual antennas. 
The simplest antenna configuration is that of two parallel identical half- 
wave dipoles located a distance d apart, as shown in Fig. 14-19. 


Fig. 14-19. A two-element antenna array. 


The electric field at some point (7, 8, @) is the sum of the electric field 
due to dipole 1 and the electric field due to dipole 2: 


E = E%(n, 6, 6) + E (1, 8, 4) (14-66) 
The radiation component of the electric field expression for one of the 
dipoles is given by Eq. (13-18): 
_ jbIe~* cos [(a/2) cos 6] 


2rweor sin 0 


Es 


For dipole 1, the distance from the center of the dipole to the field 
point is 

n= Vxi+ (yt d/2)?+ 2 
and for dipole 2, the distance from the center of the dipole to the field 
point is 

te = V+ (y— d/2)?+ 2 
If r= Vx? + y?+ 2? is very large, the following approximations can 
be made: 


Ai ae Raton r+ 7 8in@ sin > Boa 
12-27 ra) Yr 9 Sin 8 sin } es 
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We can now approximate the composite electric field by 
bd 
2 


—j— sin @sin¢ pa 


E = E®(r, 8, de + E(r,0,¢)e°2 ~~ «(14-67) 


The dipoles are identical, so we can write 


E (r, 6, 9) = a,11b(r, 6, ¢) 
and 
E® (r, 0, >) = ayl2b(r, 0, ¢) 


where I; and J; are complex quantities (magnitude and phase angle), and 


__ SBe-* cos [(x/2) cos 6] 
OR 3 Qrweor sin 6 (14-68) 
For the two dipoles of Fig. 14-19, the net electric field expression can 
now be written as 
ed 
2 


—j— sin 6 sin Bd sin § sin 
E, = o(r, 6, ¢) (he : : aa pe : *) 


Usually, the @-dependence of the pattern of the array is determined by 
the @-dependence of the individual dipoles, and the array is designed to 
produce a certain ¢-dependence. Thus, we look at the array end on, as 
shown in Fig. 14-20. It is also convenient to specify an angle w such 


(14-69) 


Dipole 1 
-2  Dipole2~“4 


Fig. 14-20. End-on view of simple array. 


that Y = 1/2 — ¢, as shown in Fig. 14-20. This means we are evaluating 
the electric field in the x-y-plane where the field of the individual dipoles 
is maximum. Now the electric field expression can be modified by setting 
6 = 1/2 and ¢ = 1/2 — y. The resultant expression is 


ic cos a 08 
B= 0(1,55—¥)| he ERR g Bey ’ 
At this point let us develop far-field expressions for the specific cases of 


equal currents and opposite currents in the individual dipoles. li h = 
Ip — Dp: 
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_ a ad 
E, = (1,55 )z[ arty ase: ge 


E, = 21d (. - 5 _ v) cos (F cos v) 


ald oe pore 
B= 5(1,52—y) rf I3 y Sts 4 


E, = —2jIb (- a: aS v) sin (F cos v) 
Remember, in the preceding examples J is, in general, complex. These 
equations could be used to predict the antenna patterns for the examples 
considered in Art. 14-3 (Figs. 14-6(a) and 14-6(b)),where Bd/2 = 7/2. 
In general, if we express the currents in terms of arbitrary coefficients 
defined as J; = a|Z|, Jz = ay|Z|, we can then define an array factor 


ee cos ee cos 
FW) eat 5 v aL ee v (14-70) 


The coefficients a, and a; are complex quantities which denote the rela- 
tive amplitude and phase of the currents in the array. 

Now let us consider some more complicated arrays. Suppose that there 
are N arbitrarily spaced antennas situated as shown in Fig. 14-21. The 


x x2 Xe X44 Xy-1 XN 
Fig. 14-21. The N-element array. 


straightforward application of the foregoing theory results in the array 
factor expression 


N 
F(p) = Dy azetibz: 008 v (14-71) 
i=1 
For example, if N = 2, 4, = —d/2 and x, = +d/2, the resultant array 
factor is 


thins cos pe cos 
FY) = me 2°" + ae?" (14-72) 


380 LINES, WAVES, AND ANTENNAS Ch. 14 


This is the same expression which was developed earlier. As a second 
example, consider the situation where there are five equally spaced ele- 
ments driven by equal-magnitude currents phased in such a way that 
there is a progressive phase shift from element to element. That is, 


a; = etiai = ejia 


where a is the phase shift between antennas. Say the antenna elements 
are d meters apart. The array factor for this situation is 


5 
FW) = Doe tietou vette (14-73) 
i=1 
5 
F(y) = Lets Gdeosy + a (14-74) 
4=1 
Since 
x enor = 1 
i=0 a Ae 
we can write 
etd (6d cos y + a) e+6 (6d cos ¥ + a) 
FW) = 7s To naevss GATS) 
or 
ets (Bd cos yy + a) ; 
PW) = <tr on OO 


This can be expressed as: 
sin 5| (™) cosy + $| 
Fi) = +73 (6d cos ¥ + a) | ———=*— A 


sin | (%) cos Y + 4 


A plot of the magnitude of F(y) versus p for this array with a = 0 and 
d = )/2 is shown in Fig. 14-22. 


14-9. OTHER VARIETIES OF ANTENNA SYSTEMS 


It has been one purpose of this and the previous chapters on antennas 
and antenna systems to develop some of the physical concepts necessary 
for rudimentary understanding of the subject. There are hundreds of 
different types of antenna systems in use today, and it would be a monu- 
mental task even to compile a complete list. However, we shall illustrate 
and briefly discuss a few of the more common systems, simply to give 
an idea of the variations that such systems can have. 
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Fig. 14-22. The pattern for five identical elements spaced /2 apart and 
driven by equal in-phase currents. 


Shunt-Fed Monopoles and Dipoles. The shunt-fed vertical monopole 
is similar in construction to the series-fed monopole we have been dis- 
cussing except that the base is firmly bonded to the ground plane. The 
antenna is fed with a slant wire, as shown in Fig. 14—23. 


Slant Feed Wire 


Ms 


Fig. 14-23. Shunt-fed vertical monopole. 


Series Feed 
Capacitor 


Feed Point 


The current distribution in a shunt-fed monopole is not sinusoidal over 
its entire length, although reasonable analytical results are obtainable by 
assuming one sinusoidal distribution above the tap point and another 
sinusoidal distribution of different amplitude and space period below the 
tap point. The advantages of the shunt-fed monopole are that no base 
insulator is needed and that they are fairly easy to tune. The impedance 
observed at the bottom of the slant feed wire is resistive and inductively 
reactive. Therefore the slant wire is simply moved up and down until the 
resistive component equals the transmission-line characteristic imped- 
ance. The inductive reactance is then easily removed by putting a series 
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capacitor of appropriate size in series with the slant wire at the base. 
Unfortunately it is not always practical to shunt-feed a vertical monopole, 
since for heights considerably in excess of a quarter-wave the impedances 
available for tap points of practical height are extremely unwieldy. Also, 
the feed wire has considerable, and often undesirable, effect on the radia- 
tion pattern, particularly when an attempt is made to use this type of 
antenna in a multiarray directional system. 

A dipole can also be shunt-fed. The center points are tied together, 
and the two transmission-line wires are moved out and connected to each 
element at points symmetrically spaced and some distance from the 
center. Actually, such a dipole is the double image of a shunt-fed mono- 
pole working against an infinite ground plane. Therefore the analytical 
treatments of both are identical. The shunt-fed dipole is useful when it 
ss desired to use a transmission line of much higher characteristic imped- 
ance than 73 ohms. Neither the shunt-fed monopole nor dipole is as com- 
monly used as its series-fed counterpart. 

Collinear Dipoles. One occasionally sees several dipoles spaced end on 
end in a collinear fashion, as illustrated in Fig. 14-24. This type of ar- 


7 Miva ces ak Aaa ya 


Fig. 14-24. Collinear dipoles. 


rangement is generally situated such that the oncoming wave strikes each 
antenna perpendicularly. The signals from each antenna are then added 
in some sort of combining network. Generally speaking, the mutual effects 
between antennas are of less significance for a given spacing than would 
be the case if the antennas were parallel, as in a Yagi antenna. These 
mutual effects are readily calculable by means of the induced EMF 
method. 

Dipole with Reflector. Consider the possibility of putting a flat, metal- 
lic reflector behind a half-wave dipole, as shown in Fig. 14-25 (a). If, for 


<a 


(b) 


Fig. 14-25. Dipole with reflector and image equivalent. 
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example, the reflector is spaced one quarter-wavelength from the dipole, 
it is fairly easy to envision an approximately 6-dB gain in the direction 
away from the reflector toward the dipole. This is because the reflected 
wave that strikes the dipole is in phase with the initial wave which it 
intercepted, provided the system is oriented perpendicularly to the on- 
coming wave. The analysis of this antenna system is fairly straightfor- 
ward through the use of the method of images, since it is equivalent to 
the two-active-element antenna illustrated in Fig. 14-25(b). In practice 
a variety of spacings are used, depending on the gain and directivity 
desired. 

Yagi Antenna. The Yagi® antenna is generally considered to encom- 
pass a broad class of antennas which generally have one active dipole 
element, one reflector dipole element, and one or more director dipole ele- 
ments. A typical arrangement is shown in Fig. 14-26. Most Yagi antennas 
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Fig. 14—26. A five-element Yagi. 


have from three to five elements. However, antennas with 20 or more 
elements have been built. This design is an excellent antenna for narrow- 
band, high-gain work. The directors and reflector may be bolted directly 
to the metallic supporting structure, since the centers of these elements 
are at negligible potential. The active element must, of course, be iso- 
lated. The directional and band-width characteristics are determined by 
the element spacings and lengths. A common arrangement is for the 
reflector to be slightly longer than one half-wavelength, the active ele- 
ment about one half-wavelength, and the directors less than one half- 
wavelength. The element spacings are usually on the order of a quarter- 


6 Hidetsugu Yagi, “Beam Transmission of Ultra Short Waves,” Proc. I.R.E., vol. 16 
(June 1928), pp. 715-40. 
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wavelength or less. One of the advantages of this type of antenna is that 
its characteristics are readily calculable with the induced EMF method. 

Corner Reflector. There are other common ways to bias the directivity 
of a dipole. An obvious extension of the reflector sheet idea is the corner 
reflector illustrated in Figs. 14-27(a) and 14-27(b). This antenna has 
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Fig. 14-28. Images for the corner 
reflector. 


(a) (b) 
Fig. 14-27. Corner reflector. 


considerably higher directivity than the dipole with a flat-sheet reflector. 
The corner is usually designed to be 90 degrees. The analysis is involved 
but nevertheless straightforward. The antenna may be attacked through 
the method of images. The image structure is shown in Fig. 14-28. There 
are three images for the two conducting planes. The directive character- 
istics are then computed through the induced EMF method. 

Parabolic Reflector Systems. As the frequency of the oncoming wave 
increases, it begins to be possible to treat the wave much as a light wave 
is treated. In UHF systems, parabolic reflectors are often used as illus- 
trated in Fig. 14-29. A receiving dipole or some other appropriate antenna 
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Fig. 14-29. Parabolic reflector systems. 
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is generally placed at the focal point of the parabola. Antenna gains of 
10,000 or more and beam widths of a degree or less are obtainable with 
this type of system. 

The operating characteristics of large-aperture antennas can be de- 
duced by considering their behavior as receiving antennas. When receiv- 
ing energy, the capture area of a large (with respect to wavelength) 
antenna is, for all practical purposes, equal to the area of the aperture, 
A,. The gain of the antenna with respect to an isotropic radiator is sim- 
ply the ratio of the capture areas: 


A, 4rA, 
N?/4r 
Actually, this is an upper bound on the gain of aperture antennas since 
the capture area is usually somewhat less than the area of the aperture. 
The parabolic reflector system has wide application in such things as 
radio astronomy, radar, and various varieties of tracking systems. 
Dielectric Antennas. An antenna need not be an electrical conductor. 
Consider a plastic rod inserted in a waveguide. This rod can be reasonably 
matched to the guide such that energy flowing down the guide continues 
to flow down the plastic section. Once the wave has passed the end of 
the guide, however, it may strike a boundary between plastic and air. 
Part of the wave will be transmitted to the air, or radiated, and part of it 
will be reflected. The reflected part will ultimately strike another plastic- 
air boundary, whereupon part of it will be radiated, and so on. This 
phenomenon is illustrated in Fig. 14-30. 


g = Power gain = 
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Fig. 14—30. Plastic antenna. 
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PROBLEMS 


14-1. 


14-4. 


14-6. 


Prove the reciprocity theorem for a tee-section network as shown in the 
accompanying illustration. 


Prob. 14-1. 


Design a two-element driven array to give an energy distribution similar to 
that of Figs. 14-6(a) and 14-6(b) except that the array is to be horizontally 
polarized. 


Show that the driving-point impedances of two driven parallel antennas are 
functions of the ratio of the desired current in one antenna to that in the other. 
A popular antenna for television reception of one channel is a three-element 
Yagi with dimensions as shown. A director of length 0.48) is spaced 0.15A in 


Signal Element 


Reflector— / J 


O25 RO 5x 
Prob. 14—4. 


Director 


front of the half-wave signal dipole, and a reflector of length 0.51 is spaced 
0.25 in back of it. This antenna usually has a 300-ohm twin lead connected 
directly to the signal element. How many decibels of gain improvement 
would be achieved by properly matching the antenna to the transmission line? 
The outside diameter of the tubing from which the antenna is made is 3 in., 
and the frequencies that the antenna is designed to receive are TV Channel 8 
(180 to 186 MHz). 


Sketch the directional pattern of the two-element Yagi antenna of Fig. 14-15. 
Make your sketch on the basis of the currents in each element. 

Plot a curve of half-wave dipole gain over an isotropic radiator as a function 
of frequency, when the dipole is used as a transmitting antenna. 


14-8. 


14-9. 


14-10. 


14-11. 
14-12. 
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Assume that a 100-MHz half-wave dipole is subjected to a plane wave of 
proper polarization and of 100-MHz frequency. Assume the dipole is ter- 
minated in 73 — 742.5 ohms and that the power density of the oncoming 
wave is 1 mW/m?. Compute the rms voltage across the 73-ohm resistor. Do 
the same for a 200-MHz dipole and a 200-MHz oncoming wave; for a 300-MHz 
antenna and wave; and so on every 100 MHz to 1000 MHz. Plot resistor 
voltage versus frequency. 


Do the results of Problems 14-6 and 14~7 seem consistent with what you 
have been told about reciprocity? Explain. 

Find the frequency at which the voltage produced across a 73-ohm terminating 
resistor on a half-wave dipole antenna exactly equals the field strength in 
volts per meter. Assume a conjugate-match condition. 

Suppose our receiver has a 300-ohm input impedance instead of 73 ohms. 
We should, of course, go through an appropriate match transformer. If this 
transformer is lossless, at what frequency would the voltage at the receiver 
antenna terminals equal the field strength in volts per meter? 

Repeat Problem 14-10 for a 50-ohm receiver input impedance. 

Suppose a half-wave dipole is used to measure field strength. When it is neces- 
sary to change frequency, the dipole lengths are changed. The dipole is 
properly terminated, and the field strength is determined by reading the 
voltage across a 73-ohm resistor. Plot a curve of field strength over observed 
voltage as a function of frequency from 50 to 1000 MHz. 


i 


Elements of Radio-Wave 
Propagation 


15-1. INTRODUCTION 


The mechanisms responsible for the behavior of radio waves propagat- 
ing in the earth’s atmosphere have been a fascinating subject for study 
by radio scientists since the early 1900’s. Experimental and theoretical 
work since that time has led the way to virtually complete understanding 
of at least the major features of the various propagation mechanisms. It 
is the purpose of this chapter to present the features of the propagation 
mechanisms in a form that emphasizes their role in determining the be- 
havior of a communication path in the earth’s atmosphere. Where prac- 
tical, the theory will be developed and discussed; at times it will be 
necessary to simply state the results of an analysis and attempt to 
establish some feel for the phenomenon being described by means of an 
example. Since there exists a great body of literature (including books 
and journal articles) on the subject, references will be frequently cited 
so that the interested reader can go to the literature for additional 
information. 

The chapter begins with a discussion of propagation in free space and 
the factors involved in defining propagation-path loss. Next, the basic 
mechanisms of reflection, refraction, scattering, and diffraction are dis- 


388 


Art. 15-2 ELEMENTS OF RADIO-WAVE PROPAGATION 389 


cussed. Finally, applications of these basic mechanisms to practical 
propagation paths involving the earth and its atmosphere are presented. 


15-2. PROPAGATION IN FREE SPACE 


The simplest case of the transmission of electrical energy via the 
mechanism of radiation is propagation between two antennas situated in 
free space. Consider two isotropic antennas, one acting as the source and 
the other as the receiver, situated d meters apart in free space. If the 
transmitting antenna is radiating W, watts, the power density (Pp) in the 
field a distance d from the antenna is 


Power per W 
|[Po| = | unit area = indi watts/meter? 
(radially directed) v 


The rms magnitude of the electric field intensity at a point d meters from 
the isotropic source is readily determined to be 


V 30W,. 
d 


|Eo| = 


The total power delivered to the load attached to the receiving antenna 
(W ec) is simply the product of the power per unit area in the transmitting 
beam and the capture area of the isotropic receiving antenna. Since the 
isotropic receiving antenna has a capture area of 


2 
Capture areaigo = i 
we can write 
oN 2 
W ree = W, (3) 


This is not a very practical situation since the isotropic antenna is 
basically a mathematical concept which is useful in analytical work. The 
ideas presented are useful for more practical antennas, however, since we 
can multiply the transmitted energy density due to the isotropic radiator 
by the gain of the transmitting antenna, gr; and the capture area of the 
istropic receiving antenna can be multiplied by the gain of the receiving 
antenna, gr. The resultant expression is 


oN 2 
Woe (3) Pere (15-1) 


390 LINES, WAVES, AND ANTENNAS Ch. 15 
Example 15-1 


Determine the power delivered to a matched load connected to a half-wave dipole 
which is receiving energy radiated by a second half-wave dipole located 10 km away 
in free space. The transmitting antenna is radiating 1 kW at a frequency of 3 MHz. 
For half-wave dipoles, gr = gr = 1.64. We are also given W, = 1 kW, and d = 10 
meters. In free space, 


RPE 
A= 33 108 > 100 meters 
Substituting into Eq. (15-1), 
3 ADs a 1.64)? 
Wree = 10 (Son (1.64)? watts 


1.71 < 10-3 watts 


15-3. TRANSMISSION LOSS 


The concept of transmission loss is of great utility in designing radio 
communication systems. Transmission loss is defined in terms of the 
power radiated from the transmitting antenna (W,) and the resulting 
signal power available from the loss-free receiving antenna (W,): 


Transmission loss = ule (15-2) 


This definition includes the effects of the transmitting antenna, the re- 
ceiving antenna, and the propagation path. The transmission loss, ex- 
pressed in decibels, becomes 


Lr = 10 login W, — 10 login Wa (15-3) 


A very useful notion for analytical purposes is the transmission loss 
for the basic case of perfectly conducting isotropic antennas separated by 
a distance d in free space. Under such conditions, 


Weofri\e (Ro? 
Wo = ted? ia) = (aa) 
The transmission loss for this case is denoted by Ly and can be written as 
2 
In = 10 logio (=) (15-4) 


In terms of frequency and distance, Eq. (15-4) becomes 

Ly = [20 logy d + 20 logic funz — 27.55] dB (15-5) 
or, expressing d in miles, 

Ly = [20 logio dmi + 20 logie furs + 36.58] dB (15-6) 
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This very simple case can be extended to more practical situations 
wherein the transmitting and receiving antennas have effective gains 
relative to isotropic antennas of gr and gp, respectively, by adding the 
effect of these gains to the transmission-loss expression: 


Lr = Ly — Gr — Gr (15-7) 


Note that these “gains”’ act to reduce the transmission loss. If, in addition 
to antenna gains, we remove the constraint of free space between the 
transmitting and receiving antennas, we can take this into account by 
adding another term to the transmission-loss expression. This term is the 
propagation-path loss relative to free space, denoted by Ly. The final 
expression for the transmission loss becomes 


(PSS i Re (EMT (15-8) 


The remainder of this chapter is devoted to the determination of L, 
for a wide variety of situations which are frequently encountered in at- 
tempting to “engineer” a communication path. The propagation path 
loss is defined as 
Power at the receiving antenna due to an 
isotropic source transmitting in free space 
Power at the receiving antenna due to an (15-9) 
isotropic source transmitting over the 
propagation path 


Ly = 10 logio 


This loss can be formulated by calculating the power ratio or by calcu- 
lating the magnitude of the electric field ratio and squaring it. In the 
latter case the electric field ratio is written as |Ey|/|E|, where Ey is the elec- 
tric field strength due to the isotropic source in free space and E is the 
electric field strength of the signal due to the isotropic source transmitting 
over the propagation path. Later in the chapter we will formulate the 
ratio |E|/|Eo| for use in determining the propagation path loss for specific 
propagation paths. 


15—4, REFLECTION, REFRACTION, SCATTERING, 
AND DIFFRACTION 


In most situations we are concerned with the transmission of energy 
through the atmosphere of the earth. We shall see that the earth and its 
atmosphere affect the propagation of radio waves by virtue of the di- 
electric constant of the atmosphere and the electrical nature of the earth. 
These effects result in several mechanisms which can be factors in the 
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propagation of radio waves in or through the earth’s atmosphere. These 
mechanisms are: (1) reflection, (2) refraction, (3) scattering, and (4) dif- 
fraction. We will consider these processes in some detail in this article 
and then relate them to the actual conditions in the earth’s environment 
in the next article. 

Reflection at a Material Interface. The reflection of a uniform plane 
wave obliquely incident on a material interface was considered in Chapter 
8. Even though we are not, strictly speaking, dealing with uniform plane 
waves, the spherical waves which are radiated by a transmitting antenna 
can be approximated with little error by a uniform plane wave in the 
region where the reflection takes place. The terminology which is most 
useful in radio-wave propagation study is a little different from that used 
in Chapter 8, however, and should be discussed at this point. The angles 
of incidence and reflection are taken between the wave normal and the 
surface, as shown in Fig. 15-1. 


lo 


(a) Vertical Polarization 


2 
(b) Horizontal Polarization 


Fig. 15-1. Reflection at an interface. 


Snell’s law assures us that the angle of incidence is equal to the angle 
of reflection. In comparing the conditions in Figs. 15-1(a) and (b) with 
the results of Chapter 8 we see that we must substitute @ = (1/2) — p. 
Referring to Fig. 15-1(a), a vertical polarization reflection coefficient Ry 
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will be so defined that the normal component of the reflected electric 
field is equal to the product of the vertical polarization reflection coeffi- 
cient and the normal component of the incident electric field. That is, 


FEnormal (reflected) = R,Enormal (neident) 


This definition results in the positive tangential components being oppo- 
sitely directed, but related in magnitude by the reflection coefficient. 
Since the positive-sign convention of Chapter 8 related the tangential 
components of the electric field at the interface, we see that the reflection 
coefficient for vertical polarization is the negative of the reflection coeffi- 
cient introduced in Chapter 8 to facilitate the analysis of a uniform plane 
wave obliquely incident on a dielectric surface with its electric field in 
the plane of incidence, Thus we write 


Ra Zoe = Zon 
"Loa + Zon 
where 
Zon = m COS ¢ = v) = msiny 
and 


Zon = a — = cos*y 
€2 
Substituting results in 


m sin Y — 1 i _ cos? p 
RUS eS eect ett eet (15-10) 


msiny + m 4/1 == = cos? y 
2 


For the case of horizontal polarization we can simply make the sub- 
stitution for @ in the results of Chapter 8 to account for the changed 
reference for defining angles: 


R a Loz iy Zoa 
h Zoe = Zou 
where 
Zon = m sec = = y 
and 


N2 
Loz => 


v(: — = cos? v) 
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Substituting results in 


é € 
n2 sin y — nai _ = 008 v 


Rh = (15-11) 


msiny + m i = = cos? y 


In the application of the reflection coefficient expressions to radio- 
wave propagation studies it will often be necessary to treat the case 
where one of the regions (usually region 2) is lossy. In such cases the 
loss must be incorporated in the dielectric constant. That is, 


€2— € — J se 
WE 
where & is the relative permittivity and ¢ is the conductivity of region 2. 
Refraction. Refraction is the bending of the path of a radio wave as it 
propagates through a medium characterized by a gradient of permittivity. 
In the regions where the permittivity is high, the phase velocity is reduced 
and the wave front moves more slowly than in the regions where the 
permittivity is lower. This causes a bending of the ray path as the wave 
normal changes direction. 
The variation in permittivity in the medium is normally described as 
a variation in the index of refraction ». The index of refraction is defined 
as the ratio of the velocity of the wave in vacuum to the velocity of the 
wave in the medium: 


Cc 
n= < (15-12) 


where 


Fig. 15-2. Refraction geometry. 


To see how the wave normal bends, consider Fig. 15-2. Assume that 
the refractive index is a function of z. Snell’s law (Eq. (8-27)) can be 
written as 

Ny COS Yo = ™ COS YA 
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This can be approximated by letting y; = yo — Ar, andm ~ m+ si Az. 
We can then write 


Ny COS Po = (1 + 4) cos (> — Ar) 


This can be simplified by means of small argument approximations. That 
is, let cos Ar + 1, and sin Ar & Ar. This results in 
Ar 1 dn 
i ime a de. cot Po 


This is usually written in terms of differentials as 
dr = -= cot y (15-13) 


The total change in the direction of the wave normal as it passes from 
point 1 to point 2 is the integral of Eq. (15-13): 


nes 
z dn 
Th = - |" cot y PS (15-14) 


This integral is quite difficult to evaluate in most cases, but a number 
of techniques have been developed to evaluate it since it is fundamental 
to the pointing accuracy of a radar system operating in a medium char- 
acterized by a variation in refractive index. This aspect of refraction is 
beyond the scope of this text.! 

The radius of curvature of a wave front propagating in a spherically 
stratified medium, characterized by n/(r), is of considerable utility in the 
analysis of radio-wave propagation around the earth. The geometry of 
such a situation is shown in Fig. 15-3. A wave front moves from AB to 
A’B’. If the phase velocity along BB’ is v + dv, we can write 


v v + dv 


R R+dR 


or 
dv _ GR 


v R 


Since, by definition, v = c/n, we can differentiate to get dv/v = —dn/n. 
Combining expressions for dv/v results in 


a 1 dn 


1B. R. Bean and E. J. Dutton, Radio Meteorology, National Bureau of Standards Mono- 
graph 92, Chapter 3, 1966. 
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Ba n+dn 


Fig. 15-3. Geometry of spherically stratified medium. 


Consideration of Fig. 15-3 shows that dr = dR cos y, and we can now 
write 


1 
tere Os y (15-15) 


R is the radius of curvature of the ray path traced by the wave normal 
as it propagates through the stratified atmosphere. 

Scattering. Scattering differs from the other electromagnetic phenom- 
ena by virtue of the fact that a scattered wave is generally characterized 
by a non-uniform phase front which is the result of currents induced in 
the scatterer that act as secondary sources. 

For wave-propagation purposes, the scatterer is characterized by a 
parameter called the scattering cross-section o. The utility of the scattering 
cross-section concept can be seen by considering Fig. 15-4. 6 is the angle 
between the incident wave normal and the reflected wave normal and X 


Fig. 15-4. The scattering geometry. 


Art. 15-4 ELEMENTS OF RADIO-WAVE PROPAGATION 397 


is the angle between the electric field vector and the scattered wave 
normal. The scattering cross-section is a function of these two variables. 
The scattering cross-section is defined as the scattered power per unit 
solid angle per unit incident power density. If the transmitter is radiating 
W, watts by means of an antenna having a gain of gr with respect to an 
isotropic radiator, the incident power density at the scatterer is 


Power per Wer 
: = —— watts/meter? 
ES area dis dar / 


From the definition of the scattering cross-section, the scattered power 
per unit solid angle is 


bas scattered be _ Wgra(0, X) 
unit solid angle Aare, 


The power density at the receiving antenna is 


Ee a = eee X) 
unit area |r 39 4rd 


watts/steradian 


watts/meter? 


If the receiving antenna has a gain of gp with respect to an isotropic 


radiation, its capture area is 

v2 
Capture area = — gr 
P es 


The total power delivered to the receiver load is 


MP, ergra (8, X) 


Wree = (4rrrrr) 2 


(15-16) 

In radio-wave-propagation work it is useful to define a differential 
scattering cross-section o,(0, X). The differential scattering cross-section 
is defined as the scattered power per unit solid angle, per unit incident 
power density, and per unit element of volume. Using this definition, the 
total power delivered to the receiver load is 


me o(8, 79, X)Ergr gy a 
Wree = (z =) fff Pare, dv (15 17) 


Diffraction. When an electromagnetic wave is incident upon a material 
surface it induces currents in the material. These currents tend to flow 
along the surface of the object and guide electromagnetic energy over 
the surface. This process, which causes a radio wave to bend around 
curved surfaces and corners, is called diffraction. 

There are two important cases of diffraction which are useful in the 
study of radio-wave propagation phenomena. These are: (1) diffraction 
caused by the curvature of the earth’s surface, which bends the radio 
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wave into the shadow region beyond the radio horizon; and (2) knife- 
edge diffraction, which directs the radio wave into the shadow region 
behind a sharp ridge. 

The bending of radio waves by the curvature of the earth’s surface, 
called “smooth-earth diffraction,” is analyzed by considering a point 
source above the surface of a dielectric sphere. The solution of this 
mathematical model is accomplished in a straightforward manner with 
resultant fields being expressed as an infinite series of spherical Bessel 
functions and Legendre polynomials. For cases where the wavelength of 
the energy emitted by the source is much smaller than the radius of the 
sphere, the series converges very slowly and the solution is virtually use- 
less. This situation is alleviated somewhat by means of a transformation 
that reduces the original series to another series representation which 
converges much more rapidly. In fact, a single term of this series is 
suitable for representing the fields in the diffraction region beyond the 
radio horizon. This series representation is written as” 

IE = et ¥Y Gs(tn/ho)Gs(ho/ ho) F s(d/do) 


s=1 


where d = distance between antennas 
hy = height of the transmitting antenna 
hy = height of the receiving antenna 
Gs = height gain function 
Fs = range function 


2\\ 1/3 
a= (2) 
Tv 
1 (ad? 1/3 
m= 3(G) 


a, = effective earth radius 


For the case where the first term of the series is valid, the field strength 
ratio can be written as 
[E| 


EA 2V wX|Gy(Z1)Gi(Zo) |e? (15-18) 
0 


where X = d/d) and Z = h/ho. The main problem now is to determine 
Gi(Z;) and G,(Z,). In general, the height-gain function is difficult to deter- 
mine since it depends upon the polarization of the electrical signal and 


2 The format for this treatment of diffraction by a smooth dielectric sphere is that of J. E. 
Freehafer, Propagation of Short Radio Waves, edited by D. E. Kerr (McGraw-Hill Book Co., 
Inc., 1951, republished by Dover Publications, Inc., New York, 1965), Chapter 2. 
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the electrical properties of the earth. Graphs representing the height-gain 
function have been prepared and for the particular case of perfectly con- 
ducting earth and horizontal polarization are shown in Figs. 15—5(a) 
and 15-5(b). Equation (15-18) is valid as long as the receiver and the 
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Fig. 15-5. Height-gain curves for smooth-earth diffraction. 


transmitter are out of radio sight of each other. We will now show that 
the minimum distance between the transmitter and the receiver for which 
Eq. (15-18) is valid is formed by solving the equation 


Neen. Za 2, (15-19) 


This equation is derived by considering a transmitting antenna situ- 
ated a height / above a spherical earth of radius a., as shown in Fig. 15-6. 


Antenna D Horizon 


Earth's 
Surface 


Center of 
the Modified 
Earth 


Fig. 15-6. Radio horizon geometry. 
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The earth’s radius a, includes any modification that may be caused by 
including the effect of a gradient of refractive index in the earth’s atmo- 
sphere. Referring to Fig. 15-6, we can write 


(a) (a, + h)? = D?+ a? 
(b) d=a8 (15-20) 
(c) D = a, tan 8 
In most situations, 6 < 1, and 
~as=d 
Expanding Eq. (15-20a) results in 
2ah+h? = D? 


For the antenna heights of concern here, h < a,. All of the approximations 
and assumptions can be utilized to write 


d = V 2a,h (15-21) 


Adding d; (the distance to the horizon from the transmitting antenna) 
and dy (the distance to the horizon from the receiving antenna) yields 
the minimum distance 

dmin = V 20.4 + V 2a,he 
This expression can be divided by dp to get Eq. (15-19). 

As we consider typical propagation paths on the earth, we recognize 
that the earth’s surface is anything but smooth. The terrain is often 
dominated by hills and ridges. We can usually get a reasonable approxi- 
mation to the effect of a dominating ridge by calculating the diffraction 
over a “knife-edge” obstacle of the same height. The geometry of the 
“knife-edge” situation is shown in Fig. 15-7. 


Fig. 15-7. Knife-edge diffraction path. 


The magnitude of the electric field is expressed in terms of Fresnel 
integrals as® 


3. C. Jordan and K. G. Balmain, Electromagnetic Waves and Radiating Systems, 2d ed. 
(Englewood Cliffs, N.J.: Prentice-Hall, Inc., 1968), pp. 499-503. 
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E 1 1 a 
Fl - 4(2 - cw)’ + (5-s@) (15-22) 
where 
C(v) = iP cos = dt, 
S(v) = ip sin dt, 
and 


yay fe al 


The reference field strength |E,| is the field which would exist in the 
absence of the obstacle. Thus, if one encountered a situation involving 
propagation over a curved surface dominated by a high ridge, he would 
determine the path loss by considering the path loss, in dB, due to knife- 
edge diffraction. A plot of the path loss as a function of the parameter »v 
is shown in Fig. 15-8. 


pet Sees aee 
0.4 Scag Gated 
aa PNT 
2! EIN 
OR OM ( teze mexican el BET GEG pee ed eas Cena erro 
0.05 i ei Oa aN 
le okee, | an ee ES 
ose tN 
Se eee EDU aad ed I 
cork NN 
000 SS eet 
6106 5 aaa a Sl ed ee Naeal 
yer ae eect esas rT 
Oodle lealltel, (opiates rT CEN 
P nsdo.{a) 2u8 mb irmeaaies | Si 7iiom201S0I50% (00 


V 


Fig. 15-8. Knife-edge shadow loss. 


It is clear that one must plot a path profile in order to determine what 
value of effective earth radius to use in applying the smooth-earth dif- 
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fraction theory and the height of a knife edge which is to be used to 
approximate any ridges present along the propagation path. 

An example of knife-edge diffraction theory applied to a propagation 
path will be given in the next article. 


15-5. RADIO-WAVE PROPAGATION AROUND THE EARTH 


The propagation of radio waves around the earth is profoundly affected 
by the composition of the earth and its surrounding atmosphere. The 
earth is characterized by a conductivity o, a relative permittivity ¢,, and 
a relative permeability u,. The earth’s atmosphere is separated into two 
regions as far as its effect on radio-wave propagation is concerned. The 
lower layer of the atmosphere, which is called the troposphere, extends 
from the earth’s surface to a height of about 11 kilometers at midlatitudes, 
ranging from about 18 kilometers at the equator to about 8 kilometers 
at the poles. The troposphere contains all of the earth’s weather, nearly 
all of the atmospheric moisture, and most of the atmospheric weight; and 
is characterized by a gradual decrease in temperature with height. As we 
shall soon see, the dominant propagation mechanism in the troposphere 
is refraction, with scattering playing a lesser but nonetheless very im- 
portant role. The second region of the earth’s atmosphere which is of 
vital interest to radio scientists is a region of ionized gases above about 
80 kilometers (with respect to sea level), called the ionosphere. The ioniza- 
tion mechanism is ultraviolet radiation from the sun. The dominant 
propagation mechanisms in the ionosphere are reflection and refraction. 
We will see, later in this article, that there exists a critical frequency 
f. below which the ionosphere becomes completely reflective to electro- 
magnetic radiation. 

In attempting to establish a communication path between two points 
in the earth’s atmosphere a number of factors must be considered. The 
simplest situations are those in which the transmitting antenna and the 
receiving antenna are within sight of each other and their directional 
patterns are such that there is only one possible path for a signal traveling 
from the transmitting antenna to the receiving antenna. This would be 
the direct wave of Fig. 15-9. The transmission loss for such situations is 
given by Eq. (15-7). This equation applies to a wide variety of practical 
communication paths, including well-designed microwave relay links, 
surface-to-aircraft links, air-to-air links, space communication links, etc. 


The Ground-Wave Set. We will next consider the role of the earth’s 
surface. When the receiving antenna is within sight of the transmitting 
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Fig. 15-9. Free-space propagation geometry. 


antenna and the directional patterns of the antennas are such that energy 
can be reflected at the earth-atmosphere interface, a ground-reflected 
wave and a surface wave also become possible propagation mechanisms. 
The relative magnitudes of the three possible waves depend upon the 
electrical nature of the earth’s surface and the height of the transmitting 
and receiving antennas. The signal at the receiver, called the grownd-wave 
set, can be effectively treated by considering the earth to be plane. 
Bullington‘ has shown that the field components of the ground-wave set 


can be written as: 


ground- 
reflected 


wave 
Pr Siieekes ail Servet ae & (15-24) 
Eo direct surface wave 
wave 


The relationship between the direct and the reflected wave is shown in 


Ly 
Te Direct Wave 
= : 
hr 
PSLAW 
= ¢-——————re 


Fig. 15-10. Ground-wave set. 


Fig. 15-10. The parameter R in Eq. (15-24) is the reflection coefficient 
of the earth’s surface given by either Eq. (15-10) or Eq. (15-11), depend- 


*K. Bullington, “Radio Propagation Fundamentals,” Bell System Technical Journal, 
vol. 36, May 1957, pp. 593-626. Copyright © 1957, American Telephone and Telegraph 
Co., reprinted by permission. 
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ing upon the polarization of the source. The parameter A is the difference 
in phase between the direct wave and the reflected wave. That is, 


A = BL, — Lh) = = (L 114) 
Consideration of Fig. 15-10 shows that 
a= 2 {Qhp+ ha)? + a)! — [Cer — he)? + 2} (15-28) 
For d greater than about 5(ke + hr), A can be approximated by 


, Aahrhr ~ 
Am (15-26) 


The surface-wave attenuation factor A in Eq. (15-24) is a function 
of both the polarization of the electrical signal and the ground constants. 
A plot of the attenuation factor A as a function of a numerical distance 
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Fig. 15-11. Ground-wave attenuation factor as a function of the parameters 
p and b. 


p has been presented by Norton® and is reproduced in Fig. 15-11. For 
vertical polarization, the numerical distance p is defined as 


ad cos? hb! _ ad 
p == ‘Ge RSs ~~ er cos b (15-27) 


5K. A. Norton, “The Calculation of Ground-Wave Field Intensity over a Finitely Con- 


ducting Spherical Earth,” Proceedings of the Institute of Radio Engineers, vol. 29, pp. 623-639, 
1941. 
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where 
hehe ab = tana oat 
o = tan! 2 b= tan eneac One FS tan 
and 
= = = CUCM 


g is the conductivity of the earth, ¢, is the relative permittivity of 
the earth, and y is the grazing angle (see Fig. 15-10). For horizontal 
polarization, 


TC 
Pee oat! ne) 
where 6 = 180° — b’. 

For the situations where the transmitter and the receiver are at or 


very near the earth’s surface, A = 0, and R ~ —1. In this case 


[Ey 


PI 2A 15-29 
E,| (15-29) 


The only wave that is significant under these conditions is the surface 
wave. Equation (15-29) is applicable to standard broadcast transmitting 
antennas, which are normally sited on the surface of the earth. In order 
to apply this theory to specific situations involving propagation on the 
surface of the earth, we need typical values of the electrical constants. 
The electrical constants for several types of earth surface are tabulated 
in Table 15-1. All examples are nonmagnetic so pu, = 1. 


TABLE 15-1 
Electrical Constants for Typical Terrain 
Examples 
Surface Type er o,mhos/m 
Seawater 80 4 
Fresh water 80 0.005 
Dry sandy soil 10 0.002 
Marshy soil 12 0.008 
Fertile soil 15 0.01 
Grazing land 13 0.005 
Rocky terrain 10 0.002 
Mountainous terrain 5 0.001 
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To emphasize the role of the terrain in the excitation of the surface-wave compo- 
nent of the ground-wave set, we will compare the field strength ratio |E|/|Eo| of a ver- 
tical monopole for two terrain conditions: case 1—the monopole is situated on a 
surface of dry sandy soil (¢ = 0.002 mhos/m, €, = 10); case 2—the monopole is 
situated on a surface of fertile soil (¢ = 0.01 mhos/m, €, = 15). The frequency of the 
radio wave is 1 MHz (A = 300 m). The distance d = 10 km. 


For case 1: 
x = 60 ado = (60)(0.002) (300) = 36 
b—tane es = tan! 0.305 = 16.9° 

36 
wd 
p= Xz 208? = 2.86 
From Fig. 15-11, A = 0.27. 
For case 2: 


x = (60)(0.01)(300) = 180 


b= anata: = 5.1° 


180 
p = 0.58 
From Fig. 15-11, A = 0.75. 
For case 1, Eq. (15-29) shows that 
\E| 
—— = 0,54 
[Eo| 
while for case 2, it is seen that 
|E| 
= = 1.5 
|Eo| 


The signal level over the fertile soil path is more than 9 dB greater 
than that over the dry sandy soil path. One of the reasons why standard 
broadcast band transmitters are often located in somewhat marshy areas 
with networks of good conducting cables located on or just below the 
surface is to achieve better excitation of the surface wave. 

As the transmitting and receiving antennas are raised above the 
earth’s surface, the phase factor A is no longer zero. 

Generally speaking, the factor A can be neglected as long as both 
antennas are more than a wavelength above the earth or more than 5 to 
10 wavelengths above seawater (¢, = 80, 9 = 4 mhos/meter). The re- 
flection coefficient is approximately —1 for either vertical or horizontal 
polarization if y is very small. Under these conditions we can write 


Plo tgs . 
get iad (15-30) 
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Example 15-3 


Determine the path loss for a horizontally polarized 100-MHz signal propagating 
over a 20-km path comprised of dry sandy soil (e, = 10, = 0.002 mhos/m). The 
transmitter height is 100 meters. The receiver is also 100 meters above the surface. 

Clearly, y is very small: 

~, 100m _ 
Tapa 


cosy ~1 
siny ~y = 0.01 


Ome 


The complex permittivity of the earth, €2 of Eq. (15-11), is replaced by €, — 7 nee 
0 
—j0.002 


i = 10 — 70.36 
8) (ee —9 
(27 X 10 1e= x 10 ) 


€2 —j ae = 10 
From Eq. (15-11), 
_ 0.01 — V9 — 70.36 _ 0.01 — 3V1 — 70.04 
0.01 + V9 — 70.36 0.01 + 3V/1 — 70.04 


le 4m (100)(100) 27 


R, 
Calculate A: 


Now insert values into Eq. (15-30): 


eS Tee Sails ace Vy 3/2 
Eo 
and 
le = 2 95(-110s75 1.732 
0 
i bes = —20 logio 1.732 
L, = —2.4 4B 


We can manipulate Eq. (15-30) to obtain 


E OR A 
Se ee Da pee eyi es 
E 2je 2 sin 7 


or, dealing in magnitudes, 
|| = 2 sin = (15-31) 


Equation (15-31) emphasizes the well-known lobe structure that is char- 
acteristic of radio-wave propagation over a plane (or approximately 
plane) surface. 

A concept related to the lobe structure just discussed is the Fresnel 
zone. All points from which a wave can be reflected with a path difference 
(Zz — Ly) of one half-wavelength form the boundary of the first Fresnel 
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zone. Similarly, the locus of all points from which a wave could be 
reflected with a path difference of 1/2 wavelengths forms the boundary 
of the nth Fresnel zone. This problem is usually concerned with establish- 
ing a parameter called the Fresnel zone clearance. This is the distance 
between the direct wave and the point of reflection Hn, as shown in 
Fig. 15-12. The boundary of the nth Fresnel zone is defined such that 


A= (L,— Lh) =m 


i Ke 
r 
hp 
h Ap, 
T ie 
=_— 
oh Bs eS ] 
im d 
Fig. 15-12. Fresnel zone clearance. 
The nth Fresnel zone clearance is then calculated to be 
ae (ee — — 4) (15-32) 


Up to this point, the reflecting terrain has been considered to be 
perfectly smooth. If the terrain is rough (which it usually is), the reflec- 
tion coefficient will be reduced. The reflection coefficient for rough ground 
is a difficult parameter to determine as it depends upon the electrical 
constants of the surface, the polarization of the incident energy, the 
angles of incidence and reflection (not necessarily equal), and the surface 
roughness statistics. A good treatment of this problem is given by 
Beckmann and Spizzichino.° 

A simple way to treat this problem is to establish a criterion to 
determine whether a surface should be considered to be smooth or rough. 
The most frequently used criterion is the Rayleigh criterion. The essential 
features of the Rayleigh criterion are illustrated in Fig. 15-13. The 
surface is characterized by a distribution of irregularities of height h. 
A plane wave is incident on the surface at an angle y. The angle of 


6 P, Beckmann and A. Spizzichino, The Scattering of Electromagnetic Waves (New York: 
Pergamon Press, 1963). 
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Fig. 15-13. Illustration of Rayleigh criterion. 


reflection will also be assumed to be the angle y. The phase difference 
between the two rays shown in Fig. 15-13 is 


pal = = (2h sin y) = * sin y (15-33) 


If h/X and W are such that BAI is very small, the surface looks smooth. 
However, if BAl = 7, these two rays cancel and no energy is reflected 
at the angle y. This means that the energy is redistributed in other 
directions and the classical reflection coefficient concept is not applicable. 
The Rayleigh criterion establishes an upper limit to Eq. (15-33) below 
which the surface is considered smooth. This is usually written as 


or 


(15-34) 


For values of / satisfying Eq. (15-34), the surface is considered smooth 
and all of the preceding theory applies to the ground-reflected wave. For 
h greater than the maximum value satisfying Eq. (13-34), the problem 
is more difficult analytically and is beyond the scope of this text. 

A tabulation of the range of reflection coefficient magnitudes for 
several typical types of terrain is presented in Table 15-2 in the section 
on tropospheric wave propagation. 

If the propagation path is such that the transmitter and receiver are 
not within sight of one another, the effects of earth curvature must be 
taken into account. The smooth earth diffraction theory of Article 15-4 
can be used to predict the field strength and path loss for this case. We 
will now consider two examples of the application of diffraction theory. 
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Example 15-4 


As an example of the application of the theory, let us determine the path loss for 
a basic communication path 80 statute miles long, utilizing transmitting and re- 
ceiving antenna heights of 100 feet and a wavelength of 10 cm (3 GHz). We will also 
assume a 4/3 earth radius sphere to account for the gradient of the refractive index. 
This concept will be discussed in the next article. Thus, we take a, = 5280 miles. 
Calculate do and /o, with the results 


(5260 mi)?(l0 cm) 0528 fem) | = 8.2 mi 
(3.14) (5280 ft/mi) 


ae 1 [= mi) (5280 ft/mi) (10 cm)?(0.0328 sie | hd fi 


dy = 


2 (3.14)? 
ho = 33.6 ft 
Now check to see that the diffraction-zone assumption is valid: 


Koger Za 2s 


In this case, 


100 80 
Ly = dase cos and X = 95. 9-15 


Substituting to determine Xmin: 
Xe B= 13.47 
The diffraction-zone assumption is valid and we calculate 


an / a X E72: 02% = 2130,0}/42-7** = 11 ¢2!-4 
= 22 — 186 dB 
—164 dB 


Using the value of Z determined above, and consulting Fig. 15-1(b), we see that 
the height-gain functions contribute +15 dB apiece; thus, the propagation path loss is 


L, = —20 loaw = —[+15 + 15 — 164] dB = 134dB 


Example 15-5 


As an example of the use of the knife edge of diffraction theory, suppose that the 
propagation path of the smooth-earth diffraction example just considered was dom- 
inated by a relatively sharp mountain peak projecting 6000 ft above the terrain and 
located at midpath. Such a situation is shown in Fig. 15-14. We will model the moun- 
tain as a 6000-foot-tall knife edge. 


Solve for 2: 
2 2 6000 
» = 6000 4! 4a.28) a) (6280) ~13ixie °°” 


Using Fig. 15-8, L = 0.0045 or |Eo|/|E| = 222, and the loss in dB is given by 
Ly = 20 logy 222 = 20(2.35) = 47 dB 
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80 


Fig. 15-14. Knife-edge diffraction example. 


This is a substantial improvement over the situation for smooth-earth diffraction 
theory. Of course, this has been a highly idealized example; however, there are a 
number of successful propagation links in existence where knife-edge diffraction is 
the dominant propagation mechanism. 

The most obvious idealization is that the dominating ridge is sharp enough to be 
considered a knife edge. There is a condition,’ placed on an obstacle which has a 
radius of curvature R, which must be satisfied in order to use knife-edge diffraction 
theory to describe the fields in the shadow region with little error. This condition is 


: 1 /ArA\"¥8 
ly (radians)| < a (3) 


where y is the angle between the edge of the shadow region and the ray from the 
obstacle to the receiver. In the example just considered, 


6000 
r 
Tak. 0.012 
0.325 
Rmax = 0012 ~ 27 ft 


This is a very sharp ridge, but the frequency is probably higher than one would 
expect to use in a situation like this. If the frequency were reduced to 300 MHz, 
for example, the maximum radius of curvature would be 270 ft, which is more realistic. 
The actual radius of curvature of an obstacle in a propagation path can only be 
determined by plotting a profile of the terrain over which the radio wave must 
propagate. 


The Tropospheric Wave. Frequently, the antenna heights and direc- 
tional patterns are such that the signal path is entirely within the tropo- 
sphere and the effects of the earth are negligible. This wave is called the 
tropospheric wave. 

The troposphere, which is that portion of the atmosphere next to the 
earth’s surface extending 8 to 18 kilometers above the surface, is charac- 


7S. O. Rice, “Diffraction of Plane Radio Waves by a Parabolic Cylinder,” Bell System 
Technical Journal, vol. 33, no. 2, March 1954, pp. 417-504. 
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terized by a refractive index which is a function of temperature, pressure, 
and water vapor. This empirically derived expression is 


VED 4810e 
(n—1) x 108 = FSI p+ T | 


(15-35) 


where is the dry air pressure in millibars, T is temperature in degrees 
Kelvin, e is the partial pressure of water vapor in millibars, and 1 is the 
index of refraction. The water molecule is easily polarized and contributes 
substantially to the refractive index of the troposphere. The refractive 
index of the troposphere is considered to consist of a component which is 
fairly constant for a given locality but decreases with height, due to gravi- 
tational stratification of pressure. Superimposed on this is a fluctuating 
component caused by blobs or parcels of air of differing temperature 
and/or water vapor content. The fluctuating term is responsible for the 
scattering of UHF energy beyond the radio horizon via the propagation 
mechanism called tropospheric scatter. 

The gravitationally stratified component of the refractive index is 
described by an exponential model:* 


N = (n— 1) X 10° = N, exp {—C.(h — h)} (15-36) 


N is called the refractivity of the atmosphere, N, is the surface refrac- 
tivity, # is the height in kilometers, and /, is the surface height in kilome- 
ters. C, is defined as 


Both heights are referred to sea level. 

The average surface refractivity for the United States is V, = 301 
and C, = 0.139632. The exponential atmosphere tends to bend radio 
waves downward, which complicates the analysis of radio waves propa- 
gating in such an atmosphere. This effect is usually taken into account 
by modifying the earth’s radius so that the radio wave can propagate 
along straight rays over the modified radius earth. The relative curvature 
between the wave path and the earth’s surface is maintained in the 
modification process. Define R{ as the radius of curvature of the modified 
earth, Ry, as the curvature of the ray over the modified earth, R, = —a 
as the radius of curvature of the actual earth, and R,» as the radius of 
curvature of the radio wave in the actual earth’s atmosphere. The relative 


8B. R. Bean and E. J. Dutton, Radio Meteorology, National Bureau of Standards Mono- 
graph 92, 1966, page 65. 
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curvature between the ray and the earth will be preserved in both 
situations if 
1 it 1 1 
Rae Ri aaRtaRe tid Gh 
Notice that a positive radius of curvature is directed upward or outward 
radially. 1/R,» is given by Eq. (15-15) with y = 0. If we want the ray 
path to be a straight line over the modified earth, R/, = 0 and 


1 Ted iy. 
ores R. = z + Gh. ; x 10-6 

Using Eq. (15-36), we can write 

dN = Gi —-6 wm ee 

aaa X 10-§ = —301C, K 107° & i 
since 

a= 6.35 X 10? km 

Thus, 


1 1 1 1 

Rie bale a, Ac 

where k is the factor by which the actual earth radius is modified. Clearly, 
R/S. 

This leads to the so-called 4/3 earth model. If one modifies the earth’s 
radius by a factor of 4/3 and treats the resultant earth as airless, the 
effects of the exponential atmosphere have been automatically incorpo- 
rated into the analysis. 

At times the gradient of the refractive index can bend the ray path 
downward with a radius of curvature greater than the curvature of the 
earth. In such a case the radio wave is trapped near the surface of the 
earth, since it follows a path wherein it would reflect off the earth’s 
surface and into the atmosphere only to be refracted back to the earth’s 
surface. This is one form of “ducting,” called a surface duct. One good 
way to examine this process is to consider the path of a ray over a plane 
earth under the conditions imposed by Eq. (15-37): 


1 dN 1 
ie FR Xx 1055 +: 7 
If the first term, (dN /dh) X 10~°, is sufficiently negative, the radius of 
curvature of the ray over the plane surface will be negative and the ray 
path will bend downward and be reflected off the surface. 
Another ducting possibility would occur when there is a large positive 
gradient of refractive index at one level with a large negative gradient at 
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some height above it. Under such conditions energy may be trapped in the 
region between the gradient levels, since the ray path is forced to bend 
downward by the large negative gradient at the higher level, then forced 
to bend upward by the large positive gradient at the lower level. This 
situation is called an elevated duct. Figure 15-15 summarizes the refractive- 


> 
> 


ese. =~ — 
nh) n(h) 


(a) Surface Duct (b) Elevated Duct 


Fig. 15-15. Examples of ducts. 


index conditions for surface and elevated ducts. Ducting usually results 
in occasional periods of abnormally high field strengths although it is 
possible for a duct to direct energy away from a desired receiving point. 

The gradient of the refractive index is an important parameter to be 
considered in the design of radio relay links. These relay stations operate 
at microwave frequencies over propagation paths that are essentially 
line-of-sight. In such cases, the main consideration is to properly account 
for the refraction of the radio wave by the gradient of refractive index 
so as to avoid reflections from obstacles which will interfere with the 
main beam. To do this requires the preparation of a propagation-path 
profile and a knowledge of the gradient of the refractive index. An 
example of a 40-mile propagation-path profile is shown in Fig. 15-16. 
Plotted on the terrain profile are several different propagation paths, 
each characterized by a different radius of curvature of the main ray. 
The different radius-of-curvature paths correspond to different vertical 
gradients of refractive index over the propagation path. It is assumed that 
this gradient is the same over the entire path. 

The problem in engineering radio relay links is to be sure that the 
main beam of the transmitting pattern is not bent too close to an obstacle 
such as a hill, a building, or some other source of reflection. The usual 
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R20 


Miles 
Fig. 15-16. Refraction in line-of-sight propagation paths. 


rule is to ensure a clearance of six-tenths of the first Fresnel zone clearance 
distance as determined by Eq. (15-32). To calculate this distance one 
must know the worst gradient of refractive index condition for which 
reliable communication is expected. Data of this nature are difficult to 
get so the normal procedure is to provide ample design margin. 

Even though there may be a reflected signal present in some cases, 
the reflected ray will not completely cancel the direct ray because the 
reflection coefficients are usually less than unity. Some typical reflection 
coefficient values and the depth of the null caused by destructive inter- 
ference of the direct and reflected rays are presented in Table 15-2.° 


TABLE 15-2 


Typical Average Reflection Coefficient Magnitudes 


Depth of Fresnel-Zone 


Type of Terrain R Fade (dB) 
Heavily wooded forest land 0 to 0.1 0-2 
Partially wooded forest land 0.1 to 0.4 2-5 
Sagebrush and high grass 0.5 to 0.7 5-10 
Rough seawater, low grassy areas 0.7 to 0.8 10-20 
Smooth seawater, salt flats 0.9 + 20-40 + 


The fluctuating component of the refractive index is taken into account 
by characterizing the variations in permittivity of the troposphere in 
terms of a scattering factor o,(0, X). The scattering factor can then be 
used in Eq. 15-17 to determine the scattered power. Booker and Gordon 


9R. U. Laine, “Microwave Propagation and Reliability,” Automatic Electric Technical 
Journal, vol. 9, no. 4, October 1969, p. 149. 
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have developed an expression for the scattering factor in terms of parame- 
ters of the troposphere:’° 


(©) (2) nex 

OR (15-38) 
wd 4nl . 0\?/? 
fa +f sin 3} | 


where (Ae/e)? is the root-mean-square of the spatial fluctuations in the 
permittivity of the troposphere and / is the scale factor of the spatial 
variations. 

The scattering from the variations in the refractive index of the tropo- 
sphere is the mechanism for the propagation of UHF energy beyond the 
radio horizon. Through the use of powerful transmitters, sensitive re- 
ceivers, and high-gain antennas one can reliably communicate at UHF 
frequencies over distances of several hundred miles. The propagation 
mechanism is such that it is difficult to develop analytical equations 
suitable for use in the design of tropospheric scatter links. A number of 
useful prediction formulas have been developed in an empirical manner, 
however, and one of these is given in Eq. (15-39) :¥ 


Lp = [30 log f — 20 log d + F(@d) + Le — V(d.)] dB (15-39) 


where f = frequency in MHz 
d = distance in km 
6 = scattering angle in radians 


F(6d) is an attenuation function which is presented graphically and V(d.) 
is a climate variation factor which varies with geographical location and 
is also available in graphical form. L, is the aperture-to-medium coupling 
loss, determined by 


L, = 0.07 exp [0.055(gr + gr)] 


The coupling-loss term is included as a result of the observation that in 
practice one does not realize the full plane-wave gain of a large antenna 
when it is utilized in a troposcatter link. This is felt to be due to the fact 
that the fields in the aperture of the receiving antenna are not plane 
waves but are more likely to be non-uniform and characterized by a 
correlation distance which is less than the aperture dimensions. The 
parameters F(6d) and V(d,) are presented in a C.C.1.R. Report of 1966. 


10 H. G. Booker and W. E. Gordon, “‘A Theory of Radio Scattering in the Troposphree,” 
Proceedings of the Institute of Radio Engineers, vol. 38, no. 4, April 1950, pp. 401-412. 

11 P. L. Rice, A. G. Longley, K. A. Norton, and A. P. Barsis, Transmission Loss Prediction 
for Tropospheric Communication Circuits, NBS Technical Note 101, May 1965. 
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An example of the sort of path loss expected for a troposcatter link is a 
302-km propagation path from New Jersey to Massachusetts operating 
at 3670 MHz, which exhibited a measured path loss of 233.5 dB. Calcu- 
lations using Eq. (15-39) and the appropriate graphs predicted a path 
loss of 233.7 dB.!? This is remarkably close; such accuracy would not 
normally be expected. The example does serve to indicate the sort of path 
loss to be expected, however. 

Due to the nature of the propagation mechanism, the received signal 
exhibits amplitude variations (fading) characterized by rapidly time- 
varying fluctuations superposed on a slowly varying component. Experi- 
mental observations of the received signal on tropospheric scatter links 
show that the statistical properties are approximated quite well by a 
Rayleigh distribution. Some of the long-term variability of the received 
signal can be overcome by employing a spatial array of receiving antennas. 
This is called spatial diversity. 

Another characteristic of the troposphere which is becoming increas- 
ingly important in the design of communication circuits is the absorption 
of electromagnetic energy by constituent gases in the lower atmosphere. 
A plot of the absorption coefficient versus frequency is shown for the 
gaseous constituents H,O (water vapor) and O, (oxygen) in Fig. 15-17.8 

The lowest absorption frequency is seen to be a water vapor line at 
22.5 GHz. There are also oxygen lines at 60 and 120 GHz plus another 
water vapor line at 188 GHz. These absorption bands impose practical 
limitations on the utilization of this portion of the electromagnetic 
spectrum in communication circuits. Advantages of operating in this 
portion of the spectrum, such as the ability to achieve very-high-gain 
antenna systems of moderate physical size, might well be overshadowed 
by the losses due to absorption. 

Another factor of great concern, particularly to the designers of earth- 
space communication links, is the signal degradation due to rainfall. 
Plots of signal absorption versus frequency for various values of rainfall 
rate are also shown in Fig. 15-17. The only way to overcome the effects 
of rainfall on a communication path is to use spatial diversification so 
that at least one earth-based antenna is not receiving a signal which has 
been degraded by a local rainstorm. 


This example, plus a number of others, is presented in the article by R. Larsen, “A 
Comparison of Some Tropospheric Prediction Methods,” Tropospheric Wave Propagation, [EE 
Conference Publication, No. 48, 1968. 

8 J. H. Van Vleck, E. M. Purcell, and H. Goldstein, Propogation of Short Radio Waves, 
edited by D. E. Kerr (New York: Dover Publications, Inc., 1965), Chapter 8. 
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Fig. 15-17. Absorption due to atmospheric gases and rainfall. 


A final comment on the troposphere concerns the propagation of 
optical frequencies. At these frequencies the water molecule acts as a 
scatterer of electromagnetic energy and does not contribute to the refrac- 
tive index. The resultant expression for the refractivity 1s 


heaton = duces 


je (15-40) 
N, = 226p 


Art. 15-5 ELEMENTS OF RADIO-WAVE PROPAGATION 419 


where p = dry air pressure in millibars, T = temperature in degrees 
Kelvin, and p is the density of the atmosphere in kilograms per cubic 
meter. 

lonospheric Propagation. The ionosphere is the region of the earth’s 
atmosphere which is characterized by the existence of an electrically 
neutral plasma formed by free electrons and protons. This region is 
approximately 80 km above the earth’s surface and higher. The ionization 
mechanism is the radiation from the sun, and the concentration of 
electrons shows a pronounced variation with height as well as significant 
diurnal variation. The permittivity of the ionosphere is developed by 
assuming the ionosphere to be an electrically neutral plasma comprised 
of N electrons per unit volume and N protons per unit volume. The 
permittivity expression is developed in Appendix G. For purposes of 
studying the propagation of an electromagnetic wave in the ionosphere, 
the simplest expression for the permittivity of the ionosphere will be 
used. That is, 


oe 
€ = €€ = & (1 _ <=) (15-41) 
w 


The term Ne?/me, is designated as w?, where e is the charge of an electron, 
m is the mass of an electron, and w, is called the “plasma frequency.” 
Equation (15-41) neglects collisions, which introduce a loss or dissipation 
term into the permittivity expression. The effects of the earth’s magnetic 
field are also ignored. These effects make the ionosphere anisotropic, and 
the permittivity must be expressed as a tensor. 

If one inserts known values for e, m, and € in Eq. (15-41), the relative 
permittivity expression for the ionosphere becomes 
_ 81N 

fins 
where N = number of electrons/cm?. This expression for refractive index 
is interesting in that it is possible for e, to range from unity through zero 
to a very large negative number, depending upon the relationship 
between f and J. 

A plot of electron density versus height is shown in Fig. 15-18. 

A table of ionospheric regions and layers is presented by Davies!‘ and 
is reproduced in Table 15-3. The layers are shown in Fig. 15-18. 

When a radio wave is incident on the ionosphere, it will penetrate 
into the ionosphere and change direction in accordance with Snell’s law: 


(15-42) 


é-=1 


n sin 0 = no sin 4 


“ K. Davies, Ionospheric Radio Propagation, National Bureau of Standards Monograph 80, 
1965, Chapter 1. 
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Fig. 15-18. Typical electron density profiles for the day and night ionosphere 
in the middle latitudes. 


TABLE 15-3 


lonosphere Regions and Layers 


Neen EE 


Height (km) Region Layers 
50-90 D D 
90 to 120-140 E EEs Es 
Above 120-140 F Fi, Fo 


ES 


where 6 is the angle between the wave normal and the vertical. At some 
point the index of refraction may be such as to cause the wave to be 
traveling parallel to the earth’s surface and then continue to turn back 
toward the earth. The turning point is where 9 = 7/2 or sin @ = 1. This 


means that 


nN = Np Sin % 


Using Eq. (15-42) with m = 1 results in 


81N f 
at _ fas = sin 0 


If the incident wave is vertical, 8) = 0 and 


81N _ 


4 fens > 


1 0 


(15-43) 
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The frequency which satisfies this relationship is called the critical 
Frequency, f.. Clearly, 
f,. =9NU (15-44) 


If the wave is incident at some other angle, say 0, Eq. (15-43) can be 
solved for frequency, with the result 


fiz = IN? sec A = Foca, SEC 90 (15-45) 


This is called the maximum usable frequency (MUF) since it is the 
highest frequency for which a wave can be reflected back for a given V 
and 6. At frequencies below the MUF reflections will take place from a 
given layer. 

With this introduction, let us consider the characteristics of the 
ionosphere for a uniform plane wave. Again we begin with expressions 
for the constitutive parameters: 


€= GC, = € (1- 2") 
0&r 0 a 
= Mo 
a= 0 


The wave impedance and wave propagation factor become 


n= t= ese a 15-46) 


81 81N . 
=a+tje= oovina(ieres 7a = jPoa/1 — Peas (15-47) 


where the subscript 0 denotes free-space quantities. Consideration of 
Eq. (15-47) shows the velocity of propagation of the radio wave in the 
ionosphere to be 


0p = 


a7 a 81N (15-48) 
fees 

By reference to Appendix E, the group velocity v, can be determined 

after some manipulation, to be 


oy = = eft — SIN (15-49) 
Fez 


This is the velocity of energy transmission in the ionosphere. 

If an electromagnetic signal which is swept in frequency from a very 
low frequency to a frequency above the critical frequency for the highest 
level of electron concentration in the ionosphere is normally incident on 
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the ionosphere, energy will be reflected back to the source at all fre- 
quencies for which the wave impedance is imaginary. A quantity called 
the virtual height is determined by measuring the time required for a 
signal to propagate to the reflection point and back, assuming that the 
wave had traveled at the speed of light. That is 


h’ = virtual height = $ct (15-50) 


where c is the velocity of light in vacuum and ¢ is the time required for 
the signal to propagate to the reflection point in the ionosphere and back. 

The wave velocity which determines the propagation time is the group 
velocity v, since it is the time required for energy to travel to the point 
of reflection in the ionosphere and return. An instrument which measures 
the virtual height as a function of frequency is called an “Gonosonde.”’ 
This instrument utilizes a swept frequency source operating from 1 MHz 
to around 20 MHz. The output of the ionosonde is usually recorded on 
photographic film or facsimile. Such a record is called an ‘‘ionogram.” 
The essential features of an ionogram are shown in Fig. 15-19. 
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Fig. 15-19. Virtual height, h’, versus frequency. 
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The reflection points for the E region, F, region, and F, region are 
indicated on the figure. The reason for the peaks between the regions is 
due to the fact that the wave group velocity decreases quite drastically 
with frequency in a given layer as the frequency approaches the critical 
frequency for the layer. After penetrating the layer the wave is reflected 
at a different layer having a higher critical frequency, so the group 
velocity quickly increases and the transit time drops. The process then 
repeats itself for the new layer. The concept of virtual height is quite 
important in the design of ionospheric communication paths. This is 
because of theorems due to Martyn and to Breit and Tuve.!® The appli- 
cation of these theorems is illustrated in Fig. 15-20 for the case of a 
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Fig. 15-20. Illustration of Martyn's theorem and Breit and Tuve’s theorem as 
applied to an ionospheric propagation path. 


model consisting of a plane earth and a plane ionosphere having no 
horizontal variations. Martyn’s theorem states that if f and f, are the 
frequencies of waves reflected obliquely and vertically, respectively, from 
the same real height, then the virtual height of reflection of the vertically 
incident signal (f.) is equal to the height of the equivalent triangular 
path for the obliquely incident signal. That is, referring to Fig. 15-20, 
A =h' if f = f. sec 0. Breit and Tuve’s theorem states that the effective 
or group length of actual ionospheric path is equal to the electrical length 
of the virtual path TAR in free space. 


4% K. Davies, Ionospheric Radio Propagation, National Bureau of Standards Monograph 
80, 1965, Chapter 4. 
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We can use Martyn’s theorem and an ionosonde record such as that 
shown in Fig. 15-19 to determine the operating frequency of a communi- 
cation path such as is shown in Fig. 15-20. The frequency of operation 
is determined by solving the equation 


f = fe sec % = fe “| i+ (a) (15-51) 


A useful presentation can be made by solving Eq. (15-51) for h’, given 
values of d (the distance between the transmitter and receiver), f (the 
operating frequency of the communication path), and f, (the frequency 
of the ionospheric sounder). The result can be plotted on the ionosonde 
record for various values of f, to generate a contour which intersects 
the critical frequency trace of the ionospheric sounder. The points 
of intersection represent critical frequencies which satisfy the condition 
f =f. sec 8, and the values of h’ which, for the given values of f and d, 
give the height of the equivalent triangular propagation path (TAR of 
Fig. 15-20). The solution of Eq. (15-51) for f = 23 MHz and d = 3000 
km is plotted on the ionospheric record of Fig. 15-19 and presented in 
Fig. 15-21. Note that, at the frequency of 23 MHz, there are four inter- 
sections of the solution of Eq. (15-51) with the ionospheric sounder 
record. These occur at h’ = 340 km, h#’ = 435 km, h’ = 450 km, and 
h’ = 620 km. This means that, at the frequency of 23 MHz, communica- 
tion could be established in four different paths corresponding to four 
angles of incidence. Two paths involve reflection in the F; layer: 


sec 0) = a 093 77° 


ape Fl 
ayer 
n= 7 ons a 
Sec Up = Ra lo) : 
The remaining two paths involve reflection in the F» layer: 
Zo 2 
sec 0) = 6.6 0) = (ee) cen 
ayer 
ec 0) = = 0) = 67.5° ‘at 
S€CiU9.— 88 0 ~~ - 


The ray paths corresponding to these incident angles are shown in 
Fig.~15-22. 

It should be noted that in the example just considered the frequency 
of the communication path was such that there was no reflection in the 
E layer. Had a lower frequency been used (in this example, lower than 
20 MHz), reflections would have taken place in the E layer. If the fre- 
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Fig. 15-21. Frequency versus h’ plotted on an ionosonde record for a 
3000-km propagation path. 
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Fig. 15-22. Ray paths for ionospheric example. 
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quency was increased above 25 MHz for this example, only the F, layer 
would reflect energy. At 30 MHz there is only one ray path from the 
transmitter to the receiver and at frequencies above 30 MHz one cannot 
establish communication between these two points under these iono- 
spheric conditions. The highest frequency for which a reflection point 
can be found for a given path length and set of ionospheric conditions 
(30 MHz in this case) is the maximum usable frequency (MUF). The 
distance d for which a given frequency curve is just tangent to the hi —f. 
curve of the ionogram is called the skip distance for that frequency. This 
is the minimum distance over which signals at this frequency can be 
transmitted by ionospheric reflection for these ionospheric conditions. 

The determination of the path loss of an ionospheric propagation path 
is a complicated process which must include estimates of the absorption, 
defocusing, and depolarizing effects of the ionosphere. The initial estimate 
of the path loss is made as though one were working with a free-space 
path of length equal to the actual ionospheric propagation path (see 
Fig. 15-20, for example). The length of the equivalent triangle TAR 
could be used in the initial estimate without too much error, particularly 
if the path is long so that 4 is large. 

The foregoing argument has been based on a plane-earth-plane-iono- 
sphere model since this is a simple and easily understood physical 
configuration. One can do a great deal of useful engineering using this 
model, but for more accurate results the effects of the curvature of the 
earth and the ionosphere must be incorporated into the analysis. 

The upper limit of the one-hop F,-layer path length d is about 4000 
km. To aid the designer of a long-path communication circuit via the sky 
wave, the United States Department of Commerce has published pre- 
dictions of the monthly median values of critical frequency for normal 
incidence and the MUF for a 4000-km path for the F, layer as well as the 
E layer MUF for a 2000-km path.!* These predicted median values are 
plotted as constant-value contours superimposed upon a map of the 
world. There are twelve maps per day to take into account the diurnal 
variation in electron concentration. Each map is applicable to a one- 
month period. The ionization, and the resulting electron concentration, 
is dependent on the solar activity so three sets of maps are available. 
One is typical of the minimum solar activity period at the close of a solar 
cycle or the beginning of a new solar cycle. Another is typical of the 


18 Tonospheric Predictions, U.S. Department of Commerce, Telecommunication Research 
and Engineering Report 13, Vols. 1 through 4, September 1971. 
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maximum solar activity period of an average solar cycle. The third set 
is typical of the maximum solar activity period of an above-average solar 
cycle. Tables of predicted values of indices of solar activity such as the 
Zurich smoothed mean sunspot number (Riz) used in the Ionospheric 
Predictions report are available from the same source. Examples of the 
maps are shown in Figs. 15-23(a) and (b). The critical frequency for 
normal incidence is labeled MUF (ZERO) F2 and the maximum usable 
frequency for a 4000-km path via reflection from the F, layer is labeled 
MUF (4000) F2. 

In applying the maps to the design of a communication link, the 
designer plots a great-circle path from the transmitter site to the receiver 
site on the prediction maps appropriate to the month and time of day 
that the circuit will be established. The midpoint of the path is located 
and MUF (ZERO) and MUF (4000) values at that point determined. 
If the path is approximately 4000 km long, the MUF (4000) value would 
be used as the maximum operating frequency. If the path is less than 
4000 km long, the MUF (ZERO) value is used in Eq. (15-51), where 
h’ = 320 km, d is the length of the communication path, and f, = MUF 
(ZERO). At this point the design of a practical communication link 
becomes quite complicated and will not be further discussed here. The 
interested reader is referred to the excellent examples presented by 
Davies" or those contained in the Ionospheric Predictions report. 

As a final example of the role of the ionosphere in radio-wave propa- 
gation phenomena, we will modify the permittivity of the ionosphere to 
include the effects of collisions of the electrons with molecules of con- 
stituent gases. As shown in Appendix G, the permittivity of the iono- 
sphere, including the effects of collisions but ignoring the earth’s mag- 


netic field, is 
1 he Gp 
6 = 6 < i2y 4 (15-52) 
(2) 


where » is the collision frequency. 
Equation (15-52) can be rewritten as 


w? . wey 
S= & (1 oe mcr my FH ees) (15-53) 


1 Kenneth Davies, Jonospheric Radio Propagation, National Bureau of Standards Mono- 
graph 80, 1965, Chapter 7. 
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If we assume that w?/(w? + v?) «1 and w,v/w(w? + v?) < 1, the 
small-loss formulas for propagation constant as developed in Chapter 8 
can be applied: 

2 
¥ ey ase Rees WV 
oY ee rials = joV woe (1 Jj 2w(w? we 5) 
Solving for @ results in 
2 2 
2 Wp p noN e?v by 
sae Qc(w? + v2)  2m(w? + v?) ee 
where 7 is the intrinsic impedance of free space. For the situation where 
w? > v?, Eq. (15-54) reduces to 
_ noNev 


a= oR (15-55) 


The conditions imposed in deriving this equation are applicable to 
frequencies around the standard broadcast band propagating in the D 
region of the ionosphere. The D region, being the lowest region, has the 
highest concentration of gas molecules and, as a consequence, the highest 
collision frequency. It is the absorption of the sky wave by the D region 
which generally suppresses the sky wave and prevents it from being a 
factor in the propagation of broadcast-band transmissions. This limits 
the coverage of a broadcast station to that afforded by the ground-wave 
set. We are all aware that very often the sky wave is not severely attenu- 
ated, particularly at night, and broadcast stations are heard at large 
distances from the transmitting station. This is usually due to the fact 
that the D layer virtually disappears at night, as shown in Fig. 15-18. 


15-6. NOISE 


One of the main considerations in the design of a communication 
circuit is the power required of the transmitter. This is determined pri- 
marily by the transmission loss and signal level desired at the receiver. 
The minimum acceptable signal level at the receiver is in turn determined 
by the noise properties of the receiver and the radio noise power incident 
on the receiving antenna. A plot of typical noise levels in a 6-kHz band- 
width for several situations is shown in Fig. 15-24. 

The atmospheric static is due to lightning and other natural electrical 
discharge phenomena. The values shown in Fig. 15-24 are middle-latitude 
values, which are lower than those encountered at the equator by 10 to 
15 dB but higher than the normal values in arctic regions by 15 to 
25 dB. The thermal noise curve is the noise power delivered by a resistor 
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Fig. 15-24. Typical average noise levels in a 6-kHz band. (After K. Bulling- 
ton, “Radio Propagation Fundamentals,” Bell System Technical Journal, vol. 36, 
p. 624, May, 1957. Copyright © 1957, American Telephone and Telegraph 
Co.; reprinted by permission.) 


at 295°K to a matched load over a 6-kHz band. The noise power delivered 
to the matched load is 

P, = kTB 
where & is Boltzmann’s constant (1.38 X 10~% joule/°K), T is the 
temperature of the resistor in °K, and B is the bandwidth in Hz. Cosmic 
noise is due to noise sources (primarily thermal) outside the earth’s 
atmosphere. 


PROBLEMS 


15-1. Determine the basic path loss L; for a communication path from the moon 
to the earth operating at 3 GHz. The distance from the earth to the moon is 
240,000 miles. 

15-2. Determine the distance from the base of a 2000-foot tower to the radio horizon. 
Assume an effective earth radius of 5280 miles. What is the maximum dis- 
tance between the 2000-foot tower and a 100-foot tower for which they will 
be within radio sight of each other? 

15-3. Determine the ground-reflection coefficients for a 500-MHz horizontally 
polarized wave incident on a dry sandy soil surface. Assume an angle w of 
30 degrees. 


15-6. 
15-7. 


15-8. 


15-9. 


15-10. 


15-11. 
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For vertical polarization one can find a Brewster angle where Ry goes to zero 
if both media are lossless. Find this angle for the case of €, = 10. Use this 
angle to determine Ry, for dry sandy soil (e, = 10,0 = 0.002 U/m) at 500 MHz. 
An AM broadcast station operating at 1400 kHz radiates 5kW using a 
quarter-wavelength vertical monopole over fertile soil. At what distance 
from the transmitter is the rms signal strength equal to 500 uV/m? Hint: Use 
Eqs. (15-27) and (15-29) to develop expressions for A and # in terms of d. 
Plot these expressions on Fig. 15-11 to determine d. 

Derive Eq. (15-32). 

Determine the first Fresnel zone clearance for the propagation path shown 
in Fig. 15-16 for (a) an obstacle at midpath and (b) an obstacle located 
15 miles from the transmitter. Assume a frequency of 7GHz. 

Repeat Example 15-4 for a spacing of 300 km between the transmitter and 
receiver and with the transmitter and receiver at the height s=h. Compare 
the result with the tropospheric scattering example. 

Determine the critical frequencies for the F2 layer of Fig. 15-18 for both 
nighttime and daytime cases. 

Determine the MUF for a 3200-km path if f, at the midpoint is 10 MHz. 
(Use the F2 layer with h’ = 320 km.) 

It is desired to communicate with a mobile station in an urban environment 
at a frequency of 26 MHz using a bandwidth of 6 kHz. If the desired signal- 
to-noise ratio is 4:1, determine the signal strength required at the receiver. 
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Transmission-Line 
Parameters 


The inductance and capacitance of the coaxial line of Fig. A-1 may be 
found rather easily. For computation of the capacitance parameter C, suppose 
that the inner conductor has a linear charge density of +-A coulombs per meter, 


Fig. A-—1. Coaxial line of thin shells. 


while the outer conductor has a linear charge density of —A coulombs per 
meter. Now apply Gauss’s law to a 1-m length of the line. By symmetry the 
flux density is radial, and at a radius between a and 6 the flux density D is 
simply the total flux emanating, A, divided by the surface area of 2xp square 
meters.’ Since the electric field intensity E is related to the flux density D by 
the expression D = c£, it follows that the electric field intensity E is radial 


?In this Appendix, B, H, D, and E represent the magnitude of the corresponding vector 
quantities. 
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with the value E = A/2mpe. Now, by direct integration, the potential difference 
between the two conductors may be found as the negative of the line integral 
of the electric field intensity between the two conductors, with the specific 
value ®,, = [A In (b/a)]/27me. Using the conventional definition of capacitance, 
charge divided by voltage, we find that the capacitance per meter is 


Peer 
~ In (6/a) 

In order to compute the inductance parameter for the coaxial line, we 
suppose that a current of J amperes flows down the center conductor and 
returns along the outer conductor. The magnetic field at some radius between 
the two conductors is circumferentially directed with a value of [/2mp. Since 
the relationship between the magnetic flux density B and the magnetic field 
intensity H is B = uH, we easily conclude that the magnetic flux density is 
B = ul /2mp. Now that the magnetic flux density B is known, the flux link- 
ages can be computed by integration of the differential flux linkages over 
the range of radii from inner to outer conductor with a resultant value of 
= [ul In (b/a)]/2m. Then, by using the conventional definition of inductance 
(flux linkages divided by current), we find the inductance per meter given by 
the expression 


€ F/m 


L= = In (b/a) H/m 


In a similar fashion the inductance and capacitance parameters may be 
derived for other transmission-line configurations such as the parallel-wire line 
and the slab line. Idealized formulas for the inductance and capacitance of 
these configurations are given in Table A-1. In these formulas u = mor and 
€ = ee, and the values of the free-space constants mo and €9 are conveniently 


given as 
Lo = 4ar X 1077 H/m 

and 

ple 

“0 36m 


The value of ¢) is only approximate but is expressed in a convenient form for 
numerical computation and is satisfactorily accurate for many purposes. 

The series resistance parameter may be calculated at low frequencies by 
the conventional dc formula for resistance. However, the resistance at high 
frequencies is considerably greater than at dc because the current tends to flow 
on the surface of the conductor and thus reduce the effective cross-sectional 
area. In fact, from field theory for a wave impinging on a flat conductor, it 
may be shown that the actual exponential current distribution in the conductor 
may be replaced, insofar as effect is concerned, by a uniform current distribu- 
tion up to a thickness of 


F/m 


Peeeal 
V afus 
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TABLE A-1 


Idealized Formulas for Inductance and Capacitance of Common 
Transmission-Line Configurations 


ee 


Coaxial Line Parallel-Wire Line Slab Line 

Inner Radius = a Common Radius = a Width = w 

Outer Radius = b Spacing = D Space =1t 
Value of C in 2ire Te we 
F/m In (b/a) In (D/a) t 
Value of L in uw In (b/a) win (D/a) ut 
H/m Qa T w 


—_—_—_—_—_—_—_———————_— 


where the frequency is f and the conductivity of the conductor is o. The 
conductivity of copper is 5.8 X 107 mhos/m. 

This result may be applied with reasonable accuracy to curved conductors 
as long as the thickness so computed is much less than the radius of the con- 
ductor. Since resistance is inversely proportional to cross-sectional area, we 
have, at sufficiently high frequency for solid cylindrical conductors, the 
relationship 


ge eeealedass etd 7 

Rae 3 Are€aac co) pe 

Probably the most important point to note from this formula is that the ac 
resistance increases roughly as the square root of the frequency. 

The shunt conductance parameter may be calculated by conventional 
means, although it must be noted that integration is ordinarily required in 
the process. It is interesting and important to note that the conductance and 
capacitance for a transmission line are computed by using analogous laws. For 
example, the conductance parameter for the coaxial line of Table A-1 would 
be given by the expression 
ano 


~ In (6/a) 
Or more generally, we may state that the conductance and capacitance are 
related for a given geometry by 


G 


au 
Chie 
Now the power factor of a lossy dielectric is given by the expression 
Power factor = ————_— 
Vor + (we)? 


This expression for small power factors, a common occurrence, reduces to the 
very simple expression 


(on 
Power factor Y @ = — 
€ 


a 
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and consequently we can observe that the conductance parameter is related 
to the capacitance parameter and frequency by the relatively simple expression 


G = 2nCéf 
The power factor of polyethylene, a commonly used dielectric, is about 0.0004 
and is essentially constant over an extremely broad frequency range. From 


the last formula for the conductance it may then be observed that the con- 
ductance varies roughly as frequency. 
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Line Characteristics 


TABLE B-1 


Radio Frequency Transmission Lines 


Nominal . Maximum 
I Okeail Nominal Ostrat 
Class of Cables Type Maul eis Capacitance POGNE 
Conductor Diam. (pF /ft) Voltage 
(in.) (rms) 
50 ohms RG-8A/U 7/0.0296 0.405 29.5 4000 
50 ohms RG-58C/U 19/0.0071 0.195 28.5 1900 
50 ohms RG-122/U 27/0.005 0.160 29.3 1900 
50 ohms RG-55A/U 0.035 0.216 28.5 1900 
50 ohms RG-174/U 7/0.0063 0.100 30.0 1000 
50 ohms RG-196A/U 7/0.0040 0.080 29.0 1000 
High attenuation | RG—126/U 7/0.0203 0.275 29.0 3000 
High attenuation | RG-21A/U 0.053 0.332 29.0 2700 
High delay RG-65A/U 0.008* 0.405 44.0 1000 
Twin conductor RG-86/U 7/0.0285 | 0.30 X 0.65 7.8 = 
Twin conductor RG-130/U 7/0.0285 0.625 17.0 8000 
* Formex F. Helix with diameter of 0.128 in. 
TABLE B-2 
Typical Power Line Characteristics at 60 Hz 
Conductor 
oe : : R (at Shunt C Surge 
Circuit Size Equiv. | sq0c__ohms | * (ohms (megohms Imped. 
Voltage (thousands | Spacing per phase 
(RV, L-L) | of cir. mils (ft) bepaies, per mile) DEEP HES. sobs, 
oo - mils, L-N 
or AWG) per mile) per mile) ) 
69 2/0 8 0.481 0.784 0.182 378 
69 336.4 19 0.306 0.808 0.191 393 
115 336.4 13 0.306 0.762 0.180 370 
115 336.4 22 0.306 0.826 0.196 402 
138 397.5 15 0.259 0.764 0.181 371 
138 397.5 24 0.259 0.821 0.195 399 
161 397.5 17 0.259 0.779 0.185 379 
161 397.5 25 0.259 0.826 0.196 402 
439 
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Transmission-Line Charts 


The equations needed for construction of the various charts will be derived 
in this Appendix. Only three cases need be considered: (1) the per-unit Smith 
chart labeled in rectangular values; (2) the per-unit Smith chart labeled in 
polar coordinates; and (3) the per-unit impedance chart. 

The charts with bases other than 1 ohm are merely repetitions of these 
charts with all values scaled to the new base. 


C-1. RECTANGULAR SMITH CHART (FIG. 3—1a) 


The Smith chart is based upon a plot in the reflection coefficient plane of 
corresponding values of impedance. Let the complex value of K be expressed 
as U + jV. Then for z = r + jx as a per-unit impedance, we have 


pu LAS Ee eee ere ae 1—U?— Vie 
eta 7 10 =7,- dee 


By equating real and imaginary parts, we find that 


r(i—-2U+ U?+ V7) =1-UW—- Pp? 
and 
x(1 — 2U + U?+ V?) = 2V 


Now, by collecting common terms in U and V and completing the squares of 
the various terms, we have 


(reer) idem ee Gry) 


o-ar4(r=3)= 
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Both equations are now in the canonical form of circles and may be readily 
plotted in terms of center and radius. 


C-—2. POLAR SMITH CHART (FIG. 3—1b) 


The polar form of the Smith chart is found by expressing the per-unit 
impedance and reflection coefficients as z = |z|e* and K = U + jV, with the 
results in the fashion shown before: 

(i+ U)?+4+ V2 ile =n) 
Cae 
Now, by equating the magnitudes and angles, we find 
lZP?(44 —- 204+ U24+ V2) =14+2U4+ U4 Vp? 
(1 — U? — V?) tan @ = 2V 
By collecting common terms in U and V and completing the squares of the 
various terms, we find 


al iigs) T= Os (aia) 


2 1 2 
— 0)2 = (a 
COS eas (v + tan 5) (= i) 
Both equations are now in the canonical form of circles and may be readily 
plotted in terms of center and radius. 


and 


C-—3. RECTANGULAR CHART (FIG. 3—1c) 


The impedance chart contours are found by essentially the reverse process. 
This time we let z = r + jx and express K as |K|e’? to write 


a j oe eee ee ce 
ag ai SES sorecrrerreny  Ayerse sires 7 = ana 


Then, by equating magnitudes and angles, we have 


[K[2(7? + 27 + 1+ x?) = (7? — 2r +14 x?) 


and 
(x? + 7? — 1) tan @ = 2x 


Now, by collecting terms in r and x, completing squares, and using the more 
appropriate expressions |K| = (S — 1)/(S + 1) and ¢ = 28d, we find 


(2) 4 0 See!) 
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By using precisely the same techniques as illustrated for impedances, it may 
be shown that the same charts apply equally well for admittances. 


D 


Vector Analysis 


Some of the more important relationships from vector analysis are presented 
here for reference purposes. 


D-1. DOT PRODUCT 


In rectangular coordinates the dot or scalar product of two vectors A and B 
is given by 
A-B= A,B,+ A,B, + A,B, (D-1) 


where Az, Ay, etc., refer to the rectangular components of the vectors. The 
dot product also has a geometric interpretation as the product of the two 
magnitudes times the cosine of the angle between the two vectors. Note that 
A - B is always a scalar quantity. 


D-2. CROSS-PRODUCT 


In rectangular coordinates the cross or vector product of two vectors A 
and B is given by 


a a, a,| 
ISeQ spe, Hh 7 (D-2) 
BigE eB: 


where a,, a,, and a, are unit vectors along the x, y, and z axes, respectively. 
The cross-product also has a geometric interpretation as a vector mutually 
perpendicular to A and B, with a magnitude equal to the product of the two 
times the sine of the angle between them. Note that A x B is always a vector 
quantity. 
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D-3. OPERATOR V 


In rectangular coordinates the vector operator V is given by 
) ) ) 

= a,— — = D- 
Ss as5, + avg, t 8 a, Obed 


Note that V is a vector operator. 
D-—4. OPERATOR V? 
The operator V? is defined as 
gat at ae 


It may be thought of as arising from dotting V into itself. 


Vv? (D-4) 


D-—5. GRADIENT 


The gradient of a scalar function ® is given by 


® ® 
Talo vo ake S iy 


ax ay oy Z Oz (D-S) 


This has a physical interpretation as a vector whose magnitude is equal to 
the maximum rate of change of ® spacewise, and the vector direction is the 
direction in which this maximum rate of change takes place. 


D-6. DIVERGENCE 


The divergence of a vector A is the result of dotting V into A: 


OAs enon, wrUAs 
% a oy + Oz 


divA=V-A= (D-6) 


) 


This has a physical interpretation as the outward flow of the vector flux A per 
unit volume. That is, if one were to imagine an infinitesimal volume Ar, the 
divergence of A would be the integral of A - da over the surface of Ar divided 
by Ar. 


D-7. CURL 


The curl of a vector A is the result of crossing V into A: 


az @ a 
0.0. a0 
curl A = vVvxA= ar ay az (D-7) 


AD ANA: 
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This has a physical interpretation as the “circulation” of a vector field at a 
point. To be more specific, if one imagines an infinitesimal surface element Ac, 
the component of curl A which is normal to the surface Ao would be the line 
integral of A - dl around the surface element, divided by Ac. It can be seen 
that if this concept is applied to three mutually perpendicular surface elements 
at a point in space, the three rectangular components of curl A are obtained 
at the point. 


D-8. VECTOR IDENTITIES 


A number of useful vector identities are given below. Each may be verified 
by direct reduction of both sides of the equation. A and B denote vector 
quantities and © and ¢ denote scalars. 


V(b+ ¢) = V+ Vo (D-8) 
v-(A+B)=VvV-A+V-B (D-9) 
vVx(A+ B)=VxA+VxXxB (D-10) 
V(bd) = Vo + VP (D-11) 
vV-(@A)=A-VG+O5V-A (D-12) 
vV-(AxB)=B-vVxA—A-VXB (D-13) 
V x (PA) = V@xA+OEOVXA (D-14) 
vx (AX B)=AV-B-—Bv-A+(B-V)A— (A-V)B (D-15) 
V:- Vb = VS (D-16) 
V-vxA=0 (D-17) 
VxVb=0 (D-18) 
VxVxA=V(V-A)-—V°A (D-19) 


D-9. STOKES’ THEOREM 


This integral theorem relates the surface integral of V x A to the line 
integral of A along a closed curve enclosing the surface. The theorem is 


fa-di=f[.vxa-da (D-20) 


D-10. DIVERGENCE THEOREM 


This theorem relates the volume integral of V - A to the surface integral of A 
over the closed surface enclosing the volume. The theorem is 


[fev da=f[f,o- aa (D-21) 


where S denotes the surface enclosing the volume V. 
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D-11. DEL OPERATIONS IN RECTANGULAR COORDINATES 


The basic operations involving V are summarized below in rectangular 
coordinates. 


Om ob o® 
Ve = SRR O Rio wh Wine (D-22) 
ee 0A, 
Vik er age (D-23) 
a, a a, 
du nose 0 
VxA= ae ay aoe (D-24) 
ALATA 
wee =F a+5 oy? at aa a oS 
-* 0°A 
2 pelle AED S 
VA = a a+3 ae ee ar (D-26) 


D-—12. DEL OPERATIONS IN CYLINDRICAL COORDINATES 


The basic operations involving Vv are given below in terms of cylindrical 
coordinates. The respective unit vectors are denoted as ap, ay, az, and the 
coordinate system is shown in Fig. D-1. 


od 1 0® ob 


NP aeons Be wee 2 35 (D-27) 
ait Lady, aA, f 
V-A 5 ap © i536 1 a (D-28) 

ie ay va 

pas (a 
vxA=|0 9 @ (D-29) 

dp ob az 

A, pAg A, 

10 1 0° 
= Fan (eae) + tag Tae ee 


VA=V(V-A)—-VXVXA (D-31) 
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ate 
~. 
~ 


a as a EE Ge 


=—— 


Fig. D-1. Cylindrical coordinate system. 


D-13. DEL OPERATIONS IN SPHERICAL COORDINATES 


The basic operations involving V are given below in terms of spherical 
coordinates. The respective unit vectors are denoted as a,, a, ay, as shown in 
Fig.D-2. 


O® 1 db 1 0® 
are sin 6 dd ee 


si Snag reece ten Wee aaa 
V-A= (77As) +p og (sin 640) + (D-33) 


rsin 6 do 


Fig. D-2. Spherical coordinate system. 


APPENDIX 


ttl aiets ppb ote ee 
sie | pei er 
eater ye a a (D-34) 
or 060 0g 
A, rAg r sin 0Ag 


bel os /e.ce GG Moy ce 1 d©® 
ve r? Or (r =) We sin 6 06 (sin 05) hy sin? 6 dg? (D-35) 


VA=V(vV-A)-VXVXxA (D-36) 


E 


Phase and 
Group Velocities 


Consider a simple, single-frequency wave which has the mathematical form 
e = A cos (wt — Bz) (E-1) 
For purposes of illustration this may be thought of as a voltage wave along a 


transmission line, but the following remarks are perfectly general and apply to 
any wave exhibiting this mathematical form. The wave is shown in Fig. E-1 


Fig. E-1. Single-frequency wave. 
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as a function of z for t = 0 and ¢ = Af. It can be seen that the wave moves 
through a distance (w/8) At in a time At, and thus 


(w/B) At _ 


At B feet 


Velocity = 

This velocity, defined as the phase velocity vp, is the velocity at which the whole 

wave picture moves in the z direction. Note that this is apparent motion and 
no motion of physical particles is implied. 

Next consider a “wave” made up of two frequency components of equal 

amplitude, and let one of these be at a frequency slightly greater than w and 

one slightly less than wo. Also, let the phase-shift constant 6 be related to 


Fig. E-2. Plot of 8 versus w. 


frequency w by some general curve such as that shown in Fig. E-2. Such a 
wave could be expressed mathematically as 


e = A cos [(wo — dw)t — (Bo — dB)z] + A cos [(wo + dw)t — (Bo + df)z] 
(E-3) 
By rearranging terms and taking advantage of an identity from trigonometry, 
the equation becomes 


e = A cos [(wot — Boz) — (dwt — dBz)] + A cos [(wot — Boz) + (dwt — dBz)] 
= 2A cos (dwt — dBz) cos (wot — Boz) (E-4) 


The first cosine term may be thought of as a modulation coefficient, modulating 
a “carrier” at a frequency wo. A sketch of this wave is shown in Fig. E-3. 
By inspection of the respective terms of Eq. (E-4), it can be seen that the 
modulation or envelope of the wave moves at a velocity of dw/d@ and the carrier 
at a velocity of wo/8o. The envelope velocity is defined as the group velocity v, 
and is given by the equation 

Ug a dg (E-S) 
If there exists a group of many waves with small dispersion in frequency, the 
resultant envelope will move at the group velocity. Thus, when one considers 
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ii RK i. 


Fig. E-3. Sketch of two-frequency wave. 


— 


a modulated RF system, the “signal” travels at the group velocity rather than 
the phase velocity. 

It can be seen from Eqs. (E-2) and (E-5) that the phase and group velocities 
are equal when £ is a linear function of w. This is the case in lossless transmis- 
sion-line theory (or any distortionless system), and thus there is no distinction 
between phase and group velocities in this problem. This is not so in the 
waveguide problem, though, since the phase-shift function 6 is given by 


B= ane a/1— (*) (E-6) 


Thus the phase and group velocities are 


w v 
» = = = E-7 
ASS GOES eg) 
dw 1 W.\? 
= Baa (2) ae 
Note that the geometric mean of v, and 2, is always the free velocity 9; i-e., 
UgVp = 0 (E-9) 


Therefore the group or signal velocity is always less than the free velocity in 
waveguide transmission. 

The group velocity also has an interesting interpretation as the velocity of 
energy flow in a waveguide system. This concept can be readily verified for the 
TE; rectangular mode, in which case the propagating wave can be resolved 
into two uniform plane waves bouncing off the side walls obliquely as shown 
in Fig. E-4. To show this mathematically, consider a superposition of two 
equal-amplitude plane waves which are polarized in the y-direction and which 
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Was Side Wall 


~ 
a 
» a = —Z nA 
“Oe <a Z SS 
~~ +A bl 
~ pie Ss , 4 
Note: Dashed lines Do. Side Wall 


indicate direction 
of propagation of 
plane waves. 


Fig. E-4. Top view showing plane waves bouncing off side walls for TE1o 
mode. 


are traveling in the ¢ and ¢’ directions, respectively. The total electric field for 
such a combination may be written in phasor form as 


E, = Eye + Eye77" (E-10) 
where 
k= wV pe (E-11) 


and ¢ and ¢’ are coordinates, as shown in Fig. E-4. Now ¢ and ¢’ may be 
expressed in terms of x and z as 


¢ = xsin@+ 2 cos 0 

¢(’ = —xsin@+ z2cos@ eet 
and substitution of these in Eq. (E-10) leads to 

E, = Eye sk sin 66 —jkz cos 0 + Eesk= sin 99—jkz cos 6 

= 2F) cos (kx sin 0)e—7& 008 92 (E-13) 


cos 9 = 4/1 — (2) (E-14) 


which is always possible if w > w,. Then 


2 
b cos 6 = wut 4/1 — () 


kx sin 0 = wV pex “2 ae (E-15) 
w a 


Next we let 


and the expression for E, becomes 


E, = 2Ey cos = eis (E-16) 


PHASE AND GROUP VELOCITIES 453 


This distribution of E, is precisely the same as that determined in Chapter 9, 
and thus resolving the total wave into two plane waves is valid. 

Now if we think of the energy as being associated with the plane waves which 
are bouncing off the side walls obliquely, the component of energy velocity in 
the z-direction is 

We\? 


Energy velocity (in z-direction) = v cos 0 = v “| 1— () 


Q) 


which is simply the group velocity previously discussed from a different 
viewpoint. 


1 Note that the origin of the coordinate system in this case was chosen at the center of the 
guide rather than at one edge, as in Chapter 9. This gives rise to cosinusoidal rather than 
sinusoidal variation in the «x-direction, but the physical result is the same for both cases. 


F 


Constants for 
Common Materials 


Material 


Bakelite . 
Fused quartz 
Glass, 


Corning 7070 . 


Micarta . 
Nylon 
Paper, 
Royalgrey 
Polyethylene 
Polystyrene . 
Ruby mica 
Teflon 
Water 


Material 


Aluminum . 


Brass 
Copper . 
Gold 
Silver 
Solder 


TABLE F-1 


Good Conductors 


Conductivity (mhos/m) 


TABLE F-2 


Dielectrics* 


Dielectric Constant 


f = 108 


f = 108 f = 10 
Hz Hz 
4.0 Sil 
3.78 3.78 
4.0 4.0 
3.8 SE 
Sy 3.0 
2.8 2.6 
2295 2.25 
2255 2.54 
5.4 — 
al Dal 
78 NS) 


f = 108 
Hz 


0.03 
2 105" 


Saad Oa 
0.04 
0.02 


0.04 
4X 10-4 


O72 


3X 104 
2 >< 10 
0.04 


Loss Tangent 


f = 108 
Hz 


0.04 
i104 


12 K 10 
0.05 
0.02 


0.07 
4X 10 
ub ne 
72 MO 
2 ee 

0.005 


Ff = 107° 
Hz 


0.04 
1B coe Mi oe 


21 x Avs 
0.04 
0.01 


0.04 
4 xX 10-4 
4X 105 
4X 10-4 
0.5 


* The values listed are typical. Data for dielectric materials vary considerably from one 
published source to another. One of the reasons for apparent discrepancies between sources 
is that there are many varieties of most materials. For example, there are literally dozens of 
varieties of polystyrene, all of which have somewhat different characteristics. Also, both the 
dielectric constant and loss tangent are sensitive to temperature, moisture content, impurities, 
etc. For serious engineering work, one should consult manufacturers’ data or an elaborate 
reference such as A. R. Von Hippel, Dielectric Materials and Applications (Cambridge, Mass.: 
The Technology Press of Massachusetts Institute of Technology, 1954). 
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G 


Tensor Properties of 
Ferrites and Plasmas 


A ferrite is a member of the class of materials called ferrimagnetics. The 
chemical composition of ferrites includes iron and oxygen plus small fractions 
of metals such as zinc, nickel, or manganese. Ferrites have very low conduc- 
tivity and a relative dielectric constant in the range of 10 to 20. The dominant 
contribution to the magnetic moment of a ferrite molecule is that of bound 
electron spin. 

A magnetic material is characterized by an array or lattice of elemental 
magnetic dipoles. These elemental dipoles are associated with molecules of the 
ferrite compound. The effect of the distribution of elemental dipoles is con- 
tained in the macroscopic field quantity M, called the magnetic dipole moment 
per unit volume. Mathematically, 


m=-+ Ym, (G-1) 


all dipoles 
in 


where m; is the ith elemental dipole in the volume V. 

When a magnetic field is applied to a ferrite, the field interacts with the 
elemental dipoles. The model used to describe the interaction of an electro- 
magnetic field with a ferrite is based on that of Polder.! The model assumes 
that the spinning electrons possess magnetic dipole moment m and angular 
momentum Jm, which are antiparallel and related by 


m= ¥3m (G27) 


1D. Polder, ‘On the Theory of Electromagnetic Resonance,” Philosophical Magazine 
vol. 40, pp. 95-115, 1949. 
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The quantity y is called the gyromagnetic ratio and is equal to —1.759 XK 10% 
m?*/weber-sec in the rationalized MKS system of units. Losses are neglected 
in this development. 

The torque acting on an elemental magnetic dipole in a magnetic field is 


J=mXB (G-3) 


By Newton’s law, the torque is equal to the time rate of change of the angular 
momentum. Thus, 


dsm _=mX@ (G-4) 
Using Eq. (G—2) and Eq. (G—4), we can write 


dm 

7 = yim XB) = uoy(m X H) (G-5) 
If all of the magnetic dipoles in the material are identical and parallel, Eq. 

(G—1) can be rewritten as 

wv = Nom (G-6) 


where Np is the number of dipoles per unit volume. Equation (G-6) can be 
solved for m and substituted into Eq. (G—5) with the result 


AE = y( XB) = poy(On X 5) (C-1) 


Define 9% and K to consist of dc components oriented parallel to the z-axis 
plus ac components varying sinusoidally with frequency w. That is: 


KH = a,Hy + Re (He**) 


om = a,My + Re (Me*) (G-8) 


Substituting into Eq. (G-7) and retaining terms of frequency w result in 


joM, = uoy|M,Ho —. MH, | = —aM, “ wu, 


joM, = boy MoH. = M,H)| = —wyH, + woM , (G-9) 
joM, = 0 
where w) = —~yuoHo is the angular gyromagnetic frequency, and wy = —ypoMp. 


Solving for the components of M: 


_ [| wowm jowm 
M,= Ferd He -+ Ferd Hy 


we — 
_ [ —jJoom wow 
M, = E = | A,+ [es = a He (G-10) 
M,=0 
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Since B = »(H + M), we can write 


wow Jowm 
Bem wo{[tt pet] a+ [FG] a} 


(esesi+gla) ew 


w? we — w? 


& 
e 
II 


B, = woH, 
; weaee : Le Wom wom \ _ 
This can be simplified by defining up = (1 + aaa, “) and (qs = 3) Ke 
Substituting into Eq. (G-11): 


Bz =F pow + juoKH, B, L jK 0 H, 
By = —juoKHz+ woul, @| By |= uo| —jK pw Of] Hy} (G12) 
Se B, Cigna Ome lial, 


Clearly the tensor permeability of a ferrite biased with a z-directed dc 
magnetic field is 


a be jk 0 
Pri ae Te 0k (G-13) 
0 0 1 


If the direction of the bias field is changed, one can deduce the permeability 
tensor by a cyclic interchange of subscripts on the elements of the permeability 
tensor. In Eq. (G-13), bes = My =U, May = —Mye = JK, bee = ber = bye = 
Mey = 0, and u,, = 1. If we shift the dc bias field so that it is parallel to the 
y-axis, we simply change the subscripts so that zy, yx, x2. The 
resultant permeability tensor is 


my WW ete 
a=-|0 1 0 (G-14) 
ie Wr 


The permittivity of a plasma is developed by assuming the plasma to consist 
of an electrically neutral medium comprised of N electrons per unit volume and 
N protons per unit volume. The electrons have a charge —e = —1.6 X 10-¥ 
coulomb and are free to move under the influence of an applied electric field. 
The protons have a charge of +1.6  10- coulomb and will be considered to 
remain stationary. If an electric field & is incident upon the distribution of 
electrons, a force 


= —¢ 


is exerted on each electron. This force causes the electron to accelerate accord- 
ing to Newton’s law: 


dv 
F=ma=-m 
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Equating the force expressions and assuming a time dependence of e%¢, we 


can write . 
—eE = jwmv (G-15) 


If we consider a surface, 1 meter square, through which the electrons are 
moving, there will be a convection current density of 


J‘ = —Nev (G-16) 
Substituting results in 
jo (C-17) 
jm 


In addition to the convection current density, there will be a displacement 
current density flowing through the region. 

J? = jwek 
The total current density is 


J=J+J'= joa(1- tax) E (G-18) 


w?Me 


The term Ne?/me is designated as w>; w, is called the ‘‘plasma frequency.” 
Thus, the plasma is accounted for by modifying the permittivity to 


me 
€ = €€ = € (1 _ “2) (G-19) 


This analysis neglects collisions which introduce a loss or dissipation term into 
the permittivity expression. 

If losses are included, a term which represents the time rate of momentum 
loss of the electron is added to the force equation: 

F = ma = —eE — mv (G-20) 
where y is the collision frequency. This results in an expression which corre- 
sponds to Eq. (G—15): 

—cE = jum (1 — *) V (Gani 
The convection current density is 
Ne? 
T jam — joa)” 
The total current density is the sum of the convection current density, Eq. 
(G-22), and the displacement current density: 


(G-22) 


The permittivity of a plasma, including collisions, becomes: 


ea) as 
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To this point the situations considered resulted in scalar permittivity ex- 
pressions. If a dc magnetic field is applied to the plasma, a tensor permittivity 
will result. The dc magnetic field adds an additional term to the force equation. 
The force equation becomes 


F = ma= —e[E+ v X B] — mv (G-25) 
Introducing the e**‘ time-dependence results in 
jomvy = —e[E+v X B] — mv (G—26) 


Equation (G—26) can be solved for the components of v, which in turn can be 
substituted into Eq. (G-16) to determine the convection current density. The 
convection current is then added to the displacement current to get the total 
current density. The result is a set of three equations similar to Eq. (G-11). 
The permittivity tensor of the plasma can be deduced from this set of equations. 
For the case where there are no losses (vy = 0) and the dc magnetic field is 
z-directed, the resultant permittivity tensor is 


2 2 
D WpWo 
(1 a we =) J w(we — w”) 0 
- 9 2 
Ay, CON ial ty MRP Mas a TS ot ae 0 Ge27 
€r + w(we <2 w?) (1 = we vi =) : ( ) 
0 0 = ee 


where wo = Boe/m is the angular gyromagnetic frequency. By is the dc bias 
field. 


H 


List of Symbols 


Symbol Meaning Unit 

@,A Vector magnetic potential (time and webers/meter 
phasor forms, respectively) 

ae Effective aperture area weber? 

a Earth’s radius (6.36 X 108) meter 

de Effective earth radius meter 

a,a Acceleration vector (time and phasor meters/second? 
forms, respectively) 

eet Be ee Unit vectors in x, y, . . . directions 

iia Scattering matrix representation varia- watts 1/? 
bles (incident wave) 

@,B Magnetic flux density (time and phasor webers/meter? 
forms, respectively) 

Bo Dc magnetic flux density (bias field ap- webers/meter? 
plied to ferrite materials) 

Ui; bse Scattering matrix representation varia- watt!/? 
bles (reflected wave) 

C Capacitance per unit length farads/meter 

C Velocity of light (3 X 108) meters/second 

Cine Transmission matrix representation var- watt!/? 
iables 

9, D Electric flux density (time and phasor coulombs/ meter? 
forms, respectively) 

da Differential surface vector meter? 

dl Differential length vector meter 

D Antenna directivity 
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Sains, 
drs) eR OR 
i Ve ie 


x, H 


Sop hagterene.: 


HOH a... 


El VE DEN 


Im, Jn 


LIST OF SYMBOLS 


Meaning 


Ionospheric layer 

Fixed distance (or length of line) 

Electric field intensity (time and phasor 
forms, respectively) 

Components of & and E in respective 
directions 

Components of E with z-dependence re- 
moved (i.e., these are functions of x 
and y only) 

Ionospheric layer 

Partial pressure of water vapor 

Electronic charge (1.602 X 10-1°, nega- 
tive) 

Force (time and phasor forms, respec- 
tively) 


Antenna array factor 
Ionospheric layer 

Range-gain function 
Frequency 

Critical frequency in a plasma 
Cut-off frequency in waveguide 


Plasma frequency (V Ne2/eym/2m) 

Center frequency 

Antenna gain 

Conductance per unit length 

Height-gain function 

Antenna gain 

Magnetic field intensity (time and phasor 
forms, respectively) 

Components of 3#¢ and H in respective 
directions 

Components of H with z-dependence 
removed 

Antenna height above the earth 

Virtual height (4c?) 

Current (time and phasor forms, respec- 
tively) 

Incident and reflected currents, respec- 
tively 

Normalized incident and reflected cur- 
rents, respectively 

Angular momentum (time and phasor 
forms, respectively) 


Unit 


meter 
volts/meter 


volts/meter 


volts/meter 


newtons/meter? 
coulomb 


newton 


hertz 
hertz 
hertz 


second”! 

hertz 

decibel 
mhos/meter 
amperes/meter 
amperes/meter 
amperes/meter 
meter 

meter 

ampere 


ampere-ohm!/? 


kilogram- 
meters/second 
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Meaning 


Current density (time and phasor forms, 
respectively) 

Conduction current density (time and 
phasor forms, respectively) 

Displacement current density (time and 
phasor forms, respectively) 

Impressed current density (time and 
phasor forms, respectively) 

Surface current (time and phasor forms, 
respectively) 

Bessel function of first kind and nth order 

Derivative of J, 

Unit imaginary number (V — 1) 

Reflection coefficient 

Boltzmann’s constant (1.380 K 10-28) 

y? + w*yve in waveguide work 

Inductance per unit length 

Transmission loss (isotropic antennas) 

Propagation-path loss 

Transmission loss 

Length 

Magnetic dipole moment per unit volume 
(time and phasor forms, respectively) 

Maximum usable frequency 

Elemental magnetic dipole moment 

Electronic mass (9.107 X 10734) 

Electron number density 

Refractivity (7 — 1) X 108 

Bessel function of second kind and mth 
order 

Derivative of V, 

Index of refraction 

Poynting vector (instantaneous function 
of time and average value forms, re- 
spectively) 

Incident and reflected powers, respec- 
tively 

Power dissipated per unit length 

Total average noise power 

Total average power radiated 

Total average power transmitted 


Unit 
amperes/meter? 


amperes/meter? 
amperes/meter? 
amperes/ meter? 


amperes/meter 


joule/°K 
meter~? 
henrys/meter 
decibel 

decibel 

decibel 

meter 
amperes/meter 


hertz 
ampere-meter? 
kilogram 
electrons/meter® 


watts/meter? 


watt 


watt 
watt 
watt 
watt 


Symbol 


Ry 
Su, Si, . 
5,7 


LIST OF SYMBOLS 


Meaning 


Atmospheric dry air pressure 

Quality factor 

External quality factor 

Loaded quality factor 

Unloaded quality factor 

Resistance per unit length 

Real (resistive) part of impedance Z 

Reflection coefficient (horizontal polari- 
zation) 


Surface resistance (V wy /2c) 

Reflection coefficient (vertical polariza- 
tion) 

Characteristic resistance (real number) 

Zurich smoothed mean sunspot number 

Field point position vector 

Source point position vector 

Per-unit value of resistance 

Radial distance (spherical polar coordi- 
nate system) 

Distance between source point and field 
point 

Voltage standing wave ratio 

Richards’ transformation (j tan 6) 

Elements of the scattering matrix 

Torque (time and phasor forms, respec- 
tively) 

Temperature 

Elements of the transmission matrix 

Time 

Tangent Bl 

Power gain per unit solid angle 

Voltage (time and phasor forms, respec- 
tively) 

Incident and reflected voltages, respec- 
tively 

Velocity vector (time and phasor forms, 
respectively) 

Free-wave velocity 

Group velocity 

Phase velocity 


Normalized incident and reflected volt- 
ages, respectively 
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Umi 
newtons/meter? 


ohms/meter 
ohm 


ohm 


ohm 


meter 
meter 


meter 


meter 


kilogram-meter 
degree Kelvin 


second 


volt 
volt 


meters/second 


meters/second 
meters/second 
meters/second 
volts/ohm!/? 


Yi, Viz, + - 
o 


Zo 


ZorE), Zot) 


Zu, Zy, cr ate 


2 
z 


(ily Coby & 6 6 


2RDBWBDWR 
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Meaning 


Energy 

Power available from a loss-free receiving 
antenna 

Radiated power 

Received power 

Electric field energy density 

Magnetic field energy density 

Imaginary (reactive) part of impedance Z 

Per-unit reactance 

Distance 

Loss factor (¢/weo) 

Admittance 

Elements of admittance matrix 

Per-unit admittance 

Distance 

Normalized admittance matrix elements 

Impedance 

Characteristic impedance 

Characteristic impedance for TE and TM 
modes 

Elements of impedance matrix 

Per-unit impedance 

Distance 

Normalized impedance matrix elements 


Attenuation constant 

Phase shift constant 
Resonator coupling factor 
Propagation constant (a + 8) 
Gyromagnetic ratio 


Faraday rotation angle 

Phase factor (ground-wave set) 

Depth of penetration (Vv 2/wuc) 

Frequency difference (w — wo) 

Permittivity (€= €,€0) 

Relative permittivity (dielectric con- 
stant) 

Permittivity of free space (10~°/36z) 

Intrinsic impedance (V'u/e) 

Spherical polar coordinate 

Loss tangent (o/we) 


Unit 
joule 
watt 


watt 
watt 
joules/meter? 
joules/meter?® 
ohm 


meter 


mho 
mho 


meter 


ohm 
ohm 
ohm 


ohm. 


meter 


nepers/meter 
radians/meter 


meter! 

meters?/weber- 
second 

radian 

radian 


meter 
radians/second 
farads/meter 


farads/meter 


ohm 
radian 


Symbol 


Mrz, May) ++ - 


v 


p 
p 


q 


LIST OF SYMBOLS 


Meaning 

Angle between incident wave normal and 
scattered wave normal 

Electrical angle (G/) 

Off-diagonal element of permeability ten- 
sor ; 

Wavelength (v/f) 

Guide wavelength (/f) 

Permeability (u = purto) 

On-diagonal element of permeability ten- 
sor 

Relative permeability 

Permeability of free space (4m X 1077) 

Elements of the permeability tensor 

Collision frequency 

Charge density 

Radial distance (cylindrical coordinate 
system) 

Density of the atmosphere 

Conductivity 

Damping constant (with reference to ex- 
ponentially decaying phenomena) 

Differential scattering cross-section 


Total angular refraction 

Scalar electric potential 

Magnetic flux 

Cylindrical coordinate 

Angle between electric field vector and 
scattered-wave normal 

Grazing angle 

Precessional frequency 

Angular frequency 

Cut-off angular frequency in waveguide 

Plasma frequency 

Resonant angular frequency of cavity 

Center angular frequency 

Angular gyromagnetic frequency 

Vector operator ‘‘del”’ 

Laplacian operator 

Transverse (two-dimensional) Laplacian 
operator 
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Onit 
radian 


radian 


meter 
meter 
henrys/meter 


henrys/meter 


second—! 
coulomb 
meter 


kilograms/meter® 
mhos/meter 


steradian—! 
meter! 

radian 

volt 

weber 

radian 

radian 


radian 
second—! 


radians/second 
radians/second 
radians/second 
radians/second 
radians/second 
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Index 


ABCD matrix, representation of transmis- 
sion-line circuits, 109-112 
Absorption, atmospheric 
in ionosphere, 430 
in troposphere, 417-418 
Adjustable-length line, 89 
Admittance matrix, as representation of 
transmission-line circuits, 109-112 
Ampere’s law, 183 
Analogy 
plane-wave-transmission-line, 201 
waveguide-transmission line, 288 
Anisotropy, 186 
Antenna 
arrays, 376-380 
array factor, 379 
capture area (aperture), 374 
dielectric, 385 
dipole, 381-382 
directivity, 370 
effective length, 373 
elemental, 315 
field strength, 371 
gain, 371 
lobes, 352 
monopole; see Monopole antenna 
polarization, 371 
reciprocity law, 353 
Yagi, 383 
Aperture, antenna, 374 
Atmospheric noise, 430-431 
Attenuation 
general formula, 50 
ionospheric wave, 430 
plane wave, 203 
transmission line, 48—49 
waveguide, 260 
Attenuation of waves; see Lossy wave 
propagation 
Attenuator 
flap type, 291 
lumped constant, 44, 164 
vane type 
fixed, 292 
rotating, 295 


Balun, 83-87, 257 
Bessel functions, 250 

roots, 251, 253 
Binary power divider, 133-135 
Boundary conditions, E and H fields, 187 
Branch-line hybrid, 124-128 
Breit and Tuve’s theorem, 423 
Bullington, K., 403 


Capture area, antenna, 374 
Carter, P. S., 333 
Cavities; see Resonant cavities 
Characteristic impedance, 48 

even excitation (of coupled lines), 136 

odd excitation (of coupled lines), 136 
Characteristic resistance, 16, 29 
Characteristic wave impedance, 239 
Charts; see Smith charts 
Circularly polarized plane wave, 221-222 
Circulator, Y-junction 

stripline, 304-305 

waveguide, 303-304 
Cohn, S. B., 81, 143, 144 
Collin, R. E., 105 
Collinear dipoles, 382 
Complex dielectric constant, 202 
Complex permittivity, 202 
Conduction current density, 183 
Conductivities for common materials, 454 
Conductivity, 186 
Constants for common materials, 454 
Constitutive equations, 185-187 
Continuity equations, 184, 318 
Coupled transmission lines, 136-145 
Coupling factor, resonant cavities, 283 
Critical angle, 218 
Critical frequency, 421 
Cross-product, 443 
Curl, 444 
Current density, 182 

conduction, 183 

displacement, 183 

surface, 208 
Cutoff frequency, 238 
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468 


D region (ionosphere), 419-420 
Davies, K., 419 
Degenerate mode, 244 
Del operator (VV), 444 
Delay lines and networks, 155-160 
Depth of penetration, 207 
Dielectric antenna, 385 
Dielectric constant 

complex, definition of, 202 

values for common dielectrics, 454 
Diffraction, 397 

knife-edge, 400 

smooth-earth, 398 
Dipole, 323-346 

collinear, 382 

electric, 312 

elemental, 323 

half wave, 326 

with reflector, 384 

resistance and reactance of, 340 
Directional coupler 

transmission line, 44-46, 124-133, 140 

waveguide, 293 
Directional patterns, 351 
Directivity, antenna, 370 
Displacement current density, 183 
Distributed-constant system, 11-14 
Divergence, 444 

theorem, 445 
Dominant mode 

resonant cavity, 272 

waveguide, 244 
Dot product, 443 
Duct 

elevated, 414 

surface, 413 


E bend, 289 
E region (ionosphere), 419-420 
Effective length, antenna, 373 
Electric dipole, 312 
Electric-field reflection coefficient 
horizontal polarization, 393-394 
vertical polarization, 392-393 
Elemental antenna, 315 
Elevated duct, 414 
Elliptically polarized plane wave, 220 
Energy storage, 152-155, 189-191, 274— 
28 bes 
Equivalent circuit for a cavity resonator, 
280 
Equivalent circuits (tee and pi) 
general two-port, 109 
lossless, 161 
lossy, 160 
Evanescent wave, 218 


F region (ionosphere), 419-420 


INDEX 


Far field, 320 
Faraday rotation, 226 

isolator, 299-300 
Faraday’s law, 179 
Field displacement isolator, 303 
Field strength, antenna, 371 
Free-space propagation, 389-390 
Fresnel zone, 407 

clearance, 408 


Gain, antenna, 371 

Gradient, 444 

Ground wave set, 402 

Group velocity, 450 

Guided waves; see Waveguides 
Gyrator, 298-299 


H bend, 289 
Hansen, W. W., 268 
Homogeneity, 187 
Horizon, radio, 400 
Hybrid 
branch-line, 124-128 
ring, 128-133 
tee, 290 


Identities 
Kuroda’s, 170 
vector, 445 
Images, method of, 348 
Impedance, characteristic, per unit, 59 
see also Characteristic impedance 
Impedance matrix, representation of trans- 
mission-line circuits, 109-112 
Index of refraction, 394 
Induced EMF method, 333 
Insertion loss, 162 
Intrinsic impedance, 200 
Ionogram, 422 
Ionosonde, 422 
Ionosphere 
absorption, 430 
permittivity, relative, 419 
predictions, 427 
propagation, 419-430 
regions (D, E, F), 419-420 
Isolator 
Faraday rotation, 299-300 
field displacement, 303 


Kirchoff’s laws, 13 
Knife-edge diffraction, 400 
Kuroda’s identities, 170 


Linearity, 186 
Linearly polarized plane wave, 212 
Lobes, antenna, 352 


INDEX 


Loss 
insertion, 162 
transmission, 390-391 
Loss tangent 
for common dielectrics, 454 
definition, 202 
Lossy wave propagation, 202-206 
Lumped-constant systems 
reactances, 147-149 
delay networks, 155-160 
tee and pi networks, 160-162 
tuned circuit, 149-151 


Magic tee 
transmission-line, 124 
waveguide, 290 
Martyn’s theorem, 423 
Matching, 76-106 
baluns, 83-87 
lossless networks, 82-83 
non-radio-frequency lines, 77-79 
quarter-wave transformer, 100-101 
radio-frequency lines, 79-106 
resistance, 42-44 
tapered line, 99 
two-section quarter-wave transformer, 
102-105 
Matrix representation of transmission-line 
circuits, 108-145 
ABCD matrix, 109-112 
admittance matrix, 109-112 
impedance matrix, 109-112 
scattering matrix, 112-118 
transmission matrix, 123-124 
Maximum usable frequency (MUF), 421 
Maxwell’s equations, 178-185 
phasor form, 191-192 
Microstrip transmission line, 80-81 
Monopole antenna, 348-351 
driving point impedance of, 350 
MUF;; see Maximum usable frequency 
Mutual impedance between antenna ele- 
ments, 356-370 


Near field, 320 

Noise, atmospheric, 430-431 

Normal incidence of plane wave, 209-210 
Norton, K. A., 404 


Notation 
conversion, 7-10 
phasor, 7-10 


symbols (complete list), 460-465 
time-dependent, 7-10 


Oblique incidence of plane wave, 211- 
220 


469 


E in plane of incidence, 212 
E normal to plane of incidence, 218 
Optical refractivity, 418 


Parameters, transmission-line, 435 
Permeability, 186 
of a ferrite medium, 455-457 
tensor, 223, 455-457 
Permittivity, 186 
complex, 202 
of a plasma, 457-459 
of the ionosphere, 419 
tensor, 457-459 
Phase-shift constant, 28, 450 
Phase velocity, 239, 451 
Phasors, 7-10 
Pi circuits; see Equivalent circuits 
Plane waves, 198-227 
in anisotropic medium, 222-227 
in good conductor, 204-206 
in ionosphere, 421 
in lossy dielectric, 202-204 
nonuniform, 198 
normal incidence on boundary, 200- 
202 
oblique incidence on boundary, 211- 
220 
polarization, 220-222 
in poor conductors, 206 
transmission-line analogy, 201 
uniform, 198 
Plasma, permittivity of, 457-459 
Plasma frequency, 419 
Polarization 
antenna, 371 
plane wave 
circular, 221-222 
elliptical, 220 
linear, 212 
Polarizing angle, 216 
Potential 
retarded, 315 
scalar electric, 310 
vector magnetic, 309 
Power calculations 
incident, 41-47 
reflected, 41-47 
Power divider, binary, 133-135 
Poynting 
theorem, 190 
vector, 190 
Propagation 
in free space, 389-390 
ionospheric, 419-430 
path loss, 391 
tropospheric, 411-419 
Propagation constant, 47 
Pulsed transmission line, 14-27 


470 INDEX 

Q factor, 415 
external, 283 tropospheric, 415-417 
loaded, 283 Scattering matrix, 112-122 


of a resonant cavity, 275-277 
of a resonant line, 152-155 
unloaded, 283 


Radiation, 318 
Radiation resistance, 320 
referred to a current loop, 342 
Radio horizon, 400 
Radio refractivity, 412 
Radio waves, propagation of, 388-431 
Rayleigh criterion, 408 
Reciprocity laws for antennas, 353-356 
Reduction 
admittance data, 67-70 
impedance data, 67-70 
slotted line data, 66-67 
Reflection coefficient 
current, 20 
electric field 
horizontal polarization, 393-394 
vertical polarization, 392-393 
voltage, 19 
phasor, 29, 63 
Reflections, multiple, 17-27, 34 
Reflector 
corner, 384 
dipole with, 382 
parabolic, 384 
Refraction, 394 
index of, 394 
in ionosphere, 420-421 
in troposphere, 412 
Refractivity 
optical, 418 
radio, 412 
Resonant cavities, 267-284 
coupling factor, 283 
coupling to, 278-280 
cylindrical, 268-269 
equivalent circuit of, 280-284 
foreshortened coaxial-line, 277-278 
O off275-277. 
rectangular, 268-269 
TE, ; mode, 269-272 
Retarded potential, 315 
Richards, P. I., 166 
Richards transformation, 166 
Ring hybrid, 128-133 


Scalar 
electric potential, 310 
product, 443 
Scattering 
cross-section, 396 


definition of, 113 
properties of, 116 
representation of microwave devices, 
118-121 
representation of transmission-line cir- 
cuits, 112-118 
shifting reference planes of, 121-122 
Series tee, 290 
Shunt-fed monopoles and dipoles, 381 
Shunt tee, 290 
Skin effect, 207, 436 
Skip distance, 426 
Slotted line, 66-67 
Slotted section, waveguide, 294 
Smith chart 
applications of, 56-74 
equations for, 440-442 
explanation, 55-62 
figures, 56-58 
per-unit polar, 58 
per-unit rectangular, 57 
Smith, P. H., 55 
Smooth-earth diffraction, 398 
Snell’s law, 214-215, 419 
Spatial diversity, 417 
Standing-wave ratio 
current, 35-41 
voltage, 35-41 
Stokes’ theorem, 455 
Strip transmission line, 80-81 
Stub, adjustable, 89 
Surface current density, 208 
Surface duct, 413 
Surface resistance, 207 
Symbols, complete list, 460 


Tapered line, 99 
TE mode; see Waveguides 
Tee, waveguide 
hybrid, 290 
magic, 290 
series, 290 
shunt, 290 
Tee circuits; see Equivalent circuits 
TEM mode; see Waveguides 
Termination, waveguide 
matched vane, 293 
water, 293 
TM modes; see Waveguides 
Total reflection, 216 
Transformer 
balun, 83-87 
quarter-wave, 99-101 
two-section quarter-wave, 102-105 


INDEX 


Transmission line 
coaxial, 79-80, 192-196 
equivalent circuits; see Equivalent cir- 
cuits 
magic tee, 124 
microstrip, 80-81 
parallel wire, 79-80 
strip, 80-81 
stubs, 89 
variable-length, 89 
Transmission-line charts; see Smith charts 
Transmission-line equations 
distortionless, 48 
general, 12-14 
lossless, 14—17 
lossy, 47-50 
phasor, 30-31 
Transmission-line 
435-438 
Transmission loss, 390-391 
Transmission matrix, as representation of 
transmission-line circuits, 123-124 
Traveling waves, 15-17, 23, 177-178 
Troposphere 
scatter, 415-417 
wave, 411-419 
Tuned circuit, 149-151 
Tuners 
transmission line 
double stub, 93-99 
multiple stub, 88—99 
single stub, 88-93 
waveguide 
double-stub, 290 
slide-screw, 290 
Twist, waveguide, 290 


parameters, 11-13, 


Vector 
analysis, summary of formulas, 443- 


448 


47| 


identities, 445 
magnetic potential, 309 
product, 443 
Velocity 
group, 450 
of propagation, 15-17 
phase, 239, 451 
Virtual height, 422 
Voltage standing-wave ratio, 35-41, 63 


Water load, 293 
Wave equation, 15 
Waveguide 
attenuation in, 260-264 
basic equations, 231-235 
characteristic wave impedance of, 239 
coaxial, 257-260 
components, 289-294 
using the TE,, mode in a circular 
waveguide, 294-298 
cylindrical 
basic equations, 247-248 
TE mode, 252-254 
TE,, mode, 254-255 
T™ mode, 248-251 
rectangular 
TE mode, 241-243 
TE,, mode, 243-247 
T™ mode, 235-238 
TEM mode, 255-257 
transmission-line analogy, 288 
Y-junction circulator, 303-304 


Wenzel, R. J., 174 


Y-junction circulator 
stripline. 304-305 
waveguide, 303-304 

Yagi antenna, 383 
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